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Summary. — A new realization of the loop algebra G (untwisted affine Kac-
Moody algebra) is given on the enveloping field Q of the Bose algebra 7. By
making use of this new realization nontrivial infinite-dimensional indecom-
posable representations and finite-dimensional representations of G are con-
structed on Q and its quotient spaces. Finally, as an explicit example, the

loop algebra .§Z\J {2) associated with Lie algebra SU(2) is discussed in detail.
PACS 03.65.Fd - Algebraic methods.

1. - Introduction.

Indecomposable modules of physically relevant Lie algebras have been
suggested [1-3] for the description of unstable particles. Gruber and his
cooperators have studied indecomposable representations of some physically
relevant Lie algebras on their universal enveloping algebras(4-6]. By making
use of the method of Bose realization used to study the indecomposable repre-
sentations of Lie algebra[7] and Lie superalgebras[8], we discussed Virasoro
and Kac-Moody algebras[9], which have appeared as a new kind of symmetry
algebra in many areas of physics[10].

The Bose algebra 9| also called the Heisenberg-Weyl algebra, is defined by

(1) ‘%‘: {a’?aai)Eﬁ:l,z;---)N}y [ai;af]zd\sza [a;—,E]-_—'[ai,E]:O.

In ref.[9], because the representatives of element E in the indecomposable
representations of the Bose algebra are unit matrices, the indecomposable
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representations of loop algebras constructed in[9] are more trivial. However, it
is significant in mathematical physics to consider the representation of H in
which the representative of E is not a unit matrix[11].

In this paper we give firstly a new realization of loop algebra G on the
enveloping field Q of F in sect. 2. Then we construct a class of nontrivial
infinite-dimensional indecomposable representations of loop algebra G in which
the representative of E is not unit matrix on Q and its quotient spaces in sect. 3.
In sect. 4, a class of finite-dimensional (irreducible) representations is induced on
quotlent spaces of Q. Finally, in sect. 5, as an explicit example, the loop algebra
SU(Z) associated with Lie algebra SU(2) is discussed in detail.

The symbols N, N*, Z denote the set of nonnegative integers, the set of
positive integers and the set of all integers, respectively. The symbol € denotes
complex number field.

According to PBW theorem, the basis of universal enveloping algebra (%)
of the Bose algebra 97 can be chosen as

i=1

(2) {f(mi’ni’n)E[ﬁa’?ma?]E|mﬁni;nEN}-

Because A(97") is an Ore ring, one can introduce the enveloping field Q of A~
(also called Heisenberg field) which incorporates in a natural way, quotients of
polynomials of the generators of (F)[1]. (I is a subring of HA. As an
algebra, Q has a subalgebra Q with the basis

i=1

3 {F(mi,ni,n)E[ﬁai*"‘*a?*]E"lmi,ni,neZ}-

It can be regarded as the extension of the basis of A(H) to m;,n;,nel

2. — New realization of loop algebra G.

Let T be a finite-dimensional faithful representation of Lie algebra G with
generators {X,|a=1,2,...,N} that satisfy the Lie product

(4) [XMX[S]=EC:4§X”

where complex numbers C:,; are structure constants. There exists a subalgebra
of Q generated by

J k=1

N
() {X:,"|X;"E S T(X,)uaf a,E™1, me z].
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It is easy to prove that
(6) (X2, Xp1=3 C X7

which is just the commutation relations of the loop algebra (also called untwisted
affine Kac-Moody algebra, or Kac-Moody algebra without central term).
Therefore, (5) generates a loop algebra G associated with the Lie algebra G. The
expression X™ is a new Bose realization of loop algebra Q which is different from

that in ref. [9].
For example, for the Pauli’s representation of Lie algebra SU(2), we can

obtain the Bose realization of the loop algebra SU(2) associated with SU(2)

t=af e E™, M=afa, E™?,
(N

oy =laf 0, — a3 ap ] E™? (meZ2),

where g, 05,03 are Pauli’s matrices and o, = 4 (o7 £ i0y).

