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Abstract, When g 15 a root of unity, the representations of the quantum universat enveloping algebra
sl,(2) with multiplicity two are constructed from the g-deformed boson realization with an arbitrary
parameter which 1s in a very general form and is first presented in this Letter. The new solutions to the
Yang—Baxter equation are obtained from these representations through the universal R-matrix.
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1. Introduction

Developments in nonlinear physics such as exactly solvable models in statistical
mechanics and in low-dimensional quantum field theory, have made it clear that the
Yang—Baxter equation is a key to the complete integrability of many physical
systems, and much attention has been paid to its solutions in recent years [1-3].
For this reason, the representation theory of quantum universal enveloping algebra
{also called quantum algebra for short) has aroused the interest of physicists and
mathematicians because of the work of Drinfeld and other authors, which allows
one to construct R-matrices (solutions to the Yang--Baxter equation without a
parameter) from the representations of a quantum algebra through the so-called
universal R-matrix.

As one knows, there are many ways of obtaining the representations of a
gquantum algebra [4-8). One such method is the g-deformed boson realization
method which is very simple but at the same time powerful [9-12]. This method
was developed independently by different authors and has proved to be very useful.
Recently., we have used different, g-deformed boson realizations of the quantum
algebras sl (n) and C,_(n) to study their representations, especially in the nongeneric
case (¢” = 1), and have obtained some interesting results [12—14]. This Letter is a
development of our previous work. We will first construct a class of A-dependent
boson realizations of sl (2) related to its regular representation, where 4 is an
arbitrary parameter and then, in the nongeneric case, present the representations of
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sl,(2) with multiplicity two, which are completely new so far as we know. As an
important result and an example of a new type of R-matrices, in Section 5 we will
explicitly give an R-mairix with a continuous parameter A and a cyclic parameter ¢,
which has a different block diagonal structure from that of the corresponding
standard R-matrix and, hence, is different from those discussed in reference [15].

2. sl,(2) Representations and Related Boson Realizations

First, let us briefly describe two representations of the quantum algebra sl,(2). It is
well known that sl (2) is generated by the elements J, , J _, and J; which satisfy the
commultation relations
V., /i)l = 1£2J5, Vo, J 1=[hLl=@"—qg )g—9 ") (2.1)
Using these relations, one can get a representation of sl (2) on the vector space
(Xim,m) =J7J" |a> | s A=A A0, mneZt={0,1,2,...}}.
Explicitly, on¢ has
I, XGn,n) = X(m + 1, n),
J_Xmn)=Xmn+ 1D +[m2n—m+1—1X(m—1,n), (2.2)
J. X(m, n) = (2(m — 1) + DX (m, n).
Actually, this is the quotient representation on Q(4) = sl (2)/1,
{X(m, n) = X(m,n,0Mod I |m,n e Z*}
induced by the regular representation of sl,(2) on its own lincar space
{X(m, ) =J2J J5 |myn,p e 27},
where [ is the left ideal generated by (J, — A). If another condition J, [A) =0 is
imposed on |4), then one gets the representation
J o X(m) =[nllA —n + 11X — 1),
J_X(m)=X(n+1), (2.3
Ji X () = (4 = 2m) X (n),
on the so-called quantum Verma module, where X(n) = J" |2).
Now, we turn to the general construction of the g-deformed boson realization of
a quantum algebra from any representation of it. The g-deformed boson realization
of a quantum algebra G, is defined as the image of a homomorphic mapping from
G, to #B,(n), where #,(n) is the so-called g-deformed boson algebra generated by
a ,a, =g, and N, (i=1,2,...,n) which satisfy
al+ a, = [Nr]! azaz+ = [Nz + 1]1
[Nnaii} = i-afiw [Cl;, aj] =[az+’aj+] =0’ (2'4)

[ar+1 aj] =[ai9 aj+] :09 t#_‘]'



NEW BOSON REPRESENTATIONS OF sl (2) 171

Suppoese V is the representation space carrying a representation p of the quantum
algebra G,, and each basis vector f of V' is marked with m;, m,, ..., m, e 77, ie.
one can write £ = X(m,, m,, ..., m,), then the linear mapping

0>

is obviously a one-to-one mapping between ¥ and the Fock space % ,(n):

M=Xm ", ...m)—sal™ar™ .., al™

{arml a;—m;_, . ﬂa:—m,’

0> [, 05 = N, [0 =0,
i=1.2,...,mm,my,...,m Lt}

If there exists a mapping B from G, to #,(n) such that the commutivity of the
diagram

M
Vs ()
olg) 1 o J'B(g)
Vs F (n)

is guaranteed for any g € G,, one can easily check B(G,) is a boson realization
of G,, which we call the boson realization associated with the representation p.
We would like to point out that with the realization B(G,), we cannot obtain
any new representations different from p on the Fock space # ,(n). But if we
choose other representation spaces, we can expect to obtain some new results, Here,
we will not consider this problem further because it is not the purpose of this
Letter.

