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Shortcuts to isothermality are driving strategies to steer the system to its equilibrium states within finite
time, and enable evaluating the impact of a control promptly. Finding the optimal scheme to minimize the
energy cost is of critical importance in applications of this strategy in pharmaceutical drug tests, biological
selection, and quantum computation. We prove the equivalence between designing the optimal scheme and
finding the geodesic path in the space of control parameters. Such equivalence allows a systematic and
universal approach to find the optimal control to reduce the energy cost. We demonstrate the current
method with examples of a Brownian particle trapped in controllable harmonic potentials.
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Introduction.—Boosting a system to its steady state is
critical to promptly evaluating the impact of a control
[1–10]. In biological systems, the quest to timely evaluate
the impact of therapy or genotypes posts a requirement to
steer the system to reach its steady state with a considerable
tunable rate [1–5]. In adiabatic quantum computation, the
task of solving the optimization problem is converted to the
problem of driving systems from a trivial ground state to
another nontrivial ground state. The speedup of the
computational process needs to steer the system to the
target ground state in finite time [6–8]. These quests to tune
the system within finite time while keep it in equilibrium
are eagerly needed.
Shortcuts to isothermality were proposed as finite-time

driving strategies to steer the system evolving along the
path of instantaneous equilibrium states [11]. The strategy
has been applied in reducing transition time between
equilibrium states [12–14], improving the efficiency of
free-energy estimation [15], constructing finite-time heat
engines [16–18], and controlling biological evolutions
[4,5]. The cost of the finite-time operation is the additional
energy cost due to irreversibility posted by the fundamental
thermodynamic law. Minimizing such a cost is in turn
relevant to optimize the heat engine [19–21] and recon-
struct the energy landscape of biological macromolecules
[22–24]. A question arises naturally, how to find the
optimal control protocol to minimize the irreversible energy
cost in shortcuts to isothermality.
In this Letter, we present a systematic approach for

finding the optimal protocol to minimize the energy cost. In
Fig. 1, we show the equivalence of designing the optimal
control to finding the geodesic path on a Riemannian
manifold, spanned by the control parameters [25–29].
In turn, the powerful tools developed in geometry are
adapted for solving the optimal control protocol. Our
scheme is exemplified with a single Brownian particle in

the harmonic potential with controllable stiffness and
central position.
Geometric approach.—The system is described by the

Hamiltonian Hoðx⃗; p⃗; λ⃗Þ ¼
P

i p
2
i =2þ Uoðx⃗; p⃗; λ⃗Þ with

the coordinate x⃗≡ ðx1; x2;…; xNÞ and the momentum
p⃗≡ ðp1; p2;…; pNÞ. It is immersed in a thermal reservoir
with a constant temperature T. λ⃗ðtÞ≡ ðλ1; λ2;…; λMÞ are
time-dependent control parameters. For simplicity, we have
set the mass of the system as a unit. In the shortcut scheme,
an auxiliary Hamiltonian Haðx⃗; p⃗; tÞ is added to steer the
system evolving along the instantaneous equilibrium states
of the original Hamiltonian Ho in the finite-time interval τ
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FIG. 1. The equivalence between designing the optimal control
protocol and finding the geodesic path in the parametric space.
(a) The evolution of the system controlled by the shortcut scheme.
An auxiliary Hamiltonian Ha ¼ _

λ⃗ · f⃗ is added to steer the
evolution along the instantaneous equilibrium state ρeqðλ⃗ðtÞÞ of
the original Hamiltonian Ho. Designing the optimal control
protocol normally requires minimizing the energy cost in the
shortcut scheme. (b) The geodesic path in the equivalent geo-
metric space. We can convert the designing task into finding
the geodesic path in the geometric space with the metric
gμν ¼ γ

P
ih∂pi

fμ∂pi
fνieq.
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with boundary conditions Hað0Þ¼HaðτÞ¼0. The dynami-
cal evolution under the total Hamiltonian H ¼ Ho þHa is
described by the Langevin equation as

_xi ¼
∂H
∂pi

;

