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Summary. - -  A new realization of the loop algebra G (untwisted affine Kac- 
Moody algebra) is given on the enveloping field t~ of the Bose algebra ~ :  By 
making use of this new realization nontrivial infinite-dimensional indecom- 
posable representations and finite-dimensional representations of G are con- 
structed on t~ and its quotient spaces. Finally, as an explicit example, the /x  
loop algebra SU(2) associated with Lie algebra SU(2) is discussed in detail. 

PACS 03.65.Fd - Algebraic methods. 

1.  - I n t r o d u c t i o n .  

Indecomposable modules of physically relevant Lie algebras have been 
suggested[i-3] for the description of unstable particles. Gruber and his 
cooperators have studied indecomposable representations of some physically 
relevant Lie algebras on their universal enveloping algebras [4-6]. By making 
use of the method of Bose realization used to study the indecomposable repre- 
sentations of Lie algebra [7] and Lie superalgebras [8], we discussed Virasoro 
and Kac-Moody algebras [9], which have appeared as a new kind of symmetry 
algebra in many areas of physics [10]. 

The Bose algebra ~ ,  also called the Heisenberg-Weyl algebra, is defined by 

(1) ,~ ' :  {a{, a~, E{i = 1, 2, ..., N } ,  [a~, a~] = ~ijE, [a~, E] = [a~, E] = O. 

In ref. [9], because the representatives of element E in the indecomposable 
representations of the Bose algebra are unit matrices, the indecomposable 
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representations of loop algebras constructed in [9] are more trivial. However, it 
is significant in mathematical physics to consider the representation of 5~" in 
which the representative of E is not a unit matrix[ll].  

In this paper we give firstly a new realization of loop algebra G on the 
enveloping field ~ of ~ "  in sect. 2. Then we construct a class of nontrivial 
infinite-dimensional indecomposable representations of loop algebra G in which 
the representative of E is not unit matrix on ~ and its quotient spaces in sect. 3. 
In sect. 4, a class of finite-dimensional (irreducible) representations is induced on 
quotient spaces of ~. Finally, in sect. 5, as an explicit example, the loop algebra 
A 
SU(2) associated with Lie algebra SU(2) is discussed in detail. 

The symbols N, N +, Z denote the set of nonnegative integers, the set of 
positive integers and the set of all integers, respectively. The symbol C denotes 
complex number field. 

According to PBW theorem, the basis of universal enveloping algebra ~l(~g') 
of the Bose algebra ~g" can be chosen as 

(2) {f(m~, n~, n)=- I~ a:('~a~ ] EIm~, n~, n e N ] . 

Because ?l(~rC) is an Ore ring, one can introduce the enveloping field D of ~ ' -  
(also called Heisenberg field) which incorporates in a natural way, quotients of 
polynomials of the generators of (SrC)[1]. ?/(~g') is a subring of 5~. As an 
algebra, D has a subalgebra ~ with the basis 

(3) f F(mi, ni, n)=- [~=~ a~"~a'~ J E'lmi, n~, n e Z}. 

It can be regarded as the extension of the basis of 91(~'~) to mi,n~, n e Z. 

2. - N e w  r e a l i z a t i o n  o f  l o o p  a l g e b r a  G. 

Let T be a finite-dimensional faithful representation of Lie algebra G with 
generators {X=la = 1, 2, ...,N} that satisfy the Lie product 

N 

(4) [x=, x~] = E cax,, 
v=l  

where complex numbers C~ are structure constants. There exists a subalgebra 
of l] generated by 

(5) [ XrlX~- ~ T(X,)jka]-akE ~-1, mE Z]. 
j ,  kffit 
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It  is easy to prove that 

(6) m+n [xr, xN = E c~x~ 

which is just the commutation relations of the loop algebra (also called untwisted 
affine Kac-Moody algebra, or Kac-Moody algebra without central term). 
Therefore, (5) generates a loop algebra G associated with the Lie algebra G. The 
expression X~ is a new Bose realization of loop algebra ~ which is different from 
that in ref. [9]. 

