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Abstract. We have developed a quantum noise approach for studying quantum
transport through nanostructures. The nanostructures, such as quantum dots, are
regarded as artificial atoms, subject to quasi-equilibrium fermionic reservoirs of
electrons in biased leads. Noise operators characterizing the quantum fluctuation
in the reservoirs are related to the damping and fluctuation of the artificial atoms
through the quantum Langevin equation. The average current and current noise
are derived in terms of the reservoir noise correlations. In the white-noise limit,
we show that the current and current noise can be calculated exactly by the
quantum noise approach, even in the presence of interactions such as Coulomb
blockade. As a typical application, the average current and current noise through
a single quantum dot are studied.
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1. Introduction

Quantum transport through nanostructures is of importance in nanoscience and nanotechnology.
Many electronic devices based on nanostructures, such as single-electron transistors, have been
studied in the past few decades for their potential in various applications. Recently, in an effort
to achieve coherent control of single electrons or electron spins, quantum transport methods
have been used to detect the quantized motion of electrons in nanostructures [1, 2].

To understand and analyze the quantum transport phenomena, various approaches have
been developed. For the general theory, the Landauer—Biitikker formula has established the
basic relationship between scattering amplitudes and currents through nanostructures [3, 4].
The non-equilibrium Green’s function (NEGF) method provides a perturbation theoretical
scheme for dealing with the many-body interaction effects in quantum transport [5, 6]. In recent
years, approaches based on notions in quantum optics have been developed for studying time-
dependent quantum transport processes in solid-state structures [7]—[11].

In addition to the average current, current noises also contain useful information about
the quantum dynamics in nanostructures [12]—[14]. Current noise was first analyzed semi-
classically based on the rate equations [15]-[18], which gave the basic physical picture and
predicted the non-trivial phenomena due to the presence of nanostructures. Full quantum
mechanical theories of current noise have been developed in recent years [19]-[27]. Most of
these theories use the (generalized) master equations for the density matrix in the Schrodinger
picture. Two major approximations are always applied either independently or simultaneously,
depending on the specific problem concerned: (i) the tunneling between the leads and
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reservoiri  system reservoir i

Figure 1. Schematic illustration of transport through a quantum dot. The whole
system is divided into three parts: the central system and the left and right
reservoirs. The central system is characterized by eigenstates |i) with discrete
energies. Quantum noise operators £(¢) and R(¢) are introduced to describe the
reservoirs.

nanostructures are treated as perturbations, which is valid in the weak tunneling regime, and
(i1) the Markovian approximation for the noise correlation of the leads, which is justified in the
large bias situation. In this paper, instead of the rate equations or the master equations, we will
develop a quantum noise approach based on the quantum Langevin equation to the quantum
transport problem. It will be shown that using the quantum Langevin equations, the transport
problem under large bias conditions (Markovian noise) can be solved exactly without any further
approximations.

Essentially, we recognize that a general quantum transport problem can be regarded as a
system-plus-reservoir problem. In this sense, the total system is divided into several subsystems
(see figure 1). The central system (system for short) is a nanostructure, such as a quantum dot
or coupled quantum dots. This subsystem contains several discrete electronic energy levels,
resembling an artificial atom. The electrons in the leads, which have a continuous energy
spectrum and are kept in quasi-equilibrium, constitute the fermionic reservoirs. The electrons
in the reservoirs can be treated as free quasi-particles with the screened Coulomb interaction
taken into account as a renormalization of electron effective mass. The central system and the
reservoirs are coupled together to each other through hopping across the barriers. With this
observation, it is natural to treat the quantum transport problem in the framework of the quantum
open system method, the quantum Langevin equation. This method is a standard approach in
quantum optics for studying cavity photon decay and atom damping, and has also been used
for analyzing the noise behaviors in various problems, such as the conductance fluctuations in
mesocopic systems [28].

As compared with the application in quantum optics, the quantum Langevin approach in
the quantum transport problem has two features to be pointed out: (i) the reservoirs consist of
electrons, which are fermions, while the baths in quantum optics are bosonic, and (ii) when
finite biases are applied between different leads, the electronic reservoirs in different leads are
in quasi-equilibrium with different chemical potentials but do not stay in equilibrium with each
other. Our investigation in this paper will clarify these features. As illustrative applications of
our approach, the resonant transport through a single quantum dot is investigated for both the
single-level case and the Coulomb blockade case.

New Journal of Physics 13 (2011) 013005 (http://www.njp.org/)


http://www.njp.org/

4 I0P Institute of Physics () DEUTSCHE PHYSIKALISCHE GESELLSCHAFT

The quantum Langevin approach is a natural formalism for studying the noise spectroscopy
of quantum dynamics in nanostructures [ 14], which is particularly interesting for small quantum
systems where the signals are often much weaker than the shot noises. When the coupling
between the leads and the nanostructures can be described in the Markovian approximation,
which is justified in large bias cases, the quantum Langevin approach provides an exact
treatment of the interaction within the nanostructure. Furthermore, the quantum Langevin
equation establishes a fundamental relationship and analogy between photon emission and
electron tunneling processes, providing better understanding of quantum transport phenomena
with notions and methods from quantum optics.

This paper is organized as follows. In section 2, we introduce the basic concepts and the
general formalism of the quantum noise approach to treat the quantum transport problem. In
sections 3 and 4, we apply the quantum noise approach to transport through a single quantum
dot containing a single level and double energy levels, respectively. In section 5, we show the
relations between our approach and other quantum transport theories. The conclusion and an
outlook for our approach are presented in section 6.

