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Abstract The Stern-Gerlach (SG) experiment is considered as a quantum measurement process measuring the
spin states of particles from their spatial distribution. The wave packet collapse or quantum decoherence can be described
as a dynamical evolution governed by the interaction between the space degrees of freedom and the spin degrees of frec-
dom. The analytic solution of this exactly solvable model shows that the decaying process of coherence with t:me 1 the

SG experiment obeys no longer the linear exponential law.
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It is well known that the microscopic dynamics of single particle described by the Schroedinger -
quation with the symmetry of time-inversion is basically reversible. However, a macroscopic object
composed of such particles appears to be classically irreversible in macroscopic world. Until now, ii s
still an essential problem without final solution to make the macroscopic irreversible phenomena be

consistent with the fundamental quantum mechanics. In fact, physicists of several generations hasve

(1, 2]

payed much attention to this problem . These irreversible phenomena concern many frontier fields

and fundamental problems of modern physics, such as quantum dissipation of small system in hath” .

(4]

wave packet collapse in quanium measurement'”’ and quantum decoherence caused bv environ-

[2

ment'?) . A comprehensive investigation for this problem not only is the necessity to throw light on the

foundation of basic quantum mechanics, but also will enhance the further development of frontier top:-

[

. . . . T
ics in modern physics, such as the mesoscopic physics 5} and quantum computation*® .

Based on the systematic research on quantum dynamics theory for quantum measurement pro-
cesst” 121, we reconsider a quantum irreversible phenomenon in the Stern-Gerlach(SG) experiment .
the wave packet collapse in the quantum measurement of spin. It is shown that, as the SG experiment
is understood as the quantum measurement process of spin state through spatial distribution of parti-
cles, the macroscopic distinction between “two spots” on screen for spatial distribution will result in
an irreversible decoherence process for a superposition of spin states. Meanwhile the time evolution of
decoherence deviates from the usual exponential decay law, and it appears to be the complex nonlin-

ear behavior similar to the non-exponential decay in quantum tunnelling experiment!'> |

* Project supported by the Chinese Excellent Youth Funds ( Grant No. 19725518) .



Ne. ¥ DYNAMIC QUANTUM DECOHERENCE IN STERN-GERLACH EXPERIMENT 595

1 Decoherence in quantum measurement and its dynamic approach

According to the fundamental principles of quantum mechanics, when a quantum system is pre-
vated in coherence superposition | @) = > ¢, I n) of eigenstates | n) of observable A and we mea-
sure A, the obtained result is uncertain, but its probable value is only one A, of the eigen-values of 4
with probability | ¢, 1 accordingly. It is known from von Neumann’s quantum measurement theory“]
that once we get a result A, in one measuremnent, the system will subside to the eigenstate | k) of A
after this measurement. This is the so-called von Neumann’s postulate of wave packet collapse. With
the density matrix, we can describe this process as a coherence vanishing off-diagonal elements of

pure state

0,(0) = @D = Dl ln)ml, (1)

namely

0,(0) > o, (¢) = D le, 12 n)nl, (2)

n

where ¢ 1s the time of measurement.

In fact, we can consider the happening of decoherence by measuring the expectation value of an-
other dynamic-observable B not commuting with A. In the pure state o,(0), the expectation value of
B. B=T(0,(0)B) =2, .c,cnB,, concems not only the diagonal elements B,, of B, but also
the off-diagonal elements B_,, (n 3 m). This shows the system keeps its coherence. As to the mixed
slate, the expectation value of B, B = T.(o,(t)B) =2 ,lc,1*B,, depends only on the diagonal el-
ement B,,. The disappearance of off-diagonal elements B, reflects the complete vanishing of coher-

ence. The density matrix p,( ) represents the classical state that the coherence vanishes completely.

We remark thai the above decoherence making a transition from quantum to elassical is certainly
an iireversible process. This is because the density matrixes p,(0) and p,(t) have different ranks
and thus they can not be transformed into éach other through a unitary time-evolution matrix. There-
fore. as a postulate with certain classical elements, the wave packet collapse can not be derived from
Schroedinger equation and other laws in quantum mechanics. Since the quantum mechanics was
founded , physicists wished to add this postulate into the system of axioms in quantum mechanics. Von
Neurnann and Wigner took the first attempt to consider the measurement detector D plus the measured
system as a total system (called “universe”) satisfying the Schroedinger equation. They hoped that,
projected on the system S, the evaluation of the “universe” seemed to lead to wave packet collapse
naturally . However, this approach brought to philesophical difficulty[m because it did not take the

macroscopic character of detector D into account.

