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A b s t r a c t  We generalize the conception of quantum leakage for the atomic collective excitation states. By 
making use of the atomic coherence state approach, we study the influence of the atomic spatial motion on 
the symmetric collective states of 2-level atomic ensemble due to inhomogeneous coupling, In the macroscopic 
limit, we analyze the quantum decoherence of the collective atomic state by calculating the quantum leakage 
for a very large ensemble at a finite temperature, Our investigations show that the fidelity of the atomic system 
will not be good in the case of atom number IV ~ oo, Therefore, quantum leakage is an inevitable problem in 
using the atomic ensemble as a quantum information memory, The detailed calculations shed theoretical light 
on quantum processing using atomic ensemble collective qubit. 

K e y w o r d s :  q u a n t u m  memory,  a tomic  ensemble,  qubit ,  q u a n t u m  leakage. 

D O h  10 .1360 /02yw0229  

Quantum memory [1,2] is an important element in quantum communication [3 6] and quantum 

computation[7 9] (or quantum information processing). It is crucial to choose the real quantum 

storage systems, which are able to be manipulated easily and immune from rapid quantum de- 

coherence. In the past several years, many quantum systems are investigated as the carrier of 

quantum information. These systems include the entangled two-photon pair [1~ in optical para- 

metric down conversion, the array of trapped ions [II], the atomic system Ill in the cavity quantum 

electrodynamics, the Josephson Junction [12] controlled by the external field, the quantum dots [13], 

the semiconductor excitons [14] and NMR system [15] . Since there is some deficiency to some extent 

in these systems, people are trying to study better and more reliable memory systems. Recently 

the light group velocity can be slowed dramatically [1,2,17 20] in the atomic ensemble with the elec- 

tromagnetic induced transparency (EIT)[ ls]. So people began to believe that this kind of system 

can store quantum information. 

Now some research groups have investigated theoretically many ways to store quantum infor- 

mation using collective excited states of atomic ensemble. The collective effect of atomic internal 

states is very important to form atomic ensemble qubit. Recently we have studied the effect 

brought by the inhomogeneous coupling between atoms and external light field 1) . Our results 

i) Sun, C P, Yi, S, You, L, Decoherence of collective ato~rfic spin states due to inhomogeneous coupling 
(quant ph/0203072) 
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offered theoretical bases for practically-useful atomic memory design. 

It was found in our investigation that the formation of atomic collective exciton depends 

on the homogeneousness of coupling coefficient of each a tom to external field 1). Then the sym- 

metrical sub-space [21] of the atomic ensemble is invariant under action of the Hamiltonian with 

homogeneous coupling. So this sub-space can be used as a computation space (or called collective 

excitation space). In the case of coupling coefficient being inhomogeneous, the atomic symmetrical 

sub-space does not keep close and the state vector of the collective space will exceed the sym- 

metrical sub-space in the evolution of a tom system. This phenomenon is called quantum leakage, 

which will destroy the formation of the collective qubit of atomic ensemble. 

In this paper we study another important  influence of the motion of atomic center-of-mass on 

the atomic ensemble qubit. Actually, the essence of quantum leakage can sum up to the random 

motion of atoms, but in most cases, this kind of effect is mainly due to the inhomogeneity of the 

phase of complex coupling coefficients. This issue was not concerned in previous work. So in this 

paper we will discuss the quantum leakage of the atomic ensemble in a general way. 

1 Q u a n t u m  l e a k a g e  o f  c o l l e c t i v e  s t a t e  o f  a t o m i c  e n s e m b l e  

Generally we consider an atomic ensemble which consists of N two-level atoms (,rrt 1). For 

simplicity, the atomic ensemble is coupled to a one-dimension classic single-mode light with the 

frequency COL. By using the rotating wave approximation, the Hamiltonian can be writ ten as 
N 

Ho,.{ = ~ <1p~2 + lg(k)2 (xk)cr(+k)+ h.c + (1) 
k=l 

where Pk is the momentum of the k-th atom, g(k) (xk) the effective coupling coefficient between the 

k-th a tom whose position is xk and the light, co (k) s (k) COL, and s (k) the transition frequency 

of the k-th atom. 