_pi ¼ −
∂H
∂xi − γ _xi þ ξiðtÞ; ð1Þ

where γ is the dissipation rate and ξ⃗≡ ðξ1; ξ2;…; ξNÞ are
random variables of the Gaussian white noise. The evolu-
tion equation of the system distribution ρðx⃗; p⃗; tÞ ¼
δ(x⃗ − x⃗ðtÞ)δ(p⃗ − p⃗ðtÞ) for a trajectory ðx⃗ðtÞ; p⃗ðtÞÞ is
described by the Liouville equation as ∂tρ ¼
−
P

i½∂xið_xiρÞ þ ∂pi
ð _piρÞ�. By averaging over different

noise realizations ξ⃗ðtÞ and a given initial distribu-
tion Pðx⃗ð0Þ; p⃗ð0ÞÞ, we obtain the evolution of the observ-
able probability distribution Pðx⃗;p⃗;tÞ≡hρðx⃗;p⃗;tÞiξ⃗¼
∬D½x⃗ðtÞ�D½p⃗ðtÞ�T ½x⃗ðtÞ;p⃗ðtÞ�δ(x⃗−x⃗ðtÞ)δ(p⃗−p⃗ðtÞ) as [30]

∂P
∂t ¼

X
i

�
−

∂
∂xi
�∂H
∂pi

P

�
þ ∂
∂pi

�∂H
∂xiPþγ

∂H
∂pi

P

�
þγ

β

∂2P
∂p2

i

�
;

ð2Þ

where β≡ 1=ðkBTÞ is the inverse temperature with the
Boltzmann constant kB. Here, T ½x⃗ðtÞ; p⃗ðtÞ� is the proba-
bility of the trajectory ðx⃗ðtÞ; p⃗ðtÞÞ associated with a
noise realization ξ⃗ðtÞ and the given initial distribution
Pðx⃗ð0Þ; p⃗ð0ÞÞ [31,32]. The exact definition is presented
in Supplemental Material [30]. To ensure the instantaneous
equilibrium distribution

Pðx⃗; p⃗; tÞ ¼ Peqðx⃗; p⃗; λ⃗Þ ¼ eβ½Fðλ⃗Þ−Hoðx⃗;p⃗;λ⃗Þ�; ð3Þ

the auxiliary Hamiltonian is proved [11] to have the form

Haðx⃗; p⃗; tÞ ¼ _
λ⃗ · f⃗ðx⃗; p⃗; λ⃗Þ with f⃗ðx⃗; p⃗; λ⃗Þ satisfying

X
i

�
γ

β

∂2fμ
∂p2

i
− γpi

∂fμ
∂pi

þ ∂fμ
∂pi

∂Uo

∂xi −pi
∂fμ
∂xi
�
¼ dF
dλμ

−
∂Uo

∂λμ ;

ð4Þ

where F≡ −β−1 ln½∬ dx⃗dp⃗ expð−βHoÞ� is the free energy.
The boundary conditions are presented explicitly as
_
λ⃗ð0Þ ¼ _

λ⃗ðτÞ ¼ 0.
The cost of the energy in the shortcut scheme is

evaluated by the average work W≡hR τ0 dt∂tHiξ⃗ [33–36],
explicitly as

W ¼ ΔF þ γ
X
i

Zτ
0

dt
ZZ

dx⃗dp⃗

�∂Ha

∂pi

�
2

Peq; ð5Þ

where ΔF ¼ Fðλ⃗ðτÞÞ − Fðλ⃗ð0ÞÞ is the free energy differ-
ence. We remark that there is only a partial derivative to
momentum in Eq. (5) due to the vanishing probability
Peqðx⃗; p⃗; λ⃗Þ for the large momentum p⃗. A detailed deriva-
tion of Eq. (5) is presented in Supplemental Material [30].
To consider the finite-time effect, we define the irreversible
work Wirr ≡W − ΔF, which follows

Wirr ¼ γ
X
μνi

Zτ
0

dt_λμ _λν

�∂fμ
∂pi

∂fν
∂pi

�
eq
; ð6Þ

with h·ieq ¼ ∬ dx⃗dp⃗½·�Peq. It follows from Eq. (6) that the
integrand scales as τ−2 through reducing the time s≡ t=τ,
which results in the 1=τ scaling [25] of the irreversible
work, i.e., Wirr ∝ 1=τ. Such a 1=τ scaling, predicted in
various finite-time studies [20,37–46], was recently veri-
fied for the ideal gas system [47] at the long-time limit. It is
worth noting that in the shortcut scheme the current scaling
is valid for any duration time τ with no requirement of the
long-time limit [25,27,43,48,49].
In the space of thermodynamic equilibrium states

marked by the control parameters λ⃗, we define a positive
semidefinite metric

gμν ¼ γ
X
i

�∂fμ
∂pi

∂fν
∂pi

�
eq
; ð7Þ

whose positive semidefiniteness is proved in Supplemental
Material [30]. This metric induces a Riemannian manifold
on the space of thermodynamic equilibrium states, in which
the distance of a shortest curve connecting two equilibrium
states is characterized via the thermodynamic length