Having introduced the general principle, we now consider the quantum algebra
sl,(2) Lo show how this principle works. According to the principle, one can write
down the boson realization

J.=a,
J =af +aq2N,— N, +1-1], (2.5)
J3=2(N1_N2)+'L

associated with the representation (2.2) after some simple calculation. Similarly,
from the representation (2.3), one obtains the realization

J.=aqd— N +1],
J =af, (2.6)
J3=(A, '_2N1).

In the next section, we will generalize the above realizations to a more general form,
from which we can construct many new representations essentially different from
(2.2) and (2.3) in the nongeneric case.



172 MO-LIN GE ET AL.
3. A More General Boson Realization of sl (2)
The realizations (2.5) and (2.6) lead us to seek a more general realization of sl (2)
Jo =af % (Ny, N3) + a,05(Ny, Na),
J_=a,a3(Ny, Ny) + a5 0, (N, Ny), (3.1)
JJ = aS(le NZ)a
where o; ({=1,2,...,5) are the operator-valued functions of N, and N, to be
determined. Using the algebraic relations [N,, a1 = +a* (i =1, 2), one can easily
prove
atf(N, N,) =f(N, = 1, Nyai, a f(Ny, No) = f(N, + 1, Ny)a,,
ai f(Ny, N;) =f(N1, N — Das,  a&f(Ny, N)) =f(N, Ny + Da,,
for any function f defined by the Taylor series in &, and N,. With (3.2) in mind,
from the commutation relation (2.1) one obtains the constraint relations
as(Ny + 1, N;) — as(Ny, Ny) = as(Ny, No— 1) —as(N, Ny) =2,
as(Ny — 1, Ny) ~as(Ny, Ny) = a5(Ny, N+ 1) —os(Np, Ny) = =2,
oy (N1, Nz + Dag(Ny, No) = o (N, NoJu (N, + 1, N,),
w0 (N — 1, Nodas (N, Ny) = o (N, N (Ny, N2 — 1)

(3.2)

(3.3)

(3.4)

and
[Nidoy (N — 1, NyJas(Ny, Np) — [Ny + 1y (N, Nodaa (N + 1, Np) +
+ [Ny + Hap(Ny, No + Dag(Ny, Ny) — [Ny]op (¥, NpJag(Ny, Ny — 1)
=[os(Ny, N (3.5)
We do not intend to deal with these equations in the most general way. Instead, we
hope to find some solutions general enough to meet our need.
The equations in (3.3) strongly supgest that we choose as5(N;,N;)=

2(N, — N,) + 4, where A is an arbitrary parameter. As for the other four functions
to be determined, we need to consider the following three different cases

(1) one of them is zero,
(2) two of them are zeros,
{3) none of them is zero.

Careful calculation shows that in the first two cases, if
ay(Ny— 1, NpJay (N, Ny) =[2N, — N, + 1 — 4]
(when o, =0 ora,=0or ay =0,=0) (3.6)
or

(N1, Np)ag(Ny, Ny — 1) =[2N; - Ny + 1 + 4]
(whena, =0 orxy=00ra, =a;=0), (3.7
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then (3.5) will be satisfied, and that in the third case one can choose

o (N, Np)ay (N, + 1, Ny) = —gMi =2 4j(g — g7,

: . (3.8)
Ny, Ny + Dag(Ny, Ny) = —g™ 721 4(g — g~ 1),

It is now natural to ask whether there exist explicit solutions to Equations
{3.4)-(3.8) besides those provided by (2.5) and (2.6). To answer this question, we
give the following three simple realizations

J, =a,, J_=af[2N,— N, + ] +a,, Jo=2(N, — Ny} + 4, (3.9
J,=a, J_=aF 2N, — Ny + 4], Jy=2N,—N;) +4, (3.10)
J, =ap gV N s @A=L g a =N+ 12N, — A 14
[ 1 (a_lql{ZNl Nt QL=DI | g Ny 12N - (i 1);4)
q—q" .
J}:Z(NI_NZ)"')“ (3.]1)

Obviously, they correspond to the above three cases, respectively.