2. General formalism

2.1. Quantum Langevin equations for quantum transport

In general, the quantum transport problem of nanostructures can be modeled by the following
Hamiltonian,

H = Hsys(aia a;)+Hlead+HT’ (1)

where H,y, describes the nanostructure, such as a quantum dot, with multiple discrete energy
levels. The leads, which play the role of reservoirs, are described by the Hamiltonian Hye,q. The
electron tunneling between the leads and the nanostructure is included in Hr. For the two-lead
case, the leads Hamiltonian H.,q and the tunneling Hamiltonian Hry can be written as

Hiw =Y ho blbi+Y  holcle;, (2a)
k J

Hy=ih ) Eybja;+ih ) Gijcla; +h.c., (2b)
ik i,j

where by and c; are the annihilation operators of the left and right leads with continuous spectra

ha),(cL) and ha)ﬁ.R), respectively. The tunneling is characterized by the coefficients & and ¢;;.
Note that we have neglected the interaction in the leads as a common approximation for a
Fermi sea with the Coulomb interaction effectively taken into the renormalized quasi-particle
spectra.

Now, we consider the Heisenberg equations of motion of the system and reservoir
operators. For simplicity, we show equations of motion for the simplest single-level case, i.e.
a;(t) =a(t), & =&, ¢j =¢; and Hyys = hwoa'a. The multi-level case will be discussed later
in this paper. Straightforward calculation gives

a(t) = —iwoa — Y _ &b — Y _ g5, (3a)
k J
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bi(1) = —iw by + &, (3b)
: : (R
cj(t):—la)j cj+¢ja. (3c)

In the following, we try to eliminate the lead variables from the equation of motion (3a) of the
system operator. To this end, the formal solution for b, (¢) is written as

t
bi(t) = 7' b (0) + & / dr'fe7 1 a(r")]. 4)
0
With this formal solution, the following relation is obtained,

> 6bi(t) = —Lu()+ S o). 5)
k

where the input noise operator L, () due to the left lead is defined as

Lint) = = Y Ee 7 by (0). (©)
k

The damping term in equation (5) arises from the Markovian approximation [29] under the
continuous limit,

g = f daor[ D(@)E* (@)e ™ = 8t =1, @
k

where D(awy) is the density of the states of the lead. Here, we have assumed that D (w;)&%(wy)
is flat around the frequency w, and

v = 27D ()&% (wo) (8)

is widely used as the tunneling rate in nanostructure quantum transport problems.
Similarly, for the right lead,

> 8iei(0) = —Ru(0)+ Tato. ©)
J

where the noise operator of the right lead R(¢) is defined as

®

Rin(t) ==Y £;e71 '¢;(0) (10)
J

and y 1s the tunneling rate to the right lead. Using equations (5) and (9), we obtain the quantum
Langevin equation for the system operator a(t),

+
a(t) = —impa(t) — LT

a(t) + Lin(t) + Rin (7). (11)

The noise operators in equation (11) can be regarded as the quantum counterpart of the
stochastic force in the classical Langevin equations. Similar to the cases in quantum optics,
the two electronic leads, which play the role of fermionic reservoirs, induce the damping and
the fluctuations through these noise operators.
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2.2. Projection operator formalism for interacting systems

For an interacting system, the complexity of the quantum Langevin equations arises from the
evolution induced by the system Hamiltonian HSys To deal with such complexity, we introduce
the projection operators of the interacting system in this subsection.

Although there may be interaction between the electrons in the system Hamiltonian Hiy,
the artificial atom can always be considered as consisting of a few discrete many-body energy
levels. In other words, we can diagonalize the system Hamiltonian Hy as

N N
Hy(ai, a)) =Y haoyli)(i| =) hojoy, (12)
i=1 =1

where o0;; = |i)(j| is the projection operator from |j) to |i), with |i) being the eigenstate of Hiy,
of energy hw;.
In the general cases, determined by the system Hamiltonian Hy, the fermionic operators

a; and al.T can be written in terms of the projection operators as

a=Y T oy and o =Y T oy, (13)

where 7@ and 7™ are N x N matrices associated with the fermionic operators a; and a, , and
TO = (TO)F,

The commutative relation between the projection operators o;; can be calculated with
0ij01 = 07,0 jx. In the following calculations, we also need to identify the commutative relation
between the projection operators o;; and the reservoir operators, i.e. by (bT) and c; (cT) Note
that the elgenstate |i) is also an eigenstate of the electron number operator in the quantum
dot N = > q a,, ie. N li) = N; |i). Thus, the projection operator o;; corresponds to a definite

electron number change N; — N;, which is either odd or even. Consequently, o;; and by (bZ) have
the following (anti-)commutative relation,

(07, Di)g,;, = 0ijbic + 8ijbioij = 0, (14)
where the factor

1, for N; — N; = odd,
8ij = (15)
—1, for N;— N; = even.