For example, for the Pauli's representation of Lie algebra SU(2), we can 

obtain the Bose realization of the loop algebra SU(2) associated with SU(2) 

(7) 
{ z ,~=a~a2E m-l, z~_=a~alE ~-1, 

z'~ = [a~ al - a~ a2]E m-1 (m �9 Z), 

where z,, z2,~3 are Pauli's matrices and z+ =�89 +i~2). 

3. - Indecomposable  representat ions  o f  G. 

The enveloping field ~ is regarded as a left-module of ~f,  then inde- 
composable representation of J f  is obtained: 

p(aD F(mi, hi, n) = F(mi + ~ik, hi, n) , 

(8) p(ak)F(m~,n~,n)=F(mi,  n i + ~ i k , n ) + m k F ( m i - $ i k + ~ j , n i , n + l ) ,  

p(E) F(mi,  hi, n) = F(mi,  ni, n + 1). 

Let J be a left ideal of ~ and 'J/J the quotient module, then p(E) is not a unit 
matrix on ~/J  if ( E -  ~1)~ J. 

Making use of the following expression: 

(9) I'(X~ ) = ~, T(X~)jkp(a 7 ) p(ak ) ~(E) m-1 , 
jk 

the indecomposable representation of r on ~ is obtained as 

(10) [ ' ( X [ ) F ( m i , n ~ , n ) = ~ T ( X ~ ) j k [ F ( m i + ~ i j , n i + ~ i k , m + n - 1 ) +  
jk 

+ mk F(mi - ~k + ~ij, hi, m + n)]. 

The relations {a~- ~ l t i  = 1, ..., N, ~i �9 C} generate a left ideal I of ~. For the 
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quotient space V = ~/I ,  a basis can be chosen as 

V: {D(mi,n) =- F(mi ,  O, n) ModIImi ,  n �9 Z}  . 

The representation (10) induces on V the representation 

(11) F(Xy  ) D(mi,  n) = ~, T(X~)jk [~k D(m~ + ~ij, m + n - 1) + 
jk 

+ m k  D(mi - ~, + ~ij, m + n)]. 

1) The case with ~ r  It is observed that the value m~ cannot 

decrease in (11), the integer M �9 Z defines a G-invariant subspace VM of V with 
basis 

Since there does not exist an invariant complementary subspace for any 
invariant subspace VM, the representation on V is indecomposable. It is easy to 
see that there is an invariant subspace chain 

... D V_2 D V_I D Vo D VI 3 V2 D . . . .  

The representation on each quotient space V(M,K)=VM/VM§ with basis 
(K �9 N +) 

V(MK): H(m~,n) =-D(mi, n) ModVM§ <~ ~, mi<~M + K -  1 
i=l 

is obtained from (11) as 

(12) 
N 

F(Xy  ) H(mi,  n) = ~ T(X~)jk [t~k H(mi + ~ij, m + n - 1) + 
jk~l 

+ m k  H ( mi - ~ik + ~ij , m + n)]. 

The representation (12) is the infinite-dimensional indecomposable 
representation when K ~  > 2. In the case of K =  1, the representation on V(M, 1) 
becomes 

N 
(13) F(Xy)H(m~,  n) = ~, T(X~)jkm~H(mi - ~k + ~i, m + n) ,  

jk=l 

which is the infinite-dimensional irreducible representation. 



N E W  R E A L I Z A T I O N  OF T H E  LOOP A L G E B R A S  ETC.  5 

2) The case with ~1 =/A2 = -.. =/AN = 0. In the case of/A~ = ~2 = ... =/AN = 0 ,  

the representation (11) becomes 

N 
(14) F(X:~) D(mi, n) = ~ T(X~)jk mk D(m~ - ~k + ~ij, m + n) . 

jk=l 

I t  is noted that  the value m~ cannot change in (14), the integer R �9 Z defines 

a G-invariant subspace V ~R~ of V with basis 

{ N } 
V~RJ: D ( m ~ , n ) l ~ m i = R ,  m i , n e Z  

i=l 

and V can be decomposed as 

V =  E ~ V ER~ . 
REZ 

Thus, the representation (14) on V is complete reducible. The representat ion 
subduced on each V tRl is the infinite-dimensional irreducible representation. 

4. - F i n i t e - d i m e n s i o n a l  r e p r e s e n t a t i o n s .  