In 1972, Hepp raised the dynamical description[ls]

of wave packet collapse caused by macro-
scopic character of detector via a simple exactly-solvable model. Later Namiki’s group generalized
this work to put forward various new models for quantum measurement ') | In 1993, by analyzing

those models and taking the classical limit of detector D into account, we found that an essence im-
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plied by these model was the factorization structure ! Namely, the reduced density matrix of the

system:

Ps(t) = z ‘Cﬂ

obtained by tracing out the variables of detector possesses factorized decoherence factors

2’n><n|+ z[c"c;Fm,,(t)’m><n’ + ke (3)

m. n

Fo(t) = [[F (], 1) (4)

that are the coefficients of off-diagonal elements of p,(¢). Each factor F{n _(J,, t) depends only on
dynamical variable of each particle constituting the detector, and | F{n . ( Jst)l<1. So it is possible
that F,,(¢t)—>0, at the macroscopic limit that the number of particles composing the detector, N->
o . The factorization structure is universal and all the dynamical models of quantum measurement can

be regarded as the concrete realizations of this structure! 12 161

The goal of this work is to develop a new kind of dynamical model of quantum measurement,
which does not possess this factorization structure. This model only associates the wave packet col-
lapse-decoherence problem with the requirement that the result of measurement should be macroscop-

cally observable.

2 State correlation in SG experiment

The process of quantum measurement is intuitionally an observing process that “reads out™ the
system states from the “macroscopically distinguished” states of detector. Under this circumstance, a
state of the system will be correlated to one of the detector states through the interaction between sys-
tem and detector. If the initial state of the “universe” before observation at time ¢ = 0 is

d

| ®,(0)) = D)e,ln) ®ID), (5)

n=1

where | D) is an initial state of the detector. Then the state of “universe” at time ¢ is

d

1 @,(1)) = D) e, () n) ®ID,), (6)

n=1
where | D,) is the detector state entangled with a system state | n) . Eq. (6) means a correlation be-
tween system states | n) and detector states | Dn> :

1) = [ D), = in) = [D,), ld)— | D). (7)

If | D,) is supposed to be “macroscopically distinguished” and once the detector is found on state

I D,), we can infer that the system is just on state | n). The measurement is thought to be ideal

when | D,) (n=1, 2, =) are orthogonal to each other. In the following we will quantitatively show

the dynamical realization of this correlation in SG experiment .

In 3G experiment, Ag-atoms initially situated on ground state enter a magnetic field inhomoge-
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necus in Z direction. Because the atoms of spin siates | + ) and | - ) separately suffer two forces
from opposite directions along Z direction, the atoms in a superposition of two spin states will form
two macroscopically-distinguishable spots on the detecting screen, each of which is correlated to one
of the spin states. This process is the so-called spin-space correlation and enables people to pick out
different spin states according to the spatial distribution. This process of correlation can be described

with Hamiltonian

~y
H:%n*+,uB(z)-a', (8)

where p is the momentum operator of atomic mass center, @ is the spin operator of atom on the

ground state and B (z) = B(z)e,. The initial state of atom beam just entering the magnetic field is
[ 2(0)) = (e;1+) + 2l =) ® 18,(2)),

where the spatial part | $,) is a Gaussian wave packet distributed along direction Z centered at the

| $,(2)) = [(57:;2)

where a 1s the width of atom beam.

orgin and

B

2,2
e-—z/4a {z>dz,

Notice that the atoms in different spin states initially have the satne spatial distribution at time
t =0. Due to the space-spin. interaction the atom beam will split into two wave-packets along Z direc-

tion. This beam-splitting process can be pictured with a wave function

[ D(t)) = ;1 +)® U, (t)l¢x(2)'> + el -y @ U_ (1) 8,(2)).

The effective evolution maitrixes acting on different spin states are

A

U, (1) = exp[_;—t({%wgm)]. (9)

With linear approximation, we have B(z) ~[3,B(z=0)]z. If we denote f= 3,B (z=0),
U, (t) represents the evolution process of particles drived by external forces = f of opposite direc-

tions. Accordingly, the effective Hamiltonians are

22

Hl=ﬁ+lf2,ﬂ=il. (10)

By the Wei-Noman Algebra method! '] , the factorized forms of U, (t) are calculated as

A2 - -
U,(t) = e (1P oB(DP oY (DZou(t) (11)

where
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it
2mh

a(t) = -

= -~ lt;(t),

> 2
1t

zmkAfE— iB/l(t);

B(t) = -

7(t) = - ;—t)tfz— ROLY

_ianre  ifte .~
(1) = - 6mh ~  6mh = ip(1).