The Heisenberg equation for the o;; is
i i ‘
Gij (1) = g[HSYS» oij] + ;I[HT, 0;j] = —iA;j0;; (1)

= D EaTObiow —hc) 0] = D [Ca T clom —hc) o). (16)

o,k,m,n o, j,m,n

With the help of the definition of noise operators and the first Markovian approximation, we
obtain the quantum Langevin equation for the projection operator o;;,

6ij (1) = —iAj07;(t) — % D DO )+ (= YR+ Y Col L (DG (1) + (L], — R}

m,m’ m,m’

+> o Lin() O (1) + (Lin = Rin), (17)

m,m’
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" are defined as follows,

mm

where A;; = w; — w;, and the coefficients DY . CY and C

IR -
Cri,{m/ = Z(Tl’r(l?)gm’j +gijTj:1?8mi)’ (18b)
6;1;{m/ = Z(ing?)(sm/j +8ij TJ'(Z?(S’”[)’ (18C)
with
i () ()
A =D 8T T, h
a,a
Apw =D 8Tt Tior, (1%)
B =0y Y0 T80T .
B:r{m/ = (Sm’j Z Tng?)/) TV(;X)' o

In principle, the quantum Langevin equation for the system operators is equivalent to
a quantum stochastic equation if we introduce the quantum Wiener process [30], and the
properties of their solution can be discussed by defining the quantum stochastic integration [30].
Thus, we point out that the quantum transport problem provides an experimentally accessible
proving ground for the quantum stochastic theory. Instead of discussing the mathematical
properties of equation (17) further, in this paper we will focus, through concrete models, on
how to derive the observable quantities in quantum transport.

2.3. Boundary relation and causality

Besides the input noise operators £, () and R;,(¢), the output noise operators [30, 31] can be
defined as

Lon() ==Y &e % 0y (1), (20a)
k

®

Roult) == Y ¢e7 0 ¢, (1), (200)
J

where #; is a time in the remote future. Similar to equations (5) and (9), the first Markovian
approximation gives the following relations,

D ubil) = —Loult) = Ta(0). 1)
k

New Journal of Physics 13 (2011) 013005 (http://www.njp.org/)
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According to equations (5) and (21), the ‘boundary relation’ between the noise operators
and the system operator is [31]

Lin(t) — Louw(®) = yLa(t). (22)
Similarly, for the right lead,
Rin(f) — Row(t) = yra(z). (23)

According to the quantum Langevin equation (11), the fermionic system operator d(¢) €
{a(t), a’(t)} at time ¢ only depends on the input noise operators at time ¢’ < . As a result, in the
Markovian limit, the causality relation reads [30, 32]

[Lin(t), d(t)], =0, fort >1t. (24)

For a similar reason, the system operator at ¢ is independent of the output noise operators at
time ¢’ <,

[Low(t), d()], =0, fort <t. (25)

According to equations (22)—(25), the anti-commutators between the noise and system operator
are converted to those between system operators [30, 32],

[Lin(t), d()]s = y.0(t — )la(t), d(®)]4, (26a)
[Rin(1), d(O)] = yrO( —1)[a(), d(D)]s, (26b)
where the step function 6(¢) is defined as
I, t>0,
0@)=131 1=0, (27)
0, t<0.

For the multi-level case, this causality relation equation (26) can be generalized to the system
projection operators o;;, i.€.

[Lin(t), 03;()]+ = 1.0t —t)[a(t'), 0;;(1)]4, (28a)
[Rin(), 03 ()] = yrO(t — )[a(t'), 0;;(1)]+. (28b)

The choice of the commutative and anti-commutative relations in equation (28) is determined
by the parity of the electron number change (see equation (15)).

In the following, to simplify the notation, we will omit the subscript ‘in’ from the input
noise operators, unless stated otherwise.

2.4. The current and the current noise

For the quantum transport problem, we are interested in the average current and the current
noise spectra. In this subsection, we will give the expressions for such quantities in terms of the
noise operators.

We consider the current through the right lead as an example. For simplicity, let us first
study the single-level case. The formula for the multi-level case with Coulomb blockade will be

New Journal of Physics 13 (2011) 013005 (http://www.njp.org/)
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discussed later. The current operator can be defined as the changing rate of the electron number
on the right lead, i.e.

d

In=—Ne = Z gicta+h.e. (29a)
J
= yra' (Da(t) — R (t)a(t) —a’ (R (). (29b)

The second line is obtained by noting the relations in equations (5) and (9). We point out that
the current operator can be divided into two parts: (i) the damping part yra'(t)a(t), which is
proportional to the level occupation and the escaping rate yg, and (ii) the fluctuation part (the
last two terms), which is induced by the noise operators R(¢) and R'(¢).

For the average current, we take the average of the current operator I over the thermal
states of the leads,

(Ir) = yria' (Da(®) — (R ()a(0)) — (@' O)R®)). (30)
And for the current noise, we first calculate the current—current correlation function,
§@(v) = lim Rel(lr (1) Ir t+ )]~ (Ir)*. (31)

At steady state, its Fourier transformation gives the current noise spectrum [33],
S(w) =4 / 2@ (v) cos(wt) dr. (32)
0

To calculate the correlation (f R (t)f r(t+7)) in gP (), by the definition of I R 1n equation (29b),
one needs to calculate the two-time correlations, such as

(a"@a®)a’t +v)at + 1)), (33a)
(a"OR@a (t +1)a(t +1)), (33b)
(@' ORMOR (t +T)at +1)). (33¢)

In section 3, we will show that the fluctuation part in the current operator does not contribute
to the average current, so the average current (/) = yr{(a’(t)a(t)) is held. But the fluctuation
terms will contribute to the current noise through the correlations in equation (33).