3. - Indecomposable representations of G

The enveloping field Q is regarded as a left-module of 9, then inde-
composable representation of % is obtained:

plai) F(my, m;, m) = F(m; + 8, mi, m),
®) o(@) Fma, m, 1) = Fma, m, + 8y, m) + m, Fm, — 8 + &5, i, m + 1),
o B F(my, ny,m) = Fim;,n;,n+1).
Let J be a left ideal of Q and Q/J the quotient module, then o(E) is not a unit

matrix on Q/J if (B — 1) ¢J.
Making use of the following expression:

€ X7 =3 TX el plaw) o(BY™ 1,
7k
the indecomposable representation of G on O is obtained as

(10) X Fimi,n;,n) = TX,)j[FOm; + 85, ni+ 3, m+n—1)+
&

+my F(m; — & + &, ni, m + n)].

The relations {a;—u;1}i=1,...,N,u; € C} generate a left ideal I of Q. For the
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quotient space V=@Q/I, a basis can be chosen as
V:{D(m;,n)=F(m;,0,n)Mod I|m;,neZ}.

The representation (10) induces on V the representation

1) &) Dimi, n) = 3 TX, )i [ Dms + 85, m +m — 1) +

+ my, D(m; — 8y, + &5, m + n)].

N
1) The case with u;#0. It is observed that the value (2 ml-) cannot
i=1
decrease in (11), the integer M € Z defines a G-invariant subspace V,; of V with
basis

N
VM:{D(m,-, m)|3 m;=M, m;,n eZ} .
i=1

Since there does not exist an invariant complementary subspace for any
invariant subspace Vy, the representation on V is indecomposable. It is easy to
see that there is an invariant subspace chain

...DV_QDV_13V03V13V23....

The representation on each quotient space V(M,K)=Vy/Vy.x with basis
(KeN*)

N
VMK): {H(m,-,n) =D(m;,n)Mod Vx| M<S m<M+K~— 1}
i=1

is obtained from (11) as

(12) TX™)Hom,m)= 3 Tyl Homa+ 85, m+n—1) +

k=1

+ mkH(m,-— é‘ik + aij, m+ ’ﬂ)] .

The representation (12) is the infinite-dimensional indecomposable
representation when K = 2. In the case of K =1, the representation on V(M, 1)
becomes

(13) T Homg, m) = S, T(C)e i HOmi — 8+ 85, m + 1),

k=1

which is the infinite-dimensional irreducible representation.
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2) The case with gy =p.=... =uy=0. In the case of ;= p,=...=ux =0,
the representation (11) becomes

. N
(14) X7y D(m;,n) = > T(X, )i mu D(m; — 8 + &, m +n).

k=1
.
It is noted that the value (E mi> cannot change in (14), the integer R € Z defines

i=1

a G-invariant subspace V% of V with basis
N
V&l {D(mi, n|> mi=R, m;,ne Z}
i=1

and V can be decomposed as

V=3yov®,

ReZ

Thus, the representation (14) on V is complete reducible. The representation
subduced on each V¥ is the infinite-dimensional irreducible representation.

4. ~ Finite-dimensional representations.

The relation {E — 21,1|x #0, 2 € C} generates a left ideal J of V. A basis for
the quotient space W=V/J can be chosen as

W: {P(m;)=D(m;,0)ModJ\m;e Z} .
The representation (11) induces on W a new representation

(15)  I(X7)POm;) =3 TX, D L X771 Plmy; + 85) + my, X"P(m; — 8 + &)1
Tk

When u; =u; = ... = uy =0, (15) is complete reducible, otherwise, decomposable.
From (15), it can be seen that the subspace W* spanned by