For quantum memory using atomic ensemble, the atomic system is assumed to be homo- 

geneous. That  is, g(k) g, co(k) co, and g(k) is independent of the position xk. Then let 

S• = ~ N  1 cr~ ) and S~ ! ~ N  0 -(k) be the collective operators. Then the Hamiltonian is 
: 2 Z ~ k = l  z 

written as 
N 

Ho = +gS+ + g S  +cos . (2) 
2 k i 

So, from the state 

IJ, J}= 1+}1@1+}2@'''1+}N ( J = N / 2 ) ,  (S) 

with all the quasi-spin being down, a symmetrical  sub-space Vc can be obtained by the action of 

S+ on it as 

{IJ, M}c~ (S+)J+MIJ,  J } I M =  J , . . . , J } .  (4) 

This is an invariant sub-space under the action of Ho. When N ~ oo, the collective excitation 

operator 

b t =  lim S (5) 

i) See footnote on page 580 



582 S C I E N C E  IN C H I N A  (Series G) V o l  46 

satisfies the commutation relation [b, b t] 1. So people can carry through quantum teleportation [3,4] 

experiment with the Einstein-Podysky-Rosen (EPR) state defined by collective conjugate oper- 

ators Q c~ b + b t and P c~ b b t. This quantum state is called atomic ensemble collective 

qubit. 

Recently we have studied the case that the coupling coefficient gk does not depend on the 

position xk directly, but it is still inhomogeneous (gk ~ gi l l ) .  Then Vc is not an invariant sub-space 

under the action of He. For a given initial s tate 14~(0)}, we define collective quantum leakage 

1 (6) 

where U(t) and U~(t) are the evolution matrices governed by the inhomogeneous Hamiltonian (1) 

and homogeneous Hamiltonian (2), respectively. This definition of L(f) is consistent with that 

of footnote 2). In this work, to consider the atomic spatial motion at a certain temperature,  we 

generalize the definition of quantum leakage as 

L(t) 1 IF(~)I 2, (7) 

where 

(s) 

is the collective fidelity. It is obvious that the fidelity is 1 when the system is homogeneous. 

2 A t o m i c  e n s e m b l e  in a r u n n i n g - w a v e  l ight  field 

In this section we will discuss a practical example of the general model (1) an atomic 

ensemble in a running-wave light field. Now we assume gk(xk) ge iq~:~, and cJ (~) cJ const, 

for simplicity. 

In order to solve this model, a time-independent unitary transformation is introduced as 
N 

k = l  

Then the original Hamiltonian is transferred to 
N 

H WtHo,.iW ~ H  (1r (10) 
k 1 

where 

H(k) = lPk2 § T § [(cu qpk)g (k). (11) 

Since the momentum operator Pk in H (k) commutes with the spin operators, the evolution operator 

can be writ ten in a factorized form 
N . 

U(f) = k[I1 exp [ ~2qxk~(k)]U(k)(f)exp[~2qxk~(k)], (12) 

where exp[ 

1) See foo tnote  on  page  580  
2) Prosen ,  T ,  Seligrnzm, T H ,  Decoherence of spin echoes (za-Xiv: ~xlin CD/0201038)  
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Now we consider tha t  the spatial  state of a toms is in thermodynamic  equilibrium. Then  the 

density operator  is 
N N 

PS = I] p~k) I] j "  Pk(,~,pk)[pk}(pk[dpk, (13) 
k : l  k 1 

wllel, e pk(f f~,pk)= 1 1 2 exp[ ~p~] ,  ~ = (Pk lPk>J~ /~ ,  ~ = 1 /~T ,  ~ is the golt~mann constant 

and T is the atomic system temperature. Notice that N-atom state and the Hamiltonian are 
both factorized. It is convenient to introduce the N-atom quasi-spin coherent state. For the given 

atomic number N = 2J, the collective angular momentum state of the computation space is 

I J, M} S+ J+M M)!I J, J}, (14) ~/(J + M)!(J 
which can be wri t ten as the integral of atomic coherent s t a t e  1)[21] 

2J 1 
IS> = ~ ~ exp ~>. (1,5) 