3. Application I: single-level transport

In this section, the general quantum Langevin formula is applied to the resonant transport
through a quantum dot. As the first example, we consider a model in which only a single energy
level in the quantum dot is relevant. The system Hamiltonian reads

Hgy = hawoa'a. (34)

We consider the large bias condition and assume that the single-particle energy level with
energy haw, is well within the bias window, i.e. pr, — @y, wo — Ur > Y1, Y&, With g being
the chemical potentials of the left/right leads. According to the discussion in section 2.1, the
quantum Langevin equation reads

i) ="k er YR a(1) + (1) + (1), (35)

New Journal of Physics 13 (2011) 013005 (http://www.njp.org/)
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where a(t) =a(t)e'®’, L(t)=e £(t), and R(t) =e ' R(t) are defined in the rotating
reference frame to single out the slow-varying dynamics. In the white-noise limit, the correlation
between the noise operators can be written as (see appendix)

(E' (LW =mst —1), (36a)
ROR' (1) = W@ — 1), (36b)
(ZL (1) = R (ORE)) =0. (36¢)

Using these relations, we calculate the average current and the current noise.

3.1. Average current

From equation (35), the system operator a(¢) in terms of the noise operators is

a(t) =e THG0) + / e T2 E(¢'y e + f e T2 Rt dr, (37)

0 0

where I = 1. + yg. Multiplying by the noise operator ' () both sides of equation (37), we have
3 t / ~ ~
(£ (am) =eE Da ) + f e PDE DR dr
0

t
= / dz’[e—m“—”na(z—t/)]=%. (38)
0

Here, we have assumed that at initial time ¢ = 0, the system and the reservoir are independent,
ie. (Z'(Ha)) = (Z'))(a)) = 0. Similarly, we obtain

@ OLw) = % (39)
and
@ (OR0) = (R () =0. (40)

Thus, according to equation (29b), the fluctuation part of the current operator does not contribute
to the average current, and the average current becomes

(Ir) = yr(a'a). (41)
To determine the mean occupation number (a'a), we use the equation of motion

d

—adla=a'a+a'a

dr

= —rdta+a' i)+ 1) aw) +a' R +R ()a). 42)

The ensemble average leads to

d

g la'a)=-T@a)+n. (43)
Thus, the averaged population in the quantum dot is

(a'a) = w o on e~ (A (44)

v Lt wR
New Journal of Physics 13 (2011) 013005 (http://www.njp.org/)
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As a result, the average current at steady state for 1 — +00 is
» VLR
<IR>SS = s
YL+ R
which is the well-known result for the resonant tunneling transport [6, 8].

(45)

3.2. Current noise

To investigate the current noise, we calculate the current—current correlation (f R(t)f R(E+T)).
With the definition of the current operator in equation (290), the noise contains typically two-
time correlations, such as

(@ ®a@®)a'(t+1)at+1)) = (AR (t +1)) (46)
and

@ OROR ¢ +D)a +1)). (47)

We will discuss such correlations one by one.

Noting that the electron number correlation function (7(¢)7n (¢ + 1)) contains only the
system operators, we use the quantum regression theorem [35] and equation (43) and
obtain

d . .. AU .
g 0t +1)) = —Tn@On+)) + (). (48)

This equation, together with the initial condition with respect to 7, i.e. for 7 =0,
(n(t)n (t+1)) = (n(t)n(t)) = (n(t)), determines the occupation number fluctuation in the
quantum dot. The steady state correlation is

2
E—— S (49)

L+w)” (L+w)

The other terms contain the correlations between the system and noise operators. Taking

(a’ (t)7~€(t)7~2T (t+71)a(t+71)), for example, according to equation (37), we have

Tim (A(DA+T)) =

t 1+T
@ OROR (t+0)at+1)) = / dr, / dre T2U—TRUT=D Gt t+1, 1), (50)
0 0
where the four-time noise correlation is defined as
G(t1, 12, 13, 12) = (L (IDR(LIR (1) L (1)) (51)
According to the independent noise assumption and the white-noise approximation,
G(t1, b, 13, 14) = yLYRO (1 —14) § (1, — 13) . (52)

Thus, we have

@ OROR (t+vat+1)) = / dsy / Tdtz[e*m@f”*“*’ﬁa (t — 1) 8 (7)]
0 0

= ﬂe_(’“’"‘)/z’(S(r), for t — +o00. (53)
YLt IR
Similarly,
@ ORMNE T +T)a(+1)) = TR =0T fort s 400, (54)
YL+ VR

New Journal of Physics 13 (2011) 013005 (http://www.njp.org/)
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It can be checked that all other terms in the current—current correlation function vanish.
Consequently, the current—current correlation function is
2.2
YL VYR o T7 4 YLVR
L+e)’ Lt WR
and its Fourier transformation gives the current noise spectra,

g9 ()=~ e 78(1), (55)

VYR
(L+R)’+w?
This result agrees with the ones derived from other approaches [26] and shows that the presence
of the single-level quantum dot suppresses the zero-frequency current noise to half of the
Poisson value Sp = 2e(lR), in the case of y;. = yi.

It is worth emphasizing that, as clearly shown in our quantum noise approach, although the
fluctuation part (see equation (29b)) of the current operator does not contribute to the average
current, it does to the current noise. According to our approach, the current—current correlation
originates from three different kinds of sources: (i) the on-site number—number correlation
(equation (49)), which always contributes a positive correlation, (ii) the correlation between the
fluctuation terms equation (53), which induces a white-noise correlation, and (iii) the correlation
between the on-site number and the fluctuation term equation (54), which always provides
a negative correlation. This classification of current—current correlation is also valid in the
interacting case, as will be discussed below.