The relation {E - ~1, 11~ r  ~ �9 C} generates a left ideal J of V. A basis for 
the quotient space W = V/J  can be chosen as 

W: {P(mi) -= D(m~, 0) Mod JIm~ e Z } .  

The representation (11) induces on W a new representation 

(15) F(X m) P(m~) = ~ T(X~)jk [/Ak ~m-1P(m~ + ~5) + mk ~'~P(m~ - ~k + ~j)] �9 
jk 

When/A1 = ~2 = ..- =/AN : 0 ,  (15) is complete reducible, otherwise, decomposable. 
From (15), it can be seen that  the subspace W § spanned by 

(16) W§ {P(mi)lm~ e tO, i = 1, ..., N} 

is a G-invariant subspace. The representation subduced on W § is (15) with the 
condition ml,  m2, ..., my  �9 N. 

a) The case with ~ r 0. In the case of ~ r 0, the representation on W § is 
N 

indecomposable. I t  is noted that  ~ m~ in P(m~) cannot decrease under  the action 
i=l 

of the representation F of G, therefore, for M e tO, there exists a G-invariant 
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subspace Wh of W + with basis 

(17) W~ : {P(mi)l~ m i ~  M; mi e N} 

and a G-invariant subspace chain 

W+ = W~ D W~ D § W~ D ... ~ W?~ ~ W~+~ D .... 

For  K e tr § we can construct quotient spaces W+[M, K] with basis 

W+(M, K): Q(mi)=-P(m~)ModW~+K[M<-~m~<.M+K-1;mie  . 
i=1 

I t  is easy to prove that  the dimension of W+[M, K] is 

(18) 
M+g-1 ( N  + t - 1)! 

dim W+[M, K] = E t! 
, ~  ( N - l ) !  " 

The representat ion on W+[M, K] can be obtained from (15): 

(19) F(X~) Q(mi) = ~ T(X~)jk [~k ~,~-i Q(mi + ~ij) + mk ~mQ(m~- ~ + $ij)] �9 
jk 

In the case of K~>2, this representation is indecomposable. When K =  1, the 
representat ion on W§ 1] is 

(20) P ( X~ ) Q( mi ) = ~ T( X~ )jk mk ~ m Q( m~ - ~ + ~ ) m~ = M 
j~ 

tha t  is an irreducible representation with dimension 

(21) dim W + (M, 1) = 
(M + N -  1)! 

M! ( N -  1)! " 

b) The case with t~l = ~t2 = . . .  = ~tN = 0o In the case of t~l = ~2 = . . .  = ~tN = 0 ,  

the representat ion on W § is complete reducible. In fact, W § can be decomposed 

a s  

(22) W + = ~ , $  W +ER~ , 
REN 

where W § is spanned by 

(23) W+ER1: P(mi m~=R;R,  mie  . 
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The representation subduced on every W § can be obtained as 

(24)  F(Xy)P(m~) = E T(X~)jkmkP(m~- ~ + ~ )  
jk 

(~=~mi=R; R ,  m i e N ) ,  

that  is an irreducible representation with dimension 

(25) dim W+ERI _ (N + R - 1)! 
( N -  1)!R! 

A 
5.  - R e p r e s e n t a t i o n  o f  l o o p  a l g e b r a  S U ( 2 ) .  

A 
According to Bose realizationA(7) of SU(2) and expression (9), the 

indecomposable representation of SU(2) on the enveloping field ~ of 2-states 
Bose algebra 

(26) ~: { F ( m l , m 2 ,  n l , n 2 ,  n ) = - a ~ ' ~ I a ~ ' ~ a ' ~ , a 2 ' ~ E n [ m l , m e , n l , n ~ , n e Z }  

can be obtained: 

(27) 

F(~ '2)F(ml ,  m2, n~, n2, n) = F ( m l  + 1, m2, nl ,  n2 § 1, n + m - 1) + 

+ m2 F ( m l  + 1, m~ - 1, n l ,  n2, m + n ) ,  

F(~- ) F ( m , ,  m2, n l ,  n2, n )  -- F ( m l ,  m2 + 1, nl  + 1, n2, n + m - 1) + 

+ m~ F(m~ - 1, n~  + 1, n~, n2, m + n ) ,  

F(~ '~)F(ml ,  m2,  n l ,  n2, n) = F ( m l  + 1, m2, nl  + 1, n2, m + n - 1) - 

- F ( m l ,  m2 + 1, n l ,  n2 + 1, m + n - 1) + (ml  - m 2 ) F ( m l ,  m2, nl ,  n2, m + n ) .  

