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ABSTRACT

By establishing a new Hopf algebra and the corresponding quantum double, we construct
a new universal R-matrix. Under concrete representations, it produces a family of new
solutions to the quantum Yang-Baxter equation without a parameter, in which the so-called
non-standard solution associated with the Lie algebra s/(3) is included.
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I. INTrRODUCTION

Drinfeld’s quantum double theory™ provides a general method to construct solu-
tions to the quantum Yang-Baxter equation (QYBE). It tells us that given a Hopf
algebra A and its dual algebra A° one can find a unique quasi-triangular Hopf
algebra D(A) (quantum double) such that both 4 and A4° become the subalgebras
of D(A) and the linear mapping AQ A’ — D(A) is bijective. In this sense (identify-
ing AR A" with D(A4) as a vector space), if {a;} and {&;} are dual bases of A and
A°, then the universal R-matrix

K =20,Qb, € AQA°
satisfies the universal Yang-Baxter equation
‘ F R Ky = By K3 FK s
where &, = 2.6,06,Q1,F s = >6,Q1Qb; and F,; = X1Qa;Rb;.

Up to now, the concrete realizations of the quantum double that people have
obtained mainly include the g-deformations of the universal enveloping algebras of
simple Lie (super) algebras and Kac-Moody algebras, which are called quantum
(super) algebras or quantum groups®¥. So it is natural to ask whether one can
find a new realization of the quantum double and get new solutions to QYBE from
it. The purpose of this paper is to answer this question. We first introduce a param-
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eterized Hopf algebra and establish the quantum double structure, and then construct
the corresponding universal R-matrix. Finally, from a special representation,
through the universal R-matrix we get a family of new solutions to QYBE which
include the non-standard solution associated with sl (3) as a special case (without
central elements). Another solution in the family is the so-called colored ome. It is
completely new, for people have only obtained the colored solutions associated with
the fundamental representation of s/(2) before™.

It is worth pointing out that although a Hopf algebra structure® has been
found for the g-boson algebra, the corresponding universal R-matrix only gives
the standard solutions associated with s/,(2). The non-standard solutions associated
with §,(2) can be constructed from its non-generic representations (g? = 1).

II. Hopr ALGEBRA .o = .o ,(1)
Suppose that o ,(1) = .o is an associative % -algebra whose generators {X;,
H;li = 1,2} satisfy
[H,H,] =0, [H,X{]=2X{, [H,X;]= 2X;7
[H,X7]1=121X7, [H, X1 =21X{, (2.1)
(X1+)z = (X;)z =0,
where 1 belongs to the complex number field €. We define the following map-
pings:
D) Aved > Qe
AH;, = H:Q1 + IQH;, (2.2)

A X = X Q@exp (% 1-1,-) + exp<— {i— H,->®X,-+;

2) e > €

e(H) =e(X}) =0,e(1) =1I; (2.3)
3) Siof >

S(H;) = —H,, S(X) = —e*? X}, 2.4

Lemma 1. (i) If A is an algebraic homomorphism, then h= *iz(2K =+ 1)
or ¢ =1(q=¢""). Here K€Z = {0,x1,%2,---},

(ii) 8§ is an algebraic antimorphism.
Proof. (i) From the condition that A is an algebraic homomorphism and the
equation (X})* =0, we have
~ky.
0 = ACXF )Y = {AXH)} = (e*? + eP)e i X,
that is, e*? 4¢3 =0 or e =1,

(ii) Using the definition one can directly verify that § is an algebra antimor-
phism.
Due to Lemma 1, in the following discussion we take A==%i(2K+1)» (K€ Z).
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Then, by some straightforward calculation we can prove

Theorem 1. o7 is a Hopf algebra with the coproduct A, the counit € and
the antipode S defined above.

To establish the dusl Hopf algebra _o#° of .o, we introduce the new genera-

tors

E; = X}exp (— —:’-H,), i=1,2,

which possess the following properties:

AE; = E;®1 < exp (—— %H,)@E,-,

SCE;) = - -exp (_;'- H,-> E,, (2.5

Bl =0,
From the proof of the PBW theorem concerning sl (n + 1), we observe that
{E;zEganlelesz'rl,rz =0,1; r5,5,,5,€ Zt = {031323' * °}}
—k
is a basis of o7, where E; = E,E, — eT"EZEl satisfies
L3} —k
E;E, = —e¢? E\E;, E3E, = —e ? E,E;,
[Hy,E;] = [H,,E;]1 = (2 + 1)E35
3 £ -A -k
AE; = E,®I + ¢ T QR 4 (¢ — ;) T E QF, (2.6)

i . .
S(E;) = 2™ T (E,E, — ¢ 7' E\E)).