S(w) =2e(Ig)ss

(56)

4. Application Il: Coulomb blockade

4.1. Average current

Now we apply the general theory to the Coulomb blockade case. As an example, we consider
that a single orbital level in the quantum dot is relevant (i.e. within the energy range of interest).
The system Hamiltonian reads

Hgy(a;, al) = ha)Ta;aT + hwiaim + UaIaTaIai, (57)

where hiw, | are the single-electron energy for spin-up and spin-down electrons in the quantum
dot, and U is the Coulomb interaction strength between two electrons. To illustrate the
application of the quantum Langevin approach, we focus on the average current and current
noise in the regions near the Coulomb blockade peaks, and consider the large U limit,
ie. hoy +U, hoy +U > pp > hoy, hoy > ur. The higher-order (e.g. cotunneling) processes,
which are dominant near the Coulomb blockade valleys at low temperatures, are not included
in the example discussed below.

As has been discussed in section 2.2, although there is interaction between the electrons in
the system Hamiltonian, Hiy is diagonalized as

Hsys :ha)TO’TT+hw¢O'¢¢+(ha)T +ha)¢+U)O'dd, (58)

and the projection operators are related to the Fermion operators by
ar =0y — 04, (59a)

a, =0, +04q4, (59b)
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Figure 2. Schematic illustration of Coulomb blockade transport. The quantum
dot can be regarded as a four-level artificial atom with |v), |1),|]) and |d)
representing the vacuum, spin-up, spin-down and doubly occupied states. The
lower panel shows the two elementary processes of a spin-up electron tunneling
out of the quantum dot depending on whether the spin-down state is occupied

or not.

where o;; = [i)(j| for i, j = v, 1, | and d. The subscripts v, 1, | and d represent the vacuum,
spin-up, spin-down and doubly occupied states, respectively (figure 2). Annihilating an electron
with definite spin (say spin-up) from the quantum dot consists of two different projection

processes depending on whether the spin-down level is occupied or not.

Here, we assume that the quantum dot is coupled to ferromagnetic leads. Thus, the electron
with different spin can tunnel on and off the quantum dot with different rates. The quantum
Langevin equations of the projection operators o;; in this Coulomb blockade case follow the

general formula in section 2.2. The resultant equations for the diagonal elements are

: L+l Ty Iy i i

oo = —— 5 Ow+ 01 + 570y, — [Frovy + Fi 0wy = Froge = FLoyl,
. FT + Fi FT Fl« + +

Opp = — 5 O—TT+70—vU+70—dd+[]:TO'UT_‘}-LO_Td_]:TO—TU-F]:iO'dT]’
. I +0 v Iy i i

O-»Ll«:_ 7 O¢¢+76vv+7 dd+[fTO‘i,d+f¢O_U¢_fTO-di_f‘LO-‘L"]’
: 40y Iy Ty i i

Ogq = —Tadd + TUTT + TO'LL — [.7:T0'¢d — .7:¢O'Td - -7:To—di, +fLUdT]a
and those for the off-diagonal elements are

. . Ly +Ty r i

Gyr = —1A 0y — —5 Ot T 50t [F1 (0w +041) + F o4 + F 00l
. . Fq« +Fi Fi +
Old = —181a0) s = =04 = —-0uy ~ [F4(04y +0aa) = F1 044 = F 0wl
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. . F1~ +F¢ FT ;

Oy, = —1A, 0y, — 7 Oy — TO’M +[F (o +0y)) +Frop, — }'Tavd], (61c)
. . FT+Fi FT 5

Opg = _1ATdUTd_ 3 UTd+70—v¢+[]:¢(O_T¢ +O—dd)_]:TO'T¢ +.7:T0’Ud], (61d)
. . FT +F¢

Gy = —1Ayq0pq — 0w +[Fr(ora+0y)) — F (o —0oa)], (6le)
: - O +Ty t

GN:_lANGN_ O’T¢+[.7:T(O—Td+0—u¢)_‘7:¢(0'Tv_0-d¢)]7 (61f)

where Ajj = w; —w;, Fy = F(t) = Ly(t) + Ry(¢) for s € {1, |}, and the spin-dependent noise
operators L,(t) and R, (¢) are defined as

L) = = Y Erse %k by (0), (62a)
k
Ry(D)=— Y e e,(0). (62b)
J
The damping rate I'y = y1; + gy, With the spin-dependent tunneling rates
Vs = 22 (w,) DY (wy), (63a)
Vi = 208 (w00) DY (), (63b)

where &; and ¢, are the coupling amplitudes of the quantum dot to the left and right leads, and
D® (w) and D® (w) are the spin-resolved density of states of left and right leads, respectively.

These Langevin equations of the system variables are analogous to the ones used to
describe the quantum theory of laser [34, 35]. In the quantum theory of laser, the atoms are
subject to bosonic reservoirs, while in our quantum transport case, the quantum dot is ‘pumped’
by a fermionic reservoir (the left lead) and output to another fermionic reservoir (the right lead).