Then we get the distribution of atoms along direction Z in coordinate representation at time ! :

Oz, 1) = (2|O()) = e\ ¥, (z, D] +) + ¥ (z, )] =),

where
2y -
2 I mk? 2 _ (z+l'Mt2)(a2 ’f[)l
a 4 | e M 2 m 2m/ |
W,\(Z, t) = 2 3h4 2 ﬂ e h exp| — tzhz }.
i “ Fom) 4a* + —5 |
—_ ﬁ) \B}
(e(t) = omh (12
denotes the Gaussian wave packets centered in z, = * —é— it2 with the same width a (7) =
m

chZ

a( L+ m) and different group speeds v, = F fi along the opposite directions separately . It s
obvious that the motions of the wave packet centers obey the classical motion law that the particle of
mass m forced by * f will move with acceleration + f/m . Notice that the quantum character of this

motion appears in the spreading of wave-packet.

The macroscopic distinction of wave-packets in quantum measurement requires that the distance

between the two wave-packeis should be far larger than the width of each wave packet, i.e.

=

212
il,‘2>>a(1+ tii')) . {(13)
m 4dm“a”

This condition will be satisfied when evolution time is long enough.

3 Non-exponential decoherence process

To analyze the relationship between measurement and decoherence quantitatively, we compuie

the reduced density matrix for spin degree of freedom:
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p.(1) = T (| (0@ D) = [ (10X @(1) | 2)d

= e |Pl4)e T+ |1 =)= T4 [eres F(e)l+){= |+ hel, (14)

where F(t) = J‘Iﬁ (z, t)W” (z, t)dzis the decoherence factor. We can see from eq. (14) that

the off-diagonal elements of reduced density matrix for spin degree of freedom depend on the overlap-
ping part of spatial wave-packets. Therefore, the extent of coherence depends totally on the overlap-
ping integral . Using the Gaussian formula, we can explicitly integrate it by obtaining its norm

hzf 2 p a2f 2 . 2a2f 2 )
| F(t) | = [ - t° - — 3t - o], 15
() P 8a’m?(4a*m® + 1*%?) 8a'm? + 21747 k2 (15)
It is obvious that the deccherence process in the SG experiment does not obey the exponential law
e~ . The character time of this process can not be simply determined as it is defined to be 7, =1/

¥ for the usual exponential process. It can be seen from eq. (15) that on a very short time scale,

-

. ma”
e, (< L we have
h2f2 6 f2 4 2‘lzfz 2
F ~ [- [ A - t
| F(2) |~ exp 32a*m* 8a’m® 52
2(12 2 2 2
~exp—‘h2t ~ 1 - at”. (16)

In(l2

This Gaussian form just implies the quantum Zeno effect. On a large time scale, i.e. 13>, we

have

2 2 2 2,2
PO = oxp| - gl - hse -2 e

—Lz—t“\. (17)

8a’m?

~

It shows that the temporal behavior of decoherence is rather complicated in many cases. Like that of

f16)

quantum dissipation''®", it usually deviates from the ordinary exponential decay.

4 Decoherence in polarization measurement

The important effect of decoherence or wave packet collapse is its influence on the measurement
of expectation value of an observable quantity. As to a system of complete decoherence, its quantum
ensemble average has the feature of classical probability. Suppose the probabilities on states 1),

12) .+, In) are W,, W,, ++, W, respectively, the quantum ensemble average of A,

A= 2 WAnlAln) (18)
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has no relation with the off-diagonal elements of 4. This process can be described by a totally diago-
nalized density matrix p = X W, n){n|. However, if the system is in a pure state | @) = > "

»/ W_In), the probability is non-classical and the system has the same probability W, in state | n)
as above. This is because the quantum average of A,
M
(A) = (D|A|®) = D W (nlAln) + D) JWW,{m|Aln) (19)
a=1 M= n

has something to do with the off-diagonal elements.

Now we will show that the transition from quantum probability to classical probability appears to
be in a dynamical way for the polarization measurement of the SG experiment. lts mathematical
essence 1s due to the wave packet collapse.described in section 1. We consider the polarization mea-
surement on the state ®(z, 1) =¢, ¥, (z,6)1 + )+ ¢, ¥ _(z,t)] - ) at time ¢. The spin opera-
tor of atom along direction n = (sinf, 0, cosf) is

cosd sind

sinf - cos8

’

= sinf(|+)(= [+ =)+ 1) +cosBL|+0(+ | = 1=~ |). {20)

In this experiment, all the atoms in spatial points should be accumulated in principle. So the expecta-
tion value P =Tr(P1®(t)){D(1)1) of P on state | B(1)) can be derived from the reduced den-
sity matrix ps(t) , 1.e.

