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Taking into account the consistence of the quantum adiabatic approximation
and the rotating wave approximation in essence, we propose a method to study the
interaction between atom and radiation field in a quantized cavity systematically. By
using the exact solution of Jaynes-Cummings model as the lowest-order approxima-
tion, the effect of high frequency terms on the dynamics of atom-cavity field system
is studied analytically.

PACC: 0365
I. INTRODUCTION

In order to understand the influence of the quantized radiation field on the dynamics of
two-level atom or the procession of spin _1 particle, the Jaynes-Cummings model (JCM)!!!
has been extensively studied in recent years.>~® The key point of this model is to invoke
the Rotating Wave Approximation (RWA) in which the high frequency terms of the Hamil-
tonian in the interaction picture are neglected while the low frequency terms hold.[”] This
is quite similar to that for the higher-order quantum adiabatic approximation (HOQAA),
developed by one of the authors (Sun) to deal with the evolution of the quantum system gov-
erned by a slowly-changing Hamiltonian.8=% In the approach of HOQAA, the oscillation
terms with higher frequencies are regarded as the adiabatic perturbation, and the adiabatic

approximation is just the result of ignoring all the high frequency terms.

For the above consideration, it is natural to expect that a method treating the perturba-
tion effect of high frequency terms in the dynamics of the cavity-atom system can be built by
drawing an-analogy to the HOQAA method. In this paper, the Rabi transformation(!!! is in-

voked to separate the two parts of high and low frequency terms in the effective Hamiltonian
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and then the central idea within the HOQAA method is generalized to build a perturbation
approach for the dynamics of the atom-cavity system. This approach is called the higher-
order correction for RWA. As its applications, a two-level atom interacting with cavity field
beyond RWA is studied.

I. GENERAL DESCRIPTION OF HIGHER-ORDER CORRECTION FOR
RWA ‘

We consider an N-level atom interacting with an M-mode quantized radiation field. The

Hamiltonian for the problém is

H=H,+V,,

N M
Ho = Z Enl‘Pn)(‘Pnl + Zwaaiaa s
n=1 a=1

M
Vi= "D gmnalah + aa)(|@m)(@nl + |n)(@ml) - (1)

m>n a=1

Here |ip,,) is the atomic energy eigenstate corresponding to the energy level E,; a, and al,
are the annihilation and creation operators of a-th single-mode radiation field; gmne is the
coupling matrix element, and E, < E, < --+-E,,. The Hamiltonian corresponding to H in

the interaction picture,
H, = eHotV, 7ot = Hy(t) + Hy(t) (2)

is divided into the low frequency term

Z ngna(e mnat|¢m><ﬂon|aa +e mnatl‘pn)(‘pmlalz) 3 (3)

m>n a=1

and the high frequency term

Hy= Y ngm(e Pmnatio V(palal + et N (Omlaa). (4)
m>n a=1
where
Amna = lwm - wnl —Wa; ana = |wm - wnl + wy - (5)

Similar to the HOQAA method, it can be concluded that the high frequency term Hy
oscillates very rapidly and thus contributes much less to the wave function of evolution.
In fact, the contributions of oscillating factors in Hy and H; to the wave function can be

expressed by the following integral

:I:lw (t)e:hwt 1 2
/f ‘= +iw +O(;) ’ ()
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where f(t) is a slowly-varying function. For the case with H; (or Hy), w represents Ane

(or £2;pne). Correspondingly, the ratio of the contributions of the two parts is |[Amne , that
is to say, in comparison with H), the contribution due to Hjy, is a small quantity for the case
of high frequency field and large detuning. Then this term can be handled as a perturbation.
The approximation of neglecting this small quantity is called RWA.

Let

o0

U= M@ M

k=0
be the perturbation expansion of the evolution operator governed by the Hamiltonian H,.

Then, the k-th correction U*}(t) satisfies the inhomogeneous differential equation

AUl (t)
ot

i

= H(t) UM () + Hu (U1 () (8)
and its solution can be obtained by the following formula
Uk@) = ; [ 09 - D E(UFr)ar (9)

Here U0 (t) satisfies the lowest-order approximation equation

. aUlI(2)

ih—p = Hy(t)UP () . (10)

In the present paper, it will be obtained by generalizing Rabi rotation transformation

for different cases.

. RABI ROTATION TRANSFORMATION FOR THE JCM

According to the above discussion, it is necessary to give the exact solution of lowest-
order approximation equation (10). By means of a symmetry analysis, the original JCM
can be exactly solved.!”! In order to make a clear physical picture, we erflploy an alternative,

but concise method, the Rabi rotation transformation technique, to solve the JCM.