4, A-Dependent Representations of sl (2)

We consider the representations on the Fock space # (2)
{fimy, my) =af™a;™ 0y |m,mye £%;a,10) =N, [0>=0,i=1,2}

From the general realization (3.1), we have
T flmy, my) = oy (my, my) f(my + 1, mp) + [ o (i, g ) f(my, my — 1),
J_flmy, my) = [mylas(my, my)f(my — 1, my) + ag(my, ma)f(m,my 4+ 1), (4.1)
Ty f(my, my) = ay{my, my)f(my, ny),

where, of course, o, =(m,, n;) (i =1,2,.. . ,3) should satisfy (3.3)-(3.5) with N,
and N, replaced by 1, and m,. In the following, for simplicity, we suppose that if
%, (Ny, N,) #0, then « (m, m,) # 0 for any m,,m, € ZF.

In the generic case, (4.1) is an infinite-dimensional irreducible representation and
we cannot get a finite-dimensional representation from it. But if g is a root of unity,
this conclusion is no longer true. In fact, when g” = |, we have the following three
typical cases.

(Do, (N, N)#0(G=1,2,...,5). There are two kinds of sl (2)-invariant subspaces
W.(B.): (fm,m) | m, =pp, B e}, i=12

s0, on the quotient space

2
Q(ﬁl) ﬁZ) = gq(z) / Z,l ”’Iz(ﬁl):

I

{ﬂml,mz) Mod ¥ M(ﬁs)loémréﬁm—l,ﬁlﬂ},

i=1
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(4.1) induces a 8, f,p>-dimensional representation.
(2) a; (N}, N,) =0 and o, (N,, N,) #0 (i =1,2, 3,4, 5). The subspaces
Vi:{ifm,m) |{m <nneZt}
and
Vol fmy, my) |my2yp,y € 2%}
are invariant under sl,(2) and on the quotient space Q(n, y) = ¥, /V;:
{f(m,, my) Mod ¥, | 0<m, <n, 0<my < yp — 1}
one gets an (n + 1)yp-dimensional representation induced by (4.1).

(3) o, (N, Ny) =a;{N, N,) =0 and o(N,N,)#0 (1=2,4,5). For a given
m € Z*, there is an sl (2)-invariant subspace

S={fm,m)|my>ép, 6 e}

and on the corresponding quotient space Q(m;, 8):
{f(m,,m) Mod S |0 < m, < p — 1}

we get a dp-dimensional representation.

For explicit examples, let us discuss the realizations (3.10) and (3.11). According to
the above results, it follows from (3.10) that
J F(m}) = [mlF(m — 1),
J_Fm)=[A—mFm+1), J F@p—1)=0, (4.2)
J,F(m) = (4 — 2m)F(m),
where F(m) = f(0, m) Mod S(m =0, 1, ..., 8p — 1). Likewise, from (3.11), one has
the representation
I, Fmy, my) = g0Pm = mat @ =D, — fip + 1)F(my + 1, my) +

+lmylg =+ A= @ D, m, — 1),

7 Fom,m) = — ﬁlq — g e QL0 Py — Lmy) — (43)
1 o
_ p ‘4-1 q—m1 +{1/2)my — ((2A + ”/4)9("12—“}3217 + l)F(ml, m, + 1)’

T3 Fmy, my) = (20m, — my) + DFm,, my),

where

F(mlamZ) = f(m,, m;) Mod i Ww.(B8) (m=0,12 ... 8p—-1i=12)

i=1
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and

I, x <0,
0, x=0

=]

One can easily prove that both (4.3) and (4.2) are indecomposable representations.

5. i-Dependent R-matrices

As is well known, given a representation of a quantum algebra, one can obtain an
R-matrix by substituting it into the universal R-matrix associated with the quantum
algebra. Tn this section, using the i-dependent representations of sl (2), we will
construct new R-matrices in this way, i.e. through the universal R-matrix

‘ x (1 —q —3).-1 ’ ‘
R = (1,2} 7,0 /4 (I,E)Jgj_ ® —llfz)Jgj_ )n (1/2)a(n — l)‘ (5])
P T T ‘ !
Let us discuss two examples.