Firstly, let us discuss the infinite-dimensional representation. The 
representation on V - - ~ / I  is obtained from (27): 

(28) 

F ( ~ )  D(ml,  m2, n) = ~2 D ( m l  + 1, m2, n + m - 1) + 

+ m 2 D ( m l  + 1, m2 - 1, m + n) ,  

F ( z m ) D ( m l ,  m2, n) = ~ D ( m l ,  m2 + 1, n + m - 1) + 

+ m i D ( m 1  - 1, m2 + 1, m + n ) ,  

F(z~)  D(m~,  m2, n) = t~l D ( m l  + 1, m2, m + n - 1) - 

- ~2 D(ml, m2 + 1, m + n - 1) + (m~ - m2)D(m~, m2, m + n).  

In the case of t~l r 0 or ~2 r 0, the representation (28) is indecomposable. I t  is 
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obse rved  t ha t  the  value (ml + m2) cannot  dec rease  in (28), the  i n t e g e r  M �9 Z 
def ines  an invar ian t  subspace  VM of  V wi th  basis 

(29) VM: {D(ml ,  re.z, n)lm~ + me >I M ;  m l ,  m2 �9 Z }  . 

T h e r e  exis ts  an invar ian t  subspace  chain 

. . ,  V_2 .~ V _ I  D Vo :) V I  :) V2 :~ . . . .  

F o r  K e N +, we can define a quo t ien t  space V(M,  K)  with  basis 

(30) V[M, K]: {H(ml ,  m2, n) - 

=- D ( m l ,  m2, n) Mod VM+~ [M <~ m l  + me ~ M + K - 1}. 

The  r e p r e s e n t a t i o n  on V(M,  K )  is obta ined  f rom (28): 

(31) 

F(~n2)H(ml,  m2, n) = ~ 2 H ( m l  + 1, me, n + m - 1) + 

+ m ~ H ( m l  + 1, m2 - 1, m + n ) ,  

F(a ~_ ) H ( m i ,  me ,  n) = ~1 H ( m l ,  m2 + 1, n + m - 1) + 

+ m~ H ( m i  - 1, me + 1, m + n ) ,  

F(a '~ )H(ml ,  me ,  n) = t~lH(ml + 1, m2, n + m - 1) - 

- ~ 2 H ( m l ,  me + 1, m + n - 1) + (ml - me)  H(m~,  me,  m + n) 

(M <-..ml + m e  <-..M + K -  1). 

I f  we def ine an "angula r  m o m e n t u m  basis" for  V ( M ,  K)  

(32) I(n),j ,  s )  = H ( j  + s , j  - s, n) , 

V'(j+s)!(j-s)! 
w h e r e  j = M/2,  ( M  + 1)/2, (M + 2)/2, . . . ,  (M + K -  1)/2, s e Z, t he  r e p r e s e n t a t i o n  

(31) becomes  

(33) 

F(z'2)l(n) , j ,  s )  = ( j +  s + 1)1~21(m + n - 1 ) , j +  �89 s + �89 + 

+ [ j ( j  + 1) - s(s + 1)]1/2 I(m + n ) , j ,  s + 1>, 

F(z~) l (n ) , j ,  s )  = ( j  - s + 1)1/2/z11(m + n - -  1 ) , / +  �89 s - �89 + 

+ [ j ( j  + 1) - s(s - 1)]r21(m + n ) , j ,  s - 1 ) ,  

F(z~)[(n) , j ,  s)  = pti(j + s + 1) 1/2 I(m + n - 1) , j  + �89 s + �89 + 

+ ~ 2 ( j  - s + 1)1/~ [(m + n - 1) , j  + �89 s - �89 + 2 s l ( m  + n ) , j ,  s ) , 
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that  is an infinite-dimensional indecomposable representat ion in the case of 
K>~ 2. When K = 1, the representation (32) becomes 

(34) 