F~ Z 

That  is, 

I J, M} = ~,(J, M ) / ' 2 ~  doe ~(J+~)~ (16) 
Jo 

where 
n(J,M) I(J+M)!(J M)!2N 

(2J)! 
Assume tha t  the initial atomic ensemble state is [J, M}. The initial total  density operator  

p(O) =l J, M> < J, M I 0 ps 

N P 

is f~ctorized. So 

where 

N 

k = l  

={~e 'tqP~/2e'~ isinn(~ltcoso~ (~)) 

i sin ~4~l~ sin ~ / +  (cos ~,~/~ + is in  ~4~l~ cos ~ / ) ~  ,o,] 
+ ~e{tqp~/2 (cos n '@) t + i sin n K~) t cos c~ ~@)) 

[c~ ~)t isinn(~ltc~ 0 -- L i s i n n ~ l t s i n c ~  ~)e ie~]}<P~lP~} 
/ 

(17) 

(18) 

(19) 

(20) 
i) See footnote on page 580 
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and 

n t(k) = ~  w q Pk c~ t(k) = arctg 
, co q(p  

i 

= ( 2 1 )  
CO 

From the above equations, we obtain the analytic result in detail: 

F(~) O . , .  (~) 

E . exp ,3~pk . ~(0, O',t)dpk. (22) 
= 

3 R e s u l t s  a n d  d i s c u s s i o n s  

In this section we investigate the above equation by numerical study. Given the values ofg and 

a, it is obvious that ~(t) ( IoM,~(~/I~/is dependent on J (  N / 2 ) , M ,  coL(cc q) a n d / 3 ( 1 / k s T ) .  

We will discuss on how the fidelity depends on these variables. First consider the N dependence 

of fidelity F.  Assume the atomic collective state is I J, M}, and the temperature is about the room 

temperature (T 300K), and the light frequency col is given. Fig. l(a) shows the time evolution 

of IFI When t > 0, the phenomenon of collapse appears in the short term but in the long term 

the phenomenon of revival occurs. For the different case of N, the time period of revival peaks 

is the same but the height decreases more rapidly and the half-width becomes narrower when the 

atomic number N becomes bigger, tl/2 is defined as the time in which the ~ is decreased to 0.5 for 

the first time. Fig. 2 shows the values of tl/2 for different N. According to the numerical results, 

tl/2 will decrease if the number of the atomic ensemble N increases, and asymptotically it is the 

exponential dependent decay of N. For a macroscopic N, the collapse should be very rapid and 

the revival will not occur any more. 

Next we investigate the case of different M for a given N. Our numerical results show that 

tl/2 is the longest when M equals J,  and tl/2 will decrease if the value of M increases from 

J to J,  as shown in fig. 2. It means that when only a few atoms are in the excited states, the 

evolution of I F(~)[2 is relatively good. 

We also have considered the case of different temperature for a given atomic number N with 

M being equal to J,  as shown in fig. 3. It is seen that tl/2 decreases to zero rapidly with the 

increasing temperature and approaches a certain value with T ~ Ok. An intuitive illustration is 

that the more the temperature T increases, the more the movement of the atomic position zk 

increases, that is, the influence of ignoring the term e iq~:~ increases. When the temperature T 

becomes colder, t l /2 does not increase but approach a certain value since even if the momentum 

Pk of an atom is almost zero at the limit of T 0, the atom cannot stand at some site under the 

uncertainty relation A z k A P k  >~ h/2. 
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Fig.  1. (a) C o m p a r i s o n  of t i m e  e v o l u t i o n  of n u m e r i c a l  ~(t)  for d i f fe ren t  N --  2, 10, 160; (b) n u m e r i c a l  r e s u l t s  of 
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Fig .  2. T h e  d e c a y  g r a p h  of t i m e  e v o l u t i o n  of ~(t)  for d i f fe ren t  M -- - 3 ,  0, 3 for t h e  s a m e  a t o m i c  n u m b e r  N -- 6. 

N o t i c e  t h a t  t h e  l ine  of t h e  case  of M -- - 3  is a c c o r d i n g  to  t h e  t o p  long t i m e  t -axis ,  t h e  o t h e r  l ines  of M -- 0, 3 

a c c o r d i n g  to  t h e  b o t t o m  s h o r t  t i m e  t -ax is .  
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T h e n  we cons ider  t he  case of d e p e n d e n c e  

on d e t u n i n g  w (not ice  w - r  wc, q o ( w c ) .  
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It  is seen in fig. 4 t h a t  w h e n  w >> g, t h a t  

is, t he  case of large  de tun ing ,  ~ will increase  

ev iden t ly  wi th  an osc i l la t ion  of high frequency.  