(16) W*: {P(m;)m;e N,i=1,...,N}

is a G-invariant subspace. The representation subduced on W* is (15) with the
condition m,, m,, ..., my e N.
@) The case with u;#0. In the case of u; # 0, the representation on W+ is
N
indecomposable. It is noted that > m; in P(m;) cannot decrease under the action

i=1

of the representation I' of G, therefore, for M e N, there exists a G-invariant
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subspace Wi of W* with basis
an Wi {P(mi)é mi= M;m; € N}
and a G-invariant subspace chain
Wr=WioWioWio...oWsoWiho....
For K e N*, we can construct quotient spaces W*[M, K] with basis
W*(M,K):{Q(mi)EP(m,»)Mod Wi M < ﬁ m<M+K—1Lime N}.
It is easy to prove that the dimension of W*[M, K] is
k-1 (Nt —1)!

The representation on W*[M, K] can be obtained from (15):

(19) rXy)Qm;)= Zk TX )i [ue X1 Qmy + 65) + my A Q(m; — &5 + 8)].

In the case of K=2, this representation is indecomposable. When K =1, the
representation on W*[M, 1] is

20) POXE) Q) = 5 O 17 Qs =B+ 89 (2 = M)

that is an irreducible representation with dimension

. M+N-1)!
+ T e ——
21) dim W* (M, 1) MV -1
b) The case with gy =ps=... =uy=0. In the case of yy=pe=...=py=0,

the representation on W* is complete reducible. In fact, W* can be decomposed
as

(22) W+ = 2@ W+[R] ,

ReN

where W*! is spanned by

(23) JHRL, {P(mi)|§; mi=R; R, m; N}.
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The representation subduced on every W*¥ can be obtained as

) rxr)Pm)= E TX, D)y P(m; — &+ &) (ﬁ m;=R; R, m;e N) )

that is an irreducible representation with dimension

WN+ER-1!

i R . I
25) dim W =~ s

N\
5. — Representation of loop algebra SU(2).

According to Bose realization L (7) of .§(\](2) and expressign 9), the
indecomposable representation of SU(2) on the enveloping field Q of 2-states
Bose algebra A~

(26) 6: {F(mly 7"’2,nlynZ’n)Eai‘.mla'gwa;Llangnlml’7"'27”17”’2’71/62}
can be obtained:

’I’(GT)F(mh%,nl;m’n)=F(m1+1,/'n'27nlyn2+17n+m—l)+
+meF(my+1,me—1,my, M5, m + 1),

@ (™) F(my, mg,ny, M, m)=F(my, me+1,m+ 1,5, n+m—1)+
P
+m F(m,—1,my+ 1,0, n5, m+n),

P(cgn)F(mlaW7nlyn2yn)=F(ml+177nfz;n1+lynﬁym+n_1)—

| —F(my, me+1,m,m5+ 1, m+ n— 1) + (my— my) F(my, ma, g, g, m+ ).

Firstly, let wus discuss the infinite-dimensional representation. The
representation on V =Q/I is obtained from (27):

[ T(c?) D(my, mg, M) = s D(my + 1, mp, m+m — 1) +
+meD(my+1,my— 1, m+mn),

(28) ) F(O'T)D(ml,mg,n) =IU.ID(m1,m2+ 1,n+m_ 1)+
+my Dimy~ 1L, my+1, m+mn),

I'(o3) Dim,, my, ) =y D(my + 1, mg, m + 0 — 1) —

—peD(my, me+ 1, m+n — 1) + (m; — my) Dy, Mg, m + m).

In the case of u, # 0 or u, # 0, the representation (28) is indecomposable. It is
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observed that the value (m;+ m,) cannot decrease in (28), the integer MeZ
defines an invariant subspace Vy of V with basis

29 Vu: {D(my, my, m)m, + me=M;my, myeZ}.
There exists an invariant subspace chain
VooV 0V VioV,o....
For Ke N*, we can define a quotient space V(M, K) with basis
30) VIM,K]:{H(my, my, n)=
=D(my, my,n) Mod V. x IM<my+m;<M+K-1}.
The representation on V(M, K) is obtained from (28):

[ T(e™) H(my, Mg, ) = go Himy + 1, my, n+m—1) +
+meH(my+ 1, my—1,m+n),

c™)H(m, mo,m) = Hmy, me+ L,m+m—1)+

(31) 3 +m Hm,— 1, my+1,m+mn),

I(ef)H(my, my, n) = Homy + 1, me, n+m— 1) —

—ueH(my, me+1,m+n—1) + (m — my) H(m,, ma, m + n)
Msm+m<M+K-1).