/ ' (~ ) l (n ) , j ,  s> = [ j ( j  + 1) - s(s + 1)]'/21(m + n) , j ,  s + 1>, 

F(~"2 ) l (n) , j  , s> = [ j ( j  + 1) - s(s - 1)]1/2 I(m + n) , j ,  s - 1>, 

F ( ~ , ~ 9 1 ( n ) , j , s > = 2 s , ( m + n ) , j , s  > [j M 7.] 

that  is an infinite-dimensional irreducible representation. 
In the case of t~l = t~2 = 0, the representation (28) becomes 

(35) 

F(~ m) D(ml, m2, n) = m2 D(ml  + 1, m2 - 1, m + n) ,  

I'(~ m- ) D(ml ,  m2, n) = ml  D(ml  - 1, m2 + 1, m + n) ,  

F ( ~  ) D(ml ,  m2, n) = (ml - m2) D(mi ,  m2, m + n) . 

It  is observed that  the value mi + m2 does not change in (35), the integer R �9 Z 
defines an invariant subspace V ~R~ 

(36) vERI: {D(m, ,  m2, n) lml + m2 = R; m l ,  m2 �9 Z}  . 

The quotient space V = ~ / I  can be decomposed as 

(37) V = ~ e V ~R] . 
REZ 

Therefore, the representation on V is complete reducible. On every V IR1, the 
representation is (35) with the condition ml + m2 = R. By defining "angular 
momentum basis" for V 

(38) t(n), j ,  s> = D ( j  + s , j -  s, n) , 

~/( j  + s)! ( j  - s)! 

where j = R/2 = 0, 1/2, 1, 3/2, ..., s �9 Z, we can obtain the representation on V LRj 

(39) 

I F(~'))l(n),j ,  s> = [ j ( j  + 1) - s(s + 1)]1/21(m + n) , j ,  s + 1>, 

I'(~_ )l(n), j ,  s> = [ j ( j  + 1) - s(s - 1)]1/~ I(m + n) , j ,  s - 1>, 

F(, '~)t(n),j ,s> = 2 s l ( n ) , j , s >  = - ~ ,  s � 9  , 

that  is an infinite-dimensional irreducible representation. 
Now, let us discuss finite-dimensional representations. 
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The representat ion induced on W can be obtained from (28): 

P(d2) P(m~, me) = ~2)d~-l p(m~ + 1, m2) + me )d" P(m~ + 1, me - 1), 

/ ' ( ~ )  P(m~, me) = ~ ' n - l p ( m l ,  me + 1) + ml)~mP(ml - 1, me + 1), 
(40) 

P(z'~) P(m~, me) = ~ )t '~-l P(ml + 1, me) - ~r )m-1P(ml, me + 1) + 

+(m~-me))dnP(ml ,me)  (;(4: 0, ml ,  me e Z ) .  

The representat ion subduced on W + is (40) with the condition m~, me e N. In the 
case of ~ 4:0 or /z~ 4: 0, the representat ion on W + is indecomposable. The 
representat ion on W+(M, If) is 

(41) 

I'(~'2 ) Q(ml, me) = ~2)d "-~ Q(m~ + 1, me) + rne)m Q(ml + 1, me - 1), 

1~(~_ ) q(m~, me) = ~1)~'~-~ Q(m~, me + 1) + ml )~" q(ml - 1, m2 + 1), 

F(d~)Q(ml, me) =bcl)~'~-lQ(ml + 1,me) -~2)~m-lQ(ml, me + 1) + 

+(ml-m2))JnQ(ml ,me)  (K~>2, ~14:0 or ~z4:0),  

with dimension 

1 dim W§ = ~ K[2M + K - 1]. 

The representat ion on W+(M, 1) is 

[ /'(a~) q(ml,  me) = me)d'Q(ml + 1, me - 1), 

(42) lI'(~_)Q(m~, me) m,)d~Q(ml - 1, me + 1), 
! 
[ I'(~'~ ) q(m, ,  m2) (ml - me) )tm q(m,,  me) 

I f  we define an "angular momentum basis" for W§ 1), 

(43) I J, s> = q(J + s , j -  s) 

~/( j  + s)! ( j  - s)! 

where  j = M/2 = 0, 1/2, 1, 3/2, ..., s =j,  j - 1, j - 2, ..., - j ,  
(42) becomes 

(44) 

(~r~ 1 + me ---- M, ~14:0 or/~2 4: 0). 

the representat ion 

that  is an irreducible representat ion with dimension M + 1 - -2 j  + 1. 