IT1. ConstrucTiON OF A New Quanrum DoueLr

Now let us set to investigate the dual Hopf algebra _o® and construct the cor-
responding quantum double & = D(. o). It follows from the general quantum
double theory that

(1) .o and " are subalgebras of &,
(ii) the linear mapping .o .o’ — & is bijective,
(iiil) Ve € o, b€ 7°

ba = > {aiy,Sbin)aln,bly)ainbiy, 3.1)

isi

where for C = a or &
(A®id) « A(C) = (1 dQA)°A(C) = Z Ci@®Cm®Cly,
i

and the bilinear form {(,): F' Q. — & satisfies
<asb1b2> = <Aaab1®b2>7va € ﬂyblabz € do,
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(818,565 = (8, @a,,AbY,Va,,0,€ A b€ ", (3.2)
(1,6> = e(b),{(a,1) = e(a),Va€ o, b€ o°
(8€a),8(8)) = <a,b),
In order to deduce the Hopf algebra structure of .o/° we first define the basic ele-
ments &,, &, n; and n, of o7 as follows:

§i(Hi) == <His§i> =1, (i = 1a2)
E(X) =(X,E;> =0, when X is a basis element of .o other than H;, (3.3)

n,(E;) =<Ei,n) = 1, (i = 1,2)
7,(Y) =(Y,n,> =0, when Y is a basis element of .o other than E,,

Then, from (3.2) and (3.3) by induction we can prove

Lemma 2.
G) B =1n=0, (20 guarantee {,) to be non-degenerate)

(11) <H:l $§r> =n|6,4"» (34)
-2 -
(iii) (Eppymm— e 2 ) = <E3aﬂ3> =1l—e “,
(IV) <E; 57lg’> = 0,, H (1 - e'/"-k),
k=1
(v) (EpEREvH{HS, w19 i 1182
3 2 3
~{TT 0, Tl o }sutsst TT (1 = 70,
i=p =1 T k=1
('lafz =0,1, r5,8,5; € Z+).

For convenience in the subsequent discussion, we introduce
A 2
<8f1=§1+—2‘§zs ‘8{2=§2+7§2.

By calculation we have

Lemma 3.
Agi =‘8fi®1 + l®‘8fia (i =1,2)
Ay, = 1Qn; + '1i®exP(2€Ki)s

[S€,, 8] =0, [EFm] = — % s

h
[‘8?15772 = "}:_1772, [%2,711] = — ': Any,

[Hy,n] = —an, [Hy,m] = —in (35)

[Hiyml = —2m;, [F,Ei] =§E,., Gi=1,2)

1
[ 871, E,] = % WE;, [9F,,E,] =L 1hE,,
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[‘giaHi] =0, i,j=1,2

~Pigi
[Eiyni] = 6% — 2",

Now from Lemma 2 and Lemma 3 we can easily get two bases of . and .&°
dual to each other and determine the quantum double.

Theorem 2. The basis {EpESERHOHS | r,r, = 0,15 r,,8,,5, € Z*} of 7 and

the basis {n?n?snilEff?/{ sas I (1 — e“hk)}
k=1

ri,r=20,1; r;, 8, SZEZ+} of

7 are dual to each other. The quantum double & = D(. o) is determined by

(2.1) and (3.5).

IV. UniversarL R-MaTrIX

From the above new realization of quantum double and the explicit dual bases

we can write down a new universal R-matrix:

Z E;zE;;Eglyflyzsz®,,;zn;;npgflgzsz

£}

R =

rir2=0,l1

rpSus€zt S118;1 H (1— "_hlk)
k=1

rFo3 R Taplsnt :
Z EZ’E33E11®712 n3 nll CXP{Z H,’®§i}. (41)
fl”1=°’l d =1
rEzt H (1 — 6‘_1“)
k=1

Now, consider the central extension £, of the quantum double &. It is a &
[A]-algebra generated by the elements A,k ,F and & (i = 1,2) that satisfy the

relations

[A;, 8,1 =2E;, [H,0]=—20;, (i=1,2)

[A,H,]1=0, £2 = f2 =0,

[A,,B,] = 1B, [H,,£,] = —iF,,

(AH,,£,]1=1E, [, 1= -1F, (4.2)

[é;,X] =0, XG{HHFDE;'“ = 1’2}.

Then we can prove

Lemma 4. The mapping ¢: L +—> D,

E;—E,,
n— (1 — e"")ﬁ,-exp (-;L éi>’
H— A, — &, (4.3)

@z’l—> ko, + &)
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is a homomorphism.