[25,27–29,48] as L ¼ R τ0 dtPμν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_λμ _λνgμν

q
. It provides a

lower bound of the irreversible work Wirr as

Wirr ≥
L2

τ
; ð8Þ

which is obtained by using the Cauchy-Schwarz inequality
[27]. The lower bound is reached with the optimal control
scheme λ⃗ðtÞ (0 < t < τ), determined by the geodesic
equation

̈λμ þ
X
νκ

Γμ
νκ _λν _λκ ¼ 0; ð9Þ

with the given boundary conditions λ⃗ð0Þ and λ⃗ðτÞ. Here, the
Christoffel symbol is defined as Γμ

νκ ≡ 1
2

P
ιðg−1Þιμð∂λκgινþ∂λνgικ − ∂λιgνκÞ. For the case with the single control

parameter λðtÞ, the analytical solution [28] for Eq. (9) is
obtained as _λðtÞ ¼ ½λðτÞ − λð0Þ�gðλðtÞÞ−1= R τ0 dt0gðλðt0ÞÞ−1,
with g ¼ γhð∂pfÞ2ieq. For the casewithmultiple parameters,
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the shooting method is an available option which treats the
two-point boundary-value problem as an initial-value prob-
lem [50]. See Supplemental Material for details about the
shooting method to our problems [30].
The strategy of current formalism is shown in Fig. 1.

First, we obtain the control operators f⃗ðx⃗; p⃗; λ⃗Þ in Fig. 1(a)
by solving Eq. (4). Second, the metric gμν in Fig. 1(b) for
the parametric space is calculated via Eq. (7). Finally, the
optimal control is obtained by solving the geodesic
equation in Eq. (9). The current strategy provides an
effective approach to find the optimal control to minimize
the energy cost, i.e., the total work done during the
shortcut-to-isothermal process. The strategy is illustrated
through two examples with one or two control parameters
as follows.
Brownian motion in the harmonic potential.—The

Brownian particle is trapped by the one-dimensional breath-
ing harmonic potential with tunable stiffness λðtÞ under the
Hamiltonian Hoðx; p; λÞ ¼ p2=2þ λðtÞx2=2. Its auxiliary
Hamiltonian was derived in Ref. [11] as Haðx; p; tÞ ¼
_λfðx; p; λÞ with f ¼ 1=ð4γλÞ½ðp − γxÞ2 þ λx2�. The metric
in Eq. (7) in this case reduces to [30]

g ¼ λþ γ2

4γβλ3
: ð10Þ

And the lower bound of the irreversible work is
reached by the protocol satisfying the geodesic equation
̈λþ _λ2∂λg=ð2gÞ ¼ 0. The solution

λGPðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2γ2ðms − nst=τÞ

p
þ 1

2ðms − nst=τÞ
; ð11Þ

offers an optimal protocol to minimize the energy cost in the
shortcut scheme. Here, ms ¼ 1=λð0Þ þ γ2=½2λð0Þ� and
ns ¼ 1=λð0Þ þ γ2=½2λð0Þ� − 1=λðτÞ − γ2=½2λðτÞ� are con-
stants for single control-parameter case. And the irreversible
work of the geodesic protocol (GP) reaches its minimum
Wmin

irr ¼ R τ0 _λ2gdt ¼ n2s=τ, which is consistent with the
lower bound given by the thermodynamic length

L ¼ R τ0
ffiffiffiffiffiffiffi
_λ2g

q
dt ¼ ns through the relation Wmin

irr ¼ L2=τ.
Underdamped Brownian motion with two control

parameters.—We consider a Brownian particle moving
in the one-dimensional harmonic potential with
HamiltonianHoðx; p; λÞ ¼ p2=2þ λ1x2=2 − λ2x. The aux-
iliary Hamiltonian for the shortcut scheme takes the form
[30] Haðx; p; tÞ ¼

P
2
μ¼1

_λμfμðx; p; λ1; λ2Þ with

f1 ¼
ðp − γxÞ2 þ λ1x2

4γλ1
−
λ2p
2λ21

þ
�
γλ2
2λ21

−
λ2
2γλ1

�
x;

f2 ¼
p
λ1

−
γx
λ1

: ð12Þ

The metric in Eq. (7) for the control parameters λ⃗ is
obtained as

g ¼
 1

4βγλ2
1

þ γ
4βλ3

1

þ γλ2
2

λ4
1

− γλ2
λ3
1

− γλ2
λ3
1

γ
λ2
1

!
: ð13Þ

The geodesic equation follows

̈λ1 −
_λ21ð3γ2 þ 2λ1Þ
2λ1ðγ2 þ λ1Þ

¼ 0;