If we define an “angular momentum basis” for V(M, K)

(32) I(n),j,s) - H(j+8,j"8, n) ’

VG+9)!G—s)!

where j=M/2, M+ 1)/2, M +2)/2, ..., M+ K-1)2, seZ, the representation
(31) becomes

[ (™) (n),5,8) =G +8+ Dy |(m+n—1),j+3,s+%) +
LG+ 1) = s(s + DI |om +m), 5, s+ 1),

@) m),5,8) =(G—s+Du|m+n—-1),j+3,s—%) +
+[5( + 1) = s(s — DI®|(m +m),j,s — 1),

@33) ;

Ir'@Plm),j,8) =m(G+s+ DR|m+n—1),j+3,s+3) +
+us(j—8s+D|(m+n—1),j+4%,s—1) +2s|(m+n),j,s),
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that is an infinite-dimensional indecomposable representation in the case of
K=2. When K =1, the representation (32) becomes

[ @), g, s) =G+ 1 —s(s + DI*{(m + n), j,s + 1),

(34) ™)), 4,s) =55 + 1) — s(s = DI*2|(m + n),j,s - 1),

I, 7, ) =2s|(m+mn),j,s) [j= % , 8 EZ] ,

that is an infinite-dimensional irreducible representation.
In the case of u; =pu; =0, the representation (28) becomes

') Dimy, me, n) =meDimy + 1, my — 1, m+n),
(35) @™y D(my, my,n) =m;Dim, — 1, my+1,m+n),
F(U?)D(mlymZ)n) = (ml _mZ)D(mlymZym+n)°

It is observed that the value m, + m, does not change in (35), the integer K e Z
defines an invariant subspace V#!

(36) V&L {D(m,, my, n)|m, + me=R; m;,mpe Z} .
The quotient space V =Q/I can be decomposed as

37 V=Sey®r,

ReZ

Therefore, the representation on V is complete reducible. On every VI, the
representation is (35) with the condition m,+ m,=R. By defining “angular
momentum basis” for V

. D(j+s,j—s,mn)
(38) ()., 8) = =227 ,

V3G +)!(G— 9!

where j=R/2=0,1/2,1,3/2, ..., se Z, we can obtain the representation on V%!

[ I, j, 8y = [ + 1)~ s(s + DIF|(m + ), j, s + 1),

(39) '™\ (n),7,8) =[j(7+ 1)~ s(s — DI"*|(m +n),7,s — 1),

TG, j,5) = 23|, j,5) (=%, se2),

that is an infinite-dimensional irreducible representation.
Now, let us discuss finite-dimensional representations.
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The representation induced on W can be obtained from (28):
( I'(o%) P(my, mg) = pp A" P(my + 1, mp) + Mg A™ P(my + 1, me — 1),

“0) (™) P(my, mp) = uy A" L P(my, mg + 1) + my 2™ P(my ~ 1, me + 1),
I(aF) P(my, mp) =ty A" P(my + 1, mg) — e X™ P P(my, mp+ 1) +

+ (my —mg) A" P(my,my) (A #0,my,myeZ).

The representation subduced on W* is (40) with the condition m;, m; € N. In the
case of u;#0 or ps#0, the representation on W* is indecomposable. The
representation on W*(M, K) is

[ I(e™) Q(my, mg) = pa A™ 1 Q(my + 1, mp) + M A" Q(my + 1,mp — 1),

4y I'(@™) Q(my, mp) = A™ 1 Q(my, Mg + 1) + My X" Q(my — 1, mp + 1),
I8 Q(my, my) = u A™ 1 Q(my + 1, M) — e A1 Q(my, My + 1) +

+(my—m) A" Q(my, my) (K22, uy#0 or p.#0),

with dimension
dim W*(MK) = % KI2M + K —1].