Using the mapping ¢, from (4.1) one obtains a universal R-matrix connected

with @”

Z = Z {EE’EQ’E§‘®F?F?FI‘EXP [';l— (élf3 + Cor, + és’s + élrl)]
7 sr2=0,1
rsysl,,SzGOZ"'

X(l — e-h)rl+r1+2r3} X [H (1 — e—lék)—l]
k=1

X exp{—z— (1 — %)ﬂ . [(I'-Il — él)®<(ﬁl + ¢é) — —%—(I:I2+éz) )

+ (= e (t+ &~ L @+ &)L, (4.4)
Under different representations of &, it will produce various R-matrices.

V. QuantuM R-MATRIX-NON-STANDARD SOLUTION AND COLORED SOLUTIONS

It can be directly verified that

[2+2 1 [0
A, = 2 , II(H,) = —2 ,

| 0 | -(2+2)

[0 —[2], 0] [0 0 0]
IE)=(o0o o of, IO(F)=1e” 01,

[0 o0 0] [ 0 0 o)

[0 0 0 ] (0 0 0]
n(é)y=\o o —021,|, @(F)=f{o o o,

0 0 0 | | 0 e 0 |

n(é) = Ci, i=1,2, [1], =:h(—12i 1)/:1;(%), C.cC,

Define a matrix representation II of &, For convenience, we denote II, = (¢, c,)=
H.

(i) When C; =0 (i = 1,2), from the above representation we get the follow-
ing R-matrix.

R = 1.@0(R) = exp [MEED L prock giag (4,4, 4):
2(2—2) ,
t 0 0 ‘ 1 0 1—¢1 1L t—21 0
A =|0 1 t—2|, 4=|0 —i 0 |, 4,=|0 1 0{,
0 0 1 0 0 1 0 0 ]
A+ EZ LI . . .
where z = ¢? = —¢ is an arbitrary parameter. This R-matrix is exactly the
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non-standard solution obtained by means of the extended Kauffmann’s diagrammatic
technique'®.

(i1) When C, = C, = C and C, = C; = Ci, we obtain a completely new solu-
an R-matrix colored by a scalar:

tion

R(C,C) = 11c@Me () = exp [(zzcjj)xl)h_ 4 ce]

« block diag(B,,B,,B;):

[ 0 0 wdé 0 1—1!
Bi=| 0 & t—y¢v|, By=| 0 —z! o |,
| 0 0 ! 0 0 u !
[ 1 — 7! 0
Bi=10 o o |,
[ 0 0 uw' "l

he Acr . .
where u = e? , « —e? and the colors C and C’ distinguish between the same

dimensional representations of &,. Obviously, the R-matrix R(C,C"), which satisfies
Ru(C,C)R(C,C")RH(C,C") = Ryy(C’,C"IR,(C,C"IRL(C,C7),

is a generalization of the colored R-matrices associated with s/,(2) to a higher
rank algebra case.

(iii) In the most general case, C; and C; (i=1,2) are arbitrary, so we denote
C=1(C,,C), C=(C;,C;). Then we have an R-matrix colored by a vector:

R(C,C') =@M (R) = exp [12}1((221_12')) + a _f ) < Ceg,-C7

LA_C. C'T>] X block diag (0y,0:,05):

2
-1, ' — 1
ur'up 0 0 wu, 0 z

Q, = 0 wpt—3 ', Q=)0 —! 0 ’

| 0 0 ! 0 0 uilu™!

ruz t— 1 0

-1 ke, ) Lol .

Q3= 0 U, 0 5 w,=e*', u =" (’=1’2)9

| 0 0 uyu;, '

where &, 1s a Pauli matrix.

IV. Discussion aNp CONCILUSION

(1) In the new universal R-matrix &, although the integers that 7, and r,
can take are finite, r; are allowed to take any non-negative integer, so as usual,
Z is an infinite series as an abstract operator. However, because there exists a close
similarity between the structure of .o#,(1) and that of the Borel subalgebra {X;,
H;|i = 1,2} of the simple Lie algebra A4,, we can expect that in a finite dimen-
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sional representation of & E; and n; (i=1,2) can be written as uppertriangular and
lowertriangular matrices, respectively. In this case, E; and n; are also uppertriangular
and lowertriangular matrices respectively, so we have Ef =x} =0 for some non-
negative integer / and the formal infinite series will be cut off at some term. Con-
sequently, we can get new finite dimensional R-matrices without dealing with the
summation of an infinite series.

(2). We have shown that it is possible to construct new realizations of the
quantum double other than quantum (super) algebras and obtain new R-matrices.
The classification of the possible new quantum doubles remains to be studied fur-
ther.
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beneficial discussion. ’
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