For the first example, we consider the representation (4.2). For convenience we
rewrite it as

Sy (M) =[J+ My, (M — 1),
J Yy, M)=R_(J+MW,(M+1), J_¢,(J)=0, (5.2)
Ty, (M) = (4 — 2(J + M), (M),

where we have defined

op —1
2

v, My=Fm+J) M=—-J,—-SJ+1,...,J) and J=

Substituting the matrix form of (5.2} into (5.1), we obtain

(Rjj)ﬁil.jli’zj=q(l,'2)(z721 ZM'l)(A72172Mé)5%}15ﬁ%+q(1/2)(£—2J——2.M‘1)(}1721~2M’2)X

- (1 q 2)ﬂ 1i2 i
% _,bqf( i2)aisr - )q
ngl [n]|

x [ WW+Mi+00:—d—M+0600 602, .. (5.3)

=1

M3 — M) o

Setting J = 1/2 and p =2, we have
t

/ ; / - 1
ROZKIZY = gQUZR2 =) o PR , g =1, (5.4)

—!
where ¢ = —¢~*. It is worth pointing out that the R-matrix given by (5.4) has been

abtained elsewhere by means of the extended Kauffman’s diagram technique, but
here it appears as a natural result of the quantum algebra theory.
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For the second example, a more complicated one, let us study the representation
(4.3). We will restrict our attention to the special case that p =2 (9°=—1) and
B, = B, = 1. Then, it turns out to be a four-dimensional indecomposable representa-
tion of s1,(2) on the space spanned by the basis vectors F(9, 0), (1, 1), F(1, 0) and
F(0, 1). It should be emphasized that in this case, F(0, 0) and F(1, I} have the same
weight A. This fact, as will be seen, gives rise to a new block diagonal structure of
the R-matrix. If we order the basis as

F0, 1) < F(0,0) < F(1,1) < F(1,0)

the matrix form of the representation is

0 0 0 0
qif47,l/2 0 0 0
Jo= g 0 0 01
0 g~ Vd+ iz g3a—i2 ()
0 g-VA-HT g-uawaz 0
1 0 0 0 gle+iz
J ="q__q71 0 0 0 q—5/47,1/2 s
0 0 0 0
244
A 0
= 0 2
244

Substituting these matrices into (5.1) and properly arranging the obtained matrix
clements, we can write the R-matrix as

R =block diag(4,, 4,, 45, 43, A1), (5.5)
where
AI = 4q(l/2)12t2’ All - _q(uz:.ﬂt—z’

—t Q g G P

1 1 g
Ay = —quon t i gt
2 —1 0 H
—1
—t 0 —gtmet
e | -2 — (12 -1
Ay = —gqumat ! ! g~
—t! 0 ’

—!
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(1 =t g _gum 0 7
-1 i
N ) g ,
Ay = —qlm —1 g-am | PTe
~1 —z!
L | S

For comparison, we point out that if we use the four-dimensional angular momen-
tum representation of sl (2) instead of the representation (4.3), the R-matrix will be
in the form

szlOCk d[ag(Al)A21A39 A4!A31A/2w All)a (56)

where 4, (i=1,2,3,4) and A4, (i=1, 2, 3) are i x i matrices. We notice that the
block diagonal structures of (5.5) and (5.6) are different. We would like to reiterate
that this is due to the fact that in the representation we have used, the multiplicity
of the weight A is two.

6. Conclusion

We have seen that with A-dependent representations, we can obtain new R-
matrices. In all our discussion, the introduction of the arbitrary parameter A and
the nongeneric condition (¢# = 1) play a crucial role. The method discussed in this
Letter is expected to be applied to other quantum algebras. We have also found
that not only the standard R-matrices, which can be expressed through generic
g-deformed C-G coeflicients according to the Reshetikhin approach, but also other
types of R-matrices can be dealt with from a quantum algebra point of view. The
universal R-matrix is indeed universal.

Finally, we would like to point out in the nongeneric case (¢ = 1) in order that
the universal R-matrix (5.1) makes sense, at least one of J%, should be zero because
[p]! = 0. In the above two examples where g* = 1, it is apparent that J%, = 0. More
generally, one can prove that if the g-deformed boson realization of sl (2) is given
in the form of (3.1) with «,(N,, N,) or a,(N,, N;) =0, then at least one of J7, is
zero when g% = . This fact enables us to obtain more R-matrices in the way
reported in this Letter.
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