The representation on W*(M, 1) is

I(e}) Q(my, mg) = me A" Q(my +1,mp — 1),
(42) {I(") Q(my, me) = 1y A" Q(my — 1, me + 1),

I(o§) Q(my, mg) = (my — mp) A" Q(my, mg) (M + Mg =M, 1370 or 4, #0).
If we define an “angular momentum basis” for W*(M, 1),

3) )= — IS

VG +)(G—s)!

where j=M/2=0,1/2,1,32,...,s=4,j—1,j-2,...,—j, the representation
(42) becomes

49

{ @), s) = »VGF(Gxs+1)]j,s 1),

') |j,s) = a™2s|j,s),

that is an irreducible representation with dimension M +1=2j+1.
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In the case of x; =ux; =0, the representation on W* becomes
(o) POmy, me) = me X" P(my + 1, mp — 1),
(45) I'(c™) P(my, mg) = m A" P(m; — 1, my+ 1),
(o) P(my, me) = (mq — mg) A™ P(my, me), (2#0,m;, myeN),

that is a complete reducible representation. Obviously, W* can be decom-
posed as

W+ = 2@ WHER

ReN

where W*# is spanned by
(46) WHEL {P(m,, my)lm, + my=R; m;, mye N;R € N}.

The representation subduced on W+**! is (45) with the condition m, + my,=R. If
we define an “angular momentum basis” for W+l

7 Gysy= —UHEIZS)

VG + )G —9)!

where j=R/2=0,1/2,1,3/2,..., s=j, j— 1,7~ 2, ..., —j, then we can obtain the
representation on W+

{I’(a’t")|j,s) ="V (F)Gxs+1|j,sx1),

I§)|j, s) =3"2slj,s),

48

that is an irreducible representation with dimension R +1=2j+1.
According to (44) (or (48)), we can construct irreducible representations with
any dimension d € N. For example, when j = 1, we can the obtain the irreducible

representation of @(2) with dimension 3 (where X #0):

Ve 0
I(e™) =" 0 0
0

(==l = R ]

0 0
Ve, rem=r|v/2
0 0 Ve

[ e I

1
, IT@E)=2x"10
0

O -~ O
-0 O

* koK
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® RIASSUNTO (¥

Si da una nuova realizzazione dellalgebra ad ansa G (algebra di Kac-Moody affine non
intrecciata) sul campo inviluppante @ dell’algebra di Bose %. Usando questa nuova
realizzazione si elaborano rappresentazioni non scomponibili a dimensioni infinite non
triviali e rappresentazioni a dimensioni finite di G su Q e 1 suoi spazi quozienti. Infine si

discute in dettaglio, come esempio esplicito, I'algebra ad ansa SU(2) associata all’algebra
di Lie SU().

*) Traduzione a cura della Redazione.

HoBast peasm3anns anreGpni nerelh W HenpHBORAMBbIE MOTYJH.

Pestome (*). — IlpemnaraeTcs HOBas peanu3amusi anre6pbl merens G (pacKpydyeHHas
addunHas anre6pa Kak-Mynn) na orubaromeM noste Q anre6pet Bose x. Mcnonbays aty
HOBYIO  pe€alu3aliio, KOHCTPYHMDYIOTCS  HETpMBHANbHble  OGECKOHEYHOMEpHbIE
HETIPHBONMMBIE NIPENCTABICHNS ¥ KOHEYHOMEPHBIE TIpencTaBnennst G Ha Q U ux YaCTHBIE
npocTpaHcrBa. B 3aksrouenue, noppoGHo obcyxknaercsa npuMep anre6psr netens SU(2),
cBs3anHOi ¢ anreGpoit Jlu SU(2).

(*) Ilepesedero pedaxyueil.