̈λ2 −
2_λ1 _λ2
λ1

þ
_λ21λ2ðγ2 þ 2λ1Þ
2λ21ðγ2 þ λ1Þ

¼ 0; ð14Þ

with the boundary conditions λ⃗ð0Þ and λ⃗ðτÞ.
The optimal scheme can be obtained by solving equa-

tions above using a general numerical method, i.e., the
shooting method [50]. Here, we first solve these equations
numerically to provide a general perspective on our
scheme. With the initial point λ⃗ð0Þ, we choose an initial

rate _
λ⃗ð0þÞ and solve the geodesic equation with the Euler

algorithm to obtain a trial solution λ⃗triðτÞ. Newton’s method

is utilized for updating the rate _λ⃗ð0þÞ to reduce the distance
between the trial solution λ⃗triðτÞ and the target point λ⃗ðτÞ.
In the simulation, we have chosen the parameters
λ⃗ð0Þ ¼ ð1; 1Þ, λ⃗ðτÞ ¼ ð16; 2Þ, kBT ¼ 1, and γ ¼ 1. The
geodesic path for the optimal control is illustrated as
λ⃗GP;nðtÞ (triangles) in Fig. 2.

0 0.2 0.4 0.6 0.8 1
0

5

10

15

FIG. 2. Geodesic protocols for the control with two parameters.
In the simulation, we have set the temperature and the dissipation
rate as kBT ¼ 1 and γ ¼ 1. The parameters change from the
initial point λ⃗ð0Þ ¼ ð1; 1Þ to the final point λ⃗ðτÞ ¼ ð16; 2Þ. The
triangles represent the numerical geodesic protocol λ⃗GP;nðtÞ while
the solid lines represent the analytical geodesic protocol λ⃗GP;aðtÞ.
The dashed lines represent the linear protocol λ⃗linðtÞ. The
numerical geodesic protocol (triangles) coincides well with the
analytical geodesic protocol (solid lines).
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Fortunately, the analytical geodesic protocol for Eq. (14)
can be obtained as

_λ1 ¼
wb

τ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ31

λ1 þ γ2

s
;

λ2
λ1

¼ mbt=τ þ nb; ð15Þ

where wb ¼ −½2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2=λ1

p
þ lnð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2=λ1

p
− 1Þ−

lnð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2=λ1

p
þ 1Þ�jλ1ðτÞλ1ð0Þ, mb¼½λ2ðτÞλ1ð0Þ−λ2ð0Þλ1ðτÞ�=

½λ1ðτÞλ1ð0Þ�, and nb ¼ λ2ð0Þ=λ1ð0Þ are constants. In Fig. 2,
we show the match between the optimal control obtained
from the numerical calculation λ⃗GP;nðtÞ (triangles) and the
analytical solution λ⃗GP;aðtÞ (solid lines). For the compari-
son, we also show the protocol of the simple linear
control λ⃗linðtÞ ¼ ½λ⃗ðτÞ − λ⃗ð0Þ�t=τ þ λ⃗ð0Þ.
To validate our results of optimization, we plot the

irreversible work Wirr as a function of duration τ for both
the geodesic path and the simple linear control in Fig. 3.
The geodesic protocol results in a lower irreversible work
than that from the simple linear protocol λ⃗linðtÞ. The black
solid line shows the analytical results Wmin

irr ¼ L2=τ,
where the thermodynamic length L is calculated as

L ¼ R τ0 dtPμν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_λμ _λνgμν

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
b=ð4βγÞ þ γm2

b

q
and the

blue dashed line represents the irreversible work of the
linear protocol [30]. Figure 3 shows that the geodesic
protocol can largely reduce the irreversible work, which
therefore proves our findings about the geometric property
of the control-parameter space in the shortcut scheme. Our
findings simplify the procedure of finding the optimal
control protocol in the shortcut scheme by applying the
tools of Riemannian geometry.
Conclusions.—In summary, we have provided a geo-

metric approach to find the optimal control scheme to steer
the evolution of the system along the path of instantaneous