The Hamiltonian of a two-level atom interacting with a single-mode radiation field is
H= wa'a+=2(12)(2| - [1)(1])
+g(a +ah)(12)(1] +[1)(2]) , (11)

where |2) and |1) are the excited and ground states respectively; g is the coupling constant, w
the frequency of the single-mode radiation field, and w, the energy difference of the two-level

atom.
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In the interaction picture, the effective Hamiltonian is
H, =H+Hy,,
Hy = g(al2)(1le™4" + a'[1)(2[e'4)
Hy = g(a'2)(1]e™' + al|1)(2}e'?) (12)

where A = |w —w,| and 2 = w + w,. By neglecting high frequency terms, the Hamiltonian

of JCM in its interaction picture is obtained
H,_ . =g(a|2)(1]e™4" +aT[1)(2l€4*) . (13)
In a two-dimensional subspace spanned by vectors
Im,2) = |m) ® 2} ,
fm+1,1)=im+1)®|1), (14)

where |m) is the Fock state for the cavity mode, the above Hamiltonian can be represented

in terms of the Pauli matrices o, 0y,0,
H, . =gvVm+1(0ocos At 4 o, sin At) . (15)

Formally, it is equal to that for the procession of spin-half particles in a rotating time-

dependent magnetic field
B = gv'm + 1(cos At,sin At) . : (16)

Therefore, we introduce a unitary transformation, Rabi rotation transformation V(¢) =
14 . .
e~i2*%: | to transform the problem from the present static reference frame to the rotating
reference frame, which rotates around the z-axis with an angular velocity A. Thus, the

effective Hamiltonian

H, =gvm+1lo, — -;‘—az (17)

is time-independent. And then the evolution matrix of H,_ is obtained as
Um(t) = V(t)e™Hn

. A 14 igv/m
e=14* (cos At +1i sinAnt) e i CALEEE Amt
B 2Am Am (18)
acigym 1 ; a ,
_e—x%‘- g_'r_n__—i—__ sin At gt (cos At —1i sin A,t)
™ 2

)\m=\/gz(m+1)-+-AT2 . (19)

where
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Given an arbitrary initial state, we can discuss the dynamical problem of the atom-field
system from the above solution of evolution operator.

IV. APPLICATION OF HIGHER-ORDER CORRECTION FOR RWA TO
THE CASE WITH TWO LEVELS

In this section, we use the general higher-order correction for RWA to study the effects on
the JCM (13) exercised by the high frequency terms. It has been considered in Refs. [13,14)
with numerical calculations, but now we can give an explicit analytical expression of first-
order correction to the original function. For the sake of simplicity, we consider the resonant
case (w = w,). The evolution operator corresponding to H,_, in the subspace spanned by
|m,2) and |m + 1,1) is now reduced to

cosgym+1t —isingym+1t (20)

~igingy/m+1t cosgym+ 1t
To study the dynamical behavior of atom-field system beyond the RWA, we let
ad .
[9:(8) = }_[C...(®)In,1) + C, ,(D)[n, 2)] (21)
. n=0
be the solution of the Schrédinger equation
oY, (1)
20 (a1 (1) + (0l ) (22)
Then, the following equations are obtained immediately
.0 i
15'500,1 = g01’1e2.0t ’
F) Cm, Cm, g\/— -12.Otcm_ .
ia[ 2 ] =gVm+10, : ]-e—l o R (23)
] m+1,1 m+1,1 gvm + 2¢ Cm+2 2
By regarding the terms including e*12%t a5 perturbation, the solutions for the coefficients
[+ =]
= E C,[:], H m+1 1 Z C,[,’f.]‘.l 1 (24)
k=0
is solved from the lowest-order equations
| i%cgﬂ =0,
8 Cv[v?]z C[OL
= ' =gvm+1lo, ' , (25)
ot clol cl
m+1,1 m+1,1

and the k-th order equations 5
0l = g
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a [ CW, ] [ cl, ] [ gyme 2N ]
i— ’ =gvm+1lo, ’ + 1| . ’ . (26)
ot [ CH. cl.. gvm+2e2mCET
From Eq. (20), the lowest-order equation is easily obtained. If the initial condition is

[%:(0)) =) C,.(0)In,2) , 27

n=0

then

Cl (t) = cosgym +1tC,,(0) ,

cll () = —isingy/m+11C,,,(0) . (28)