In contrast to the non-interacting case (see equation (35)), the noise operators couple to the
system projection operators in equations (60) and (61). The correlations between noise operators
and projection operators, such as (£!(t) = o;; (1)), are calculated according to the generalized

causality relation equation (26). Taking <4 (t) = 0,4 (1)), for example,
(L5 (o (1) = (L3 (G () = ([£1(1), G (D) — Gy (DL1(1))
= I {la] (1), 0,1 (D) = yL{ow () + 011 (1), (64)

where 6,4 (1) = 0,4 (1)’ is the slow-varying amplitude of projection operator, and Z; (1) =
L’; (t)e . The correlation (&UT(I)/i (1)) in the second line of equation (64) vanishes when the

noise operator Z’; () acts on the full-filled Fermi sea of the left lead (see appendix).
With these correlations, the ensemble average of equations (60) and (61) gives the ‘rate
equations’ for the diagonal elements,

(Gvo) = =Vt VL) (0w) + YRy (O41) YR (O0)y), (65a)

(O41) = =Ry (Or1) + VLr(Ow) + (L) + YRy ) (Oda), (65b)
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(1) = —Yry(0y) + YLy (Ow) + (Mt + VR4 (Oda), (65¢)
(64a) = —(yLy + vy + YRt YR (0ua) s (65d)
and for off-diagonal elements,
. +2
(Gu1) = =8,y +TD){00) = TS (o), (66)
(610) = =844+ T (010) = S (o). (66b)
. +2
(G11) = =By + Do) (o) + L5 (o), (66¢)
. . Yir
(Ora) = —(IAM+F4)(UM>+7<UU¢>, (66d)
(Gva) = —(AAvq +2¥14 +2y1 + VR4 + VR (00a), (66¢)
(01y) = —(QA4 + YRy + YR (04 (66 1)

where Fl = (VLT + YL + )/RT)/Z, Fz = ()/LT + YL + YR1 +27/Ri)/2’ F3 = (VLT + YLy + )/Ri)/2 and
'y = (yiy + vy +2¥ry +vry)/2. Equation (65) shows that the coherence between energy levels
vanishes after a long time, i.e.

(0ij(t)) =0, fori#j and — +o0. (67)

This indicates that the two different spin channels are incoherent, which physically arises from
the fact that noise operators with different spins are uncorrelated, i.e. (ﬁ? @)L, (1)) =0.

The rate equations (65) describe the population transfer between each energy level, and the
steady-state populations are

(O0) = YRIVRL : (68a)
YLIVRY T VA VR, T VRAVRY
(o) = YLIYRL : (68b)
YLIVRt T VL4 VR, T VRAVRY
(0,,) = YLYRY : (68¢)
YLIVRt T VLA VR T YRAVRY
(04qa) = 0. (68d)
The average current is
(IR) = (Try) + URy) = YRy (o) + vry(0)
+
(VLT Vu))/m YR (69)

YLIVRY T VLAVRL T VR VRY
The current vanishes if yry =0 or yg; = 0. This is because turning off a certain spin channel,
say the spin-up channel, i.e. yry =0, will induce the accumulation of the spin-up electron on
the quantum dot. Then the electron tunneling of both spin channels is blocked due to the strong
Coulomb interaction. When the tunneling rates are spin independent, i.e. ¥4 =y, = y1. and
YRt = YR, = ¥R, the average current in equation (69) becomes (Ix) = 2vLYr/ 2y + Yr), Which
agrees with the results obtained by other methods [8, 9, 26].
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4.2. Current noise

Now we turn to the current noise. Similar to the non-interacting case, the two-time correlations
of the following form should be calculated,

(ns (gt +1)), (70a)
(aj(t)Rs(t)Rj,(t +T)ay(t+1)), (70b)
(@l (OR(ORL(t+T)ay(t +1)). (70¢)

In the interacting case, the system projection operators cannot be expressed in terms of the
simple integration of the noise operators as in the non-interacting case (see equation (37)). The
causality relations introduced in section 2.3 provide us with a convenient way of converting the
noise—system correlation to the system—system correlation. Thus, in the white-noise limit, as
a powerful tool, the quantum regression theorem is applied to calculate the two-time system
correlations.

Noting that the noise operator R (t) plays the role of ‘annihilation operator’, the
correlations between noise and system operators can be calculated following the spirit of
Wick’s theorem (see the appendix). Taking the spin-up component, for example, the correlation
(al(ORy(ORL(t +T)ay(t +71)) s

(al(ORy (DRt +T)ay(t +1))
= (a] (D[R (), R1(t + D)]say (t + 7)) — (a] (DRt + )Ry (Day (t +T))
= yrlaj(Day (1 +1))8 (o). (71)

The second line of equation (71) is simplified by noting the fact that [R4(?), RTT(I’)L = YrO(t —

t"), and the third line vanishes since [ai(t),Rﬁ(t+r)]+ = 0. This white-noise correlation
provides a constant current noise background. Due to the §(zr) function, only equal-time
correlation (r = 0) is relevant. By noting equation (69), this correlation is written as

(@l (ORLORL(t+T)ar(t+7)) = (Iry)8(7). (72)

For the correlation (al(t)Ry()al(t+T)ay(t+7)) = (aj ()R (H)ny(t+71)), it can be
translated into the correlations between the system operators using the causality relations as

(ai (DR (Ony(t +7)) = (@] (D[R4 (1), n4(t +T)]) = yrla) (Dar (1), ny (1 +7)])

= YRy (Ony (1 +7)) = yrial (Ony (t +T)ay (1)) (73)
The first term cancels out the contribution of equation (70a). As a result, the spin-up
current—current correlation is

2 1 7 7
g (1) = tl}{g()(IRT(I)IRT(I +7))

= 1im (Fx))8(2) + 12, (@] (Ony (1 + D)y (1), (74)

The current—current correlations of different spin components are calculated similarly, and, in
general, they can be expressed in terms of the correlations of system operators as

g/ ()= lim (Ig, (1) Iro (1 +7))

= lim (Tg,)8(T)85 + Ve Vo (@) (D (2 +T)ay (1)), (75)

—+00
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Here, we have shown an analogous form of the current—current correlation to the second-
order optical coherence function [35]. The last term of equation (75) can be calculated from
the quantum regression theorem. By this theorem, the current—current correlation function is
determined by the rate equations (65), and in the Coulomb blockade case, it does not show the
effect of the quantum coherence terms in equation (66).