P = Trs(ps(l)p)
= cosf(|ci|? = | e2|?) + sinf(c ey + ¢ ea) F(1), (213

where Tr, denotes the trace over the spin degree of freedom. The second term of eq. (21) reflects the
contribution of off-diagonal elements of P, which is proportional to the overlap integral F(t) of spa-
tial wave function. When the passing time of atoms throtigh magnetic field is long enough, or the mag-
netic field is inhomogeneous sufficiently, i.e. dB(z)/d1t is large enough, we get F{(1)—=0, and in

this sense the atom polarization
- 1P{-)

= cos@(lcl\z- '02‘2) (22)

P e lel2s [Pls)+ e

depends only on the classical survival probability 1 ¢, !* and | ¢,1?. This description strongly shows
that an effective measurement about spin states will cause decoherence process for the polarization

measurement and results in the transition from quantum average to classical average.

5 Discussion

In this paper, the decoherence in SG experiment is analyzed comprehensively. The deviation
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from the exponential decay law in temporal process of decoherence is shown through exactly solvable
model. This kind of phenomenon reflects the complexity of a quantum irreversible process. The brief
discussion on measuring the expectation value of polarization vector predicts the possible testing of von
Neumann's postulate of wave packet collapse in a real experiment. Though the quantum Zeno effect
verifies this postulate to some extend in both theory and experiment, there are still some disagreements
and questions concerning the complex interaction. Therefore, it is sensible to seek a more concise and

direct way of testing this postulate.

The factorization structure has been shown to be an essence of various dynamical models for
quantum measurement process, but as illustrated in this paper, there still exists other dynamic real-
ization of quantum measurement process bevond this structure. Therefore, perhaps the macroscopically
observable property is a basic condition to cause wave packet collapse, which does not depend on the

. Atr « 3 ”
details, such as “factorization structure .

References

I Bohm, D . Quantum Theory , New York: Prentice-Hall tnc.. 1994.

P /undk, W H.. Decoherence and the transition from quantum to classical, Phys. Today, 1991, 44: 36.

U Calderra. A. O, Leggett, A. J., Quantum tnrelling in a dissipative systeme, Ann. Phys., 1983, 149: 374,

4 Vin Neumann, J o Mathematische Gruandlage de Quantummechanik, Berlin: Jilws, 1932.

5 Kramer. B . Quantum Coherence in Mesoscopic System , New York: Plenum, 1991.

n o kkert. A, Jozsa, K., Quantum computation abd Shor’s factoring algorithm, Rev. Mod. Phys., 1996, 68: 733.

T san. € P . Quantum dynamical model for wave fuuction reduction in classical and macroscopic limits, Phys. Rev., 1993,
%A 878

& San, C P, Yi, X. X., Liu, X. J., Quantum dynamical approach of wavefunction collapse in measurement process and its
application to quantumm Zeno effect, Fortchr Phys., 1995, 43: 585.

9 Nun, G P, Dynamical realizability for quantum measurement and factorization of the evolution operator, Chinese J. Phys.,
1994, 32. 7

10 L. X ], Sun, C P., Generalization of Cini’ s model for quantum measurement and dynamical realization of wavefunction
votlapse fPhas. Leit. A, 1995, 198: 371.

It sun. €. P, Y1, X. X., Zhao, S. R., Dynamuc reghzation of quantum measurements 1n a quantized Stern-Gerlach experi-
ment, Quuntum Semiclass Opt., 1997, 9: 119.

12 Sun. C P., Generalized Hepp-Coleman models for quantam deocoherence as a quantum dynamic process. in Quantum Decoher-
ence ond Decoherence (eds. Fujikawa, K., Ono, Y. A.), Amsterdam: Elsevier Science Press, 1996, 331—334.

12 Wilkinson, 3. R., Bharucha, C. F., Fischer, M. C. et al., Expenmental evedence for non-exponential decay in quantum
tunnelling, Nature, 1997, 387: 575.

t4 Ho . T H., On quantum measurement, Physics (in Chinese), 1992, 22: 247.

45 Hepp, K., Quantum theory of measurement and macroscopic observables, Helv. Phys. Acta, 1975, 45: 237.

16 “ukazeto, H.. Namiki, M., Pascazo, S., Temporal behavior of quantum mechanical system, Inter. J. Mod. Phys. B,
1996, 10: 247.

i7 twn. C. P, Xiao, Q., Wei-Norman algebraic method solving the evolution of coherent state of electron on two dimension,
Commun . Theor. Phys., 1991, 16: 359.