From the lowest-order solution, it is not difficult to get the solution of the first-order equation,
cm, 1

ol ] = / Un(t — 1) f(r)dr , (29)

where f(7) is the inhomogeneous term for k¥ = 1 from Eq. (26). Explicitly,

o, -

gv/mC,, _,,(0) elgVmTLt _ oi(24gym—1)t
4 (R+gym—-1—gym+1)

lgVIFIt _ i(2—gym=T)t
—i(.Q——g\/m— 1—-gym+1)

e—ig\/m_-l-lt _ ei(.(l+g\/1_r;:T)t
+:
i(R+gym—1+gy/m+1)

e—igVmTIt _ gi(2—gvm=i)t
(2 -gym—1+g/m+1)

N g /m + 2 C'm%2 (0) elgVm+It _ i(—2+gv/mi3)
4 (-2+g/m+3—gv/m+1)

IVITTE _ gi(—R—gVimF3)s
+
(-2 - gV/m+3—g/m+1)

e—igvVm+1t _ ei(—ﬂ+g\/;|ﬁ)t
(-4 g/m+3+gym+1)

e—igvm+1t _ ei(—-ﬂ-—g\/m+3 »
(-2 -g/m+3+gym+1) |’



No.12 Higher-Order Correction for Rotating ... 887

cll  — _g\/mcm_z,, (0) elgVmFIt _ gi(2+gym—1)t
m+1,1 4 i(R+gym—1—g/m+1)

lgVmTTt _ i(2—gvm—T)t
2-gvm—-1—gym+1)

e—ig\/nmt _ ei(ﬂ+gy/ﬁ)t
{2+gvVm—-1+gy/m+1)

e—ig\/vn_-l-lt _ ei(ﬂ—g\/m.Tl)t
+
(R —gvVm—-1+gy/m+1)

VIG5 (0) [0V — g atavEO:
4 (—-24+gvym+3—-—gym+1)

elgVmFIt _ Gi(—2—gy/mt3)t
+:
(-2 -gvym+3—-—gym+1)

e—igVmIIt _ (i(—2+gv/mT3 )t
+:
i(—R+gvVm+3+gvym+1)

(30)

e—igVmFIL _ oi(~2—gv/mF3)t
+— -
(- —gvVm+3+gv/m+1)

In order to see the effect of the high frequency terms clearly, we simplify the initial

condition as

1 .
[%(0)) = -\/——E(IO, 2) +11,2)) . | (31)
Then, the wavefunction at time ¢ with the first-order correction is
1, 1 . ‘
b(®) = Z(a+ib)I0,1) + —=(cos gtl0; 2) + cos v2gt]1,2)
—isingt|1,1) — isin v2gt[2,1)) , (32)

where

oz 9 |s0@w+V2o)t  sin(2w-—v2g)t
T 2V2 | w+2g w—v2g |’

b=

1—cos(2w+\/§g)t+1—cos(2w——\/§g)t:| . (33)

g
2,\/5[ 2w+v2g w—+2g
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Here A is the renormalization constant A = /1 + a2 + b2. The above result is the first-order
correction to the original JCM wave function. Sinﬁlarly, the higher order corrections can
be obtained by using our proposed method. It is clear from Eq.(32) that only when g is
small enough compared with w, can the first-order correction be ignored; that is to say,
the condition for the validity of RWA is that —“3— is small. While g is large, the first term
of Eq. (32) cannot be neglected and it will have effect on the measured physical quantities.
Next, we give the transition probability from an excited state to the ground state beyond
RWA, i.e., |

| P(|2) - 1)) = % [62 + 8% + sin®(gt) /2 + sin(v3gt) /2] . (34)

For the case with RWA, the transition probability is obtained only by setting a = b = 0
in the above expression. Now we give the numerical calculations in Fig.1. It is clear that
when g is large, the h.i‘gh' frequency term will affect the transition probability. The transition
probability with RWA will exhibit periodic oscillations. Beyond RWA it will oscillate without
original period. Comparing with the chaotic bebaviour originating from the semiclassical
version of JCM including high frequency terms!!314, we see this is only a quasiperiodic
oscillation. It is an intermediate state for the transition from regular oscillation to chaotic
state. The high frequency terms is the source of the chaotic behaviour. If the RWA is made,

only periodic oscillation can be found.

-
(=]

o
o

e
S

Transition probability

14 16 18 20

Fig. 1. Time evolution of the transition probability for the case with-
out RWA (1) and with RWA (2), at w = 3 and g = 3.15.
In conclusion, we have proposed a systematic method to study the high frequency effect
in JCM. For the case with a two-level atom interacting with a single-mode radiation field,
we find that the high frequency term is the source of chaotic behavior. If the RWA is made

for the system, only periodic oscillation is observed.
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