Th is  is r e a sonab l e  t h a t  t he  r u n n i n g - w a v e  field 

will h a r d l y  inf luence t he  a t o m s  in t he  case of 

large  d e t u n i n g  and  it b r ings  a l i t t le  effect by 

ignor ing  the  t e r m  e - iqz~.  W h e n  w becomes  

large  for a given Pk which  is d e t e r m i n e d  by 

the  t e m p e r a t u r e  T w i t h o u t  chang ing  q ve ry  

much,  t he  c o n t r i b u t i o n  of q and  Pk b e c o m e  

Fig. 3. The abscissa is the denarylogarithm of the tem- 

perature T. The ordinate is the values of tl/2. 

smal l  and  can be ignored  for t he  case of ve ry  

large  value  of w. T h e n  F ( t )  2 is near  1 in th is  

case as seen f rom the  solid line C in fig. 4. 

I t  also can be seen f rom the  fig. 4 t h a t  t he  evo lu t ion  of ~ has  t he  same  decay  enve lope  in t he  

different  case of t he  d e t u n i n g  w wi th  t he  same  values  of T,  N and  M .  
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Fig. 4. Time evolution of ~(t) for different red detuning w Lin t A according to w -- 1, line B to w -- 3 and line C to 

w-- i0. 

We discuss t he  q u a n t u m  leakage for some cases when  t he  ini t ia l  inner  s t a t e  is a pure  s t a t e  

J, M} above.  F a c t u a l l y  it is easy  to  genera l ize  t he  inner  s t a t e  J, M} to  a s u p e r p o s i t i o n  s t a t e  as 
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~(0) ~CMIJ, M). (23) 
M 

The  q u a n t u m  leakage is 

L(f)  1 1(4~o(f)14~(f))12 1 I ~ C ) , C M O M , M , ( f ) I  2, (24) 
M M ~ 

where the  non-diagonal  t e rm OM,M, (f) is like the  d iagonal  t e rm OM,M (f) as 
OM,M, (~) 

,<J+./o./ 
N /3 1 2 

k [ I 1 / ~ 2 ~  exp [ [~pk].(p(O,O',,)dpk. (25) 

Our  numerical  results  show tha t  the  non-diagonal  terms OM,M~ (~) approach zero. So i t  only needs 

to calculate the  diagonal  terms and the  results  of ~ are like the  case of ~ (0) I./, M} above. 

4 C o n c l u s i o n  

In  this  paper  we discuss the  fidelity F of the  2-level a tom ensemble coupled to a running-wave 

light.  Our  results  show tha t  IF(f)I 2 will  collapse in a short  t ime  and will  be exponent ia l  dependent  

decay of N asymptotical ly.  T h o u g h  IF(f)  I 2 will  revive in a relat ively long time, the  height  of the  

revival  peaks decrease sharply  when N increases even if  in the  best  case of ini t ia l  s ta te  be ing  

I d, M d}. Otherwise,  the  discussion of T dependence shows tha t  t h o u g h  the  fidelity is bet ter  

at  a lower tempera ture ,  i t  cannot  e l iminate  effectively the  q u a n t u m  leakage by decreasing the  

tempera ture .  

I t  seems tha t  the  fidelity can be good in the  case of large detuning.  But  factual ly i t  is dif- 

ficult to realize because of 2 reasons below. Firs t ,  the  envelope decay of IF(~)I 2 is independent  

of de tun ing  and decreases rapidly  when N increases. Secondly, in the  case of large detuning,  the  

l ight  field has l i t t le  act ion wi th  the  atomic ensemble, so i t  cannot  e l iminate  effectively q u a n t u m  

leakage. All  in all, our results  show tha t  when N ~ oo, the  fideli ty of a tomic ensemble sys tem will  

be bad in any case. Q u a n t u m  leakage is an inevi table  problem in us ing  a tomic  ensemble as quan- 

t u m  informat ion memory. This  is consistent  wi th  our analysis  about  the  q u a n t u m  decoherence [22]. 
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