{ F ( ~ ) [ j ,  s) = , V ~ / ( j ~ s ) ( j + s  + 1)l J, s + 1) ,  

/'(~s )13, s) -- ~m2slj, s ) ,  
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In the case of ~1 = ~2 = 0, the representa t ion on W + becomes 

F(z'+~)P(ml, me) = m2)~mP(ml + 1, m2 - 1), 

(45) F(z m) P(ml ,  m2) = ml )m P(ml - 1, m2 + 1), 

F(a~ ) P(ml ,  m2) = (ml - me))~mp(ml, me),  

is a complete reducible representat ion.  Obviously, that  
posed as 

11 

(2 r 0, ml ,  m2 �9 N),  

W + can be decom- 

W + = ~ ~ W+[R~, 
ReN 

where  W § is spanned by 

(46) W+ER1: {P(ml,  m2)lml + m2 = R; ml,  m2 �9 N;R �9 N} . 

The representa t ion  subduced on W § is (45) with the condition ml + m2 = R. I f  
we define an "angular  momentum basis" for W +jR1 

(47) [ j , s ) =  P(J + s ' j - s )  , 

~v/(j + s)! (j - s)! 

where j =R/2  = 0, 1/2, 1, 3/2, ..., s =j ,  j - 1, j - 2, ..., - j ,  then we can obtain the 
representa t ion on W § 

(48) { P ( ~ ) [ j ,  s) = 2m ~ / ( j  u s)( j  +- S + 1) [j, S ---- 1 ) ,  

P ( ~ )  [j, S) = 2m2s [j, S),  

tha t  is an irreducible representa t ion  with dimension R + 1 = 23 + 1. 
According to (44) (or (48)), we can construct  irreducible representa t ions  with 

any dimension d �9 N. Fo r  example, when j = 1, we can the obtain the irreducible / x  
representa t ion  of SU(2) with dimension 3 (where ~ r  

l I ~176176 [i~176 1 F(z'2)=)~m 0 0 V 2 ,  r(~-m)=).m V 2  0 0 ,  F ( e ~ ) = 2 2  m 1 0 . 

0 0 0 0 V ~ O  0 1 

The authors  would like to thank Prof. Zhao-Yan Wu for his useful discussions. 
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�9 R I A S S U N T O  (*) 

Si d~ una nuova realizzazione dell'algebra ad ansa G (algebra di Kac-Moody affine non 
intrecciata) sul campo inviluppante O dell'algebra di Bose ~ .  Usando questa nuova 
realizzazione si elaborano rappresentazioni non scomponibili a dimensioni infinite non 
triviali e rappresentazioni a dimensioni finite di G su ff e i suoi/~spazi quozienti. Infine si 

discute in dettaglio, come esempio esplicito, l'algebra ad ansa SU(2) associata all'algebra 
di Lie SU(2). 

(*) Traduzione a cura della Redazione. 

HoBa~ p e a ~ m a m m  a.~re6pb~ nereab x nenpmm~m~b~e MOStly3111. 

Pe3mMe (*). - -  HpeaaaraeTcn nOBaa peasmaamm aare6pl, t hereto, (~ (pacKpyqeanaa 
aqbqbmma~ aJire6pa KaK-My~H) Ha orn6amtraeM no~e D aare6pu Bone • Hcnoabay~ aTy 
noaym pea.anaaUrLrO, KOnCWp3rdpy~oTC~ HeTpaBna~t, nsm ~ 6ecKoHeqnoMepm, m 
nenpnao~nmae npe~erassmmm n Koaeqnouepm, ie npe~IcTaBs~enr~t G Ha O n nx qacTnble 
npoerpancrBa. B 3armo,~eane, noapo6no o6cy'~aeTc~ npHMep aare6pu neTeab S~J(2), 
CBaaaHHOfX C aare6pofx JIn SU(2). 

(*) Hepeoec)eno peOaxt4ue~. 