The total current correlation function is

g® (@ = lim (Ie()Ir(t+1)) ~ (Ir)’

=g} (@+gy] (M +5 (M) +8) (0) = {[x)*. (76)

Its Fourier transformation gives the current noise spectrum S(w). In the spin-independent
tunneling rate case, 1.€. y1+ = ¥, = Y1 and Yry = Yry = ¥R, the noise spectrum is

4y +3nm+ 1R
QuL+yr)*+0?
This result deviates from the single-level case (see equation (56)), due to the presence of the
Coulomb interaction.

Typical current noise spectra for the spin-dependent tunneling rate case are shown in
figure 3(a). The Fano factor is

F = S(w=0)/2e(lR)

Rt YRy (VLy VRt + Y0 VRY) — Yoy (Vry — )’RU2

2(yLu ¥Rt + VLA VRL + VR VRL)? '
It is found that super-Poissonian noise arises when the tunneling is spin dependent, which
can be realized, e.g., by using magnetized barriers between the leads and the quantum dot.
Super-Poissonian noise appears when the numerator of the second term becomes negative. The
Fano factor as a function of the tunneling rate imbalance is shown in figure 3(b).

Physically, the super-Poissonian noise is the consequence of the dynamical channel
blockade effect [21, 24]. The tunneling rate imbalance induces different average currents for
the two spin channels. Thus, in addition to the noises of the channels themselves, the shot noise
between the two channels gives rise to the low-frequency noise enhancement. Such a kind of
shot noise is absent when P = 1 — Py since the two spin channels have the same current.

S(w) = 2e(lRr)

(77)

=1

(78)

5. Relation to other theories

5.1. Relation to the Landauer-Biittiker formula

Here, we show that the Landauer—Biittiker formula can be reproduced by the quantum Langevin
approach. For simplicity, let us consider the single energy level transport example.

According to equation (29b) and the boundary relations equation (23), the current operators
can be expressed solely by the input and output noise operators. For example,

AU R i
Ir = y—(Rout(I)Rom(I) - R;(I)Rm(t))- (79)
R

Thus, it is clear that the average current is divided into the input current proportional to
(kjn(t)fzin(t)) and the output current proportional to (ﬁzut(t)fzom(t)).
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Figure 3. (a) Current noise spectra S(w) (normalized by the Poisson value
Sp = Ze(fR)) for yr;, =0.1,0.3, ..., 0.9. Other parameters are chosen as y; 4 =
vL, = ¥ry = 1. (b) The Fano factor as a function of the imbalance between
spin-resolved tunneling rates P, and Pg, which are defined as P, = yi.+ /(14 +
yry) and Pr = yry/ (YRt + ¥R} ), for given total tunneling rates yp4 +yL;, = yry +
yr, = 1. The white thick lines are the boundary between sub-Poisson and super-
Poisson regimes, i.e. F = 1.

Furthermore, defining the scattering matrix S, the Fourier transformation of output noise
operators is expressed in terms of the input operators as

Z:out (w) Z:in (w)
- —s(% , 80
<R0ut (a)) ) <Rin (w) ) ( )
with
Zin/out(w) = / eiM‘Z"in/out(l‘) dt’ (8161)
75'in/out(a)) = / eiwt,’%in/out(t) dt’ (Slb)
and

Trer(®w) Rrer(w)

2 nom g
:+( L ) (82)
YL+ ¥R — 2w R -3 Tt
where the functions T;_;j(w) and R;_;(w) can be regarded as the energy-dependent

transmission and reflection coefficients from lead j to lead i. The Fourier transformation of
the average current is

(r(@)) = / (e dr

S(w) = (RU—L(CU) TL<—R(C¢)))

/

1 * . T NS / ~T NS / dow
= —/ [{Rou (@) Rou(@ +w)) — (R (@) Rin(@ +w))]
R J—c0 2

(83)
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Noting the relation equation (80) and the correlations between the noise operators,

(£ (@) Ein(0 + 0)) = 2718 (w), (84a)
(R} (@) Rin(0 +@)) =0, (84b)
we obtain the Landauer—Biittiker-like formula of the average current,
R +00 d /
(Te) = f T(o) e = 2 (85)
— 2t LR

with the transmission spectrum,

YLYR

1) = amy

(86)

5.2. Relation to non-equilibrium Green’s function (NEGF) theory

Here we discuss the relation between the quantum Langevin approach and the NEGF
for the quantum transport problems. In the NEGF theory, various Green’s functions (e.g.
retarded/advanced Green’s function and lesser/greater Green’s function) are defined. These
Green’s functions are related to different physical quantities (e.g. local density of states and
level occupations). Using the quantum Langevin approach, the Green’s functions and the related
quantities could be calculated straightforwardly. Here we take the retarded Green’s function, for
example, which is defined as [36]

G,(1) = —i0(t)({as(t + 1), a] (D}), 87)
for s =1 or |. The local density of states (LDOS) D;(w) is given by

1
Dy(w) = _;Im[Gs ()], (88)

where Gs(a)) is the Fourier transformation of Gy(tr). The LDOS contains the essential
information about the system relevant to quantum transport. In the following, we take the
Coulomb blockade example, and give the retarded Green’s function and the LDOS using the
quantum noise approach.

Noting that the definition of the retarded Green’s function equation (87) only involves
the system operators a,(¢) and a(0), we apply the quantum regression theorem to calculate
their correlations. The retarded Green’s function can be expressed in terms of the two-time
correlations between the projection operators. Consider the spin-up component, for example,

G1(1) = —i0(T){ou (1 +7) — 040 (1 +7), 04, (1) — 04y (1)}). (89)

The equations of motion for these projection operators are given in equation (66). By the
quantum regression theorem, the two-time correlations are determined by

d ({00 @+ 1) _ o (0100u (r+r)>)
ar ((mv(t)ow (t+r)>) =M ((owmow (t+1)) )" G0

with the initial condition for t =0
(opo(®)opr (1)) \ _ [ (o44(2))
(<aw<r>aw(r)>> = ( 0 ) ©b
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Figure 4. LDOS for the Coulomb blockade case obtained by the quantum
Langevin approach. Parameters are wy = 10, U =30 and y = 1. LDOS shows a
double-peak structure for U > y.

where the coefficient matrix M is defined as

_(3y/2-iw —3y/2
M_< —v/2 T —5)//2—i(a)T+U)>' (92)

Here, y14 =y, = Y&t = Yry = ¥ is assumed for simplicity. The other correlations involved in
equation (89) can be similarly calculated.
Thus, the retarded Green’s function is

G(1) = —i0(1)e " (Wee " + W_e ), (93)

with the renormalized frequencies

U 1
wisz+5j:§\/U2—2iyU—4y2 (94)
and the weight factors
1 U/6—i
Wy =+ /oty (95)

27 2,/U*=2iyU —4y?

The Fourier transformation of the Green’s function gives the LDOS (see figure 4). It is obvious
that, for the large U case considered in this paper, the LDOS consists of two Lorentz-shaped
peaks, centered around w; and w4 + U. The two peaks separate from each other by U, which is
a signature of the Coulomb blockade [6].

6. Conclusions and outlook

In this paper, we have developed a quantum noise approach to treat the quantum transport
through a nanostructure such as a quantum dot. We formulate the average current and the current
noise in terms of the correlations between the noise operators. The quantum noise approach is
applied to a paradigmatic example, namely transport through a single quantum dot under large
biases and both the non-interacting and Coulomb blockade cases are investigated. With the
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Markovian approximation for the tunneling processes, the electron—electron interaction in the
quantum dot can be treated exactly.

The quantum noise approach provides a bridge between quantum optics and quantum
transport. Thus the notions and methods in quantum optics could be adopted to study quantum
transport through nanostructures. Although we show the application of the quantum noise
approach by a single quantum dot example, the theory is not limited to this simple case. On the
one hand, the system could be generalized to more complicated ones, such as coupled quantum
dots, multi-end nano-circuits or systems with spin interaction. On the other hand, the reservoirs
of other kinds, such as phonon baths or spin baths, could be included to explore how such
reservoirs would affect the current and current noise, providing a method of studying the bath
dynamics via current noises. The Markovian approximation may also be released with colored
noise correlation functions of the reservoir used in lieu of the white-noise model adopted in this

paper.
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Appendix. Properties of the noise operators

In this appendix, we give the correlations between noise operators. We consider the single-level
case here. The physical quantities of interest are determined by the noise correlations, such as
(LT (t)L(t")). According to the definition of the noise operators,

(ETOLWE)) = ) &gpe @i (plpy)

kK’

— Z %—fei(wk—wo)(t—t’)nt(l];) (1)
k

= / E2(wr) D(w)ny (ar) =0 dgy,, (A.1)
0

where D (wy) is the density of states in the leads, and

n (0) = ! (A.2)
th T 1 4+ etho—pL)/ksT :

is the thermal occupation number of the lead in quasi-equilibrium. The Markovian
approximation requires two assumptions. First assumed is the ‘flat band’ condition that the
relative change in the effective density of states around the resonant w, over a range of the
characteristic damping rate y;. is much less than unity;, i.e.

= -1
(M) > VL, (A3)

Ba)k
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where D(wy) = £2(w;) D(wy). Under this condition, D (wy) can be replaced by its value at w,
and the correlation becomes

(L)L) = D(wp) f " el @@= q), | (A4)
0

Here, the zero-temperature case has been considered for simplicity. Secondly, under the large
bias condition, the resonant level w, is far away from the Fermi energy and the conduction band
bottom (chosen as the energy origin), i.e.

KL — @o, Wo > VL. (A.5)

In this case, the integration over wy is extended to 00 and finally results in the white-noise
correlation,

(L'OL)) = nd@ —1'), (A.6)

where Y1 = 2E%(wo) D(wy).
Similarly, for the right lead,

(ROR'()) = wd(t —1). (A7)

Here, we use the fact that the thermal occupation number ng} e ;) = 0 for the right lead around
the resonant level . In the same way, one can show that other noise correlations vanish, i.e.

(LOHL' (") = (RN (OHR(")) = 0. (A.8)

Note that equation (A.8) implies that the noise operators Z'(¢) and R(t) play the role
of ‘annihilation operators’, since they always give zero correlations when they stand on the
rightmost position. With this observation, the normal-ordered product of noise operators can be
defined by placing £7(¢) and R(¢) on the rightmost position, and the expectation value of the
normal-ordered product vanishes identically. Thus, Wick’s theorem is generalized to the noise
operators and the current and current noise can be exactly calculated in the white-noise limit.
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