equilibrium states to reduce the energy cost. The proven
equivalence between designing the optimal control and
finding the geodesic path in the parametric space allows the
application of the methods developed in Riemannian
geometry to solve the optimization problem in thermody-
namics. We have applied our approach into the Brownian
particle system tuned by both one and two control
parameters to find the optimal control for reducing energy
cost. Analytical results have verified that the geodesic
protocol can largely reduce the irreversible work in the
shortcut scheme. Our strategy shall provide an effective
tool to design the optimal finite-time control with the
lowest energy cost.
Our results demonstrate that the optimal control with the

minimal energy cost to transfer the system between
equilibrium states is to steer the system evolving along
the geodesic path. Once the initial and final equilibrium
states are given, the geodesic path is determined by the
geodesic equation (9) for the given system. The dynamics
of the system is covered by the metric gμν in Eq. (7) without
the need to treat the system on a case-by-case basis. An
intuitive determination of the performance of the controls is
allowed with the proportional relation in Eq. (8) between
the minimal energy cost and the square of the length of the
geodesic path.
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[18] C. A. Plata, D. Guéry-Odelin, E. Trizac, and A. Prados,

J. Stat. Mech. (2020) 093207.
[19] T. Schmiedl and U. Seifert, Phys. Rev. Lett. 98, 108301

(2007).
[20] T. Schmiedl and U. Seifert, Europhys. Lett. 81, 20003

(2008).
[21] Z. C. Tu, Phys. Rev. E 89, 052148 (2014).
[22] E. Atılgan and S. X. Sun, J. Chem. Phys. 121, 10392 (2004).
[23] F. M. Ytreberg, R. H. Swendsen, and D. M. Zuckerman,

J. Chem. Phys. 125, 184114 (2006).
[24] S. Vaikuntanathan and C. Jarzynski, Phys. Rev. Lett. 100,

190601 (2008).
[25] P. Salamon and R. S. Berry, Phys. Rev. Lett. 51, 1127

(1983).
[26] M. A. Nielsen, M. R. Dowling, M. Gu, and A. C. Doherty,

Science 311, 1133 (2006).
[27] G. E. Crooks, Phys. Rev. Lett. 99, 100602 (2007).
[28] D. A. Sivak and G. E. Crooks, Phys. Rev. Lett. 108, 190602

(2012).
[29] J.-F. Chen, C. P. Sun, and H. Dong, Phys. Rev. E 104,

034117 (2021).

[30] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.128.230603 for de-
tailed derivations of main-text equations.

[31] L. E. Reichl, AModern Course in Statistical Physics (Wiley,
New York, 1998).

[32] A. Imparato and L. Peliti, Phys. Rev. E 74, 026106
(2006).

[33] C. Jarzynski, Phys. Rev. Lett. 78, 2690 (1997).
[34] K. Sekimoto, Stochastic Energetics (Springer-Verlag

GmbH, Berlin, 2010).
[35] U. Seifert, Rep. Prog. Phys. 75, 126001 (2012).
[36] G. Li and Z. C. Tu, Phys. Rev. E 100, 012127 (2019).
[37] F. L. Curzon and B. Ahlborn, Am. J. Phys. 43, 22 (1975).
[38] C. Van den Broeck, Phys. Rev. Lett. 95, 190602 (2005).
[39] M. Esposito, R. Kawai, K. Lindenberg, and C. Van

den Broeck, Phys. Rev. Lett. 105, 150603 (2010).
[40] Y. Wang and Z. C. Tu, Phys. Rev. E 85, 011127 (2012).
[41] C. de Tomás, A. C. Hernández, and J. M. M. Roco, Phys.

Rev. E 85, 010104(R) (2012).
[42] A. Ryabov and V. Holubec, Phys. Rev. E 93, 050101(R)

(2016).
[43] V. Cavina, A. Mari, and V. Giovannetti, Phys. Rev. Lett.

119, 050601 (2017).
[44] Y.-H. Ma, D. Xu, H. Dong, and C.-P. Sun, Phys. Rev. E 98,

042112 (2018).
[45] Y.-H. Ma, D. Xu, H. Dong, and C.-P. Sun, Phys. Rev. E 98,

022133 (2018).
[46] Z.-C. Tu, Front. Phys. 16, 33202 (2021).
[47] Y.-H. Ma, R.-X. Zhai, J. Chen, C. P. Sun, and H. Dong,

Phys. Rev. Lett. 125, 210601 (2020).
[48] M. Scandi and M. Perarnau-Llobet, Quantum 3, 197 (2019).
[49] J.-F. Chen, Y. Li, and H. Dong, Entropy 23, 353 (2021).
[50] M. Berger, A Panoramic View of Riemannian Geometry

(Springer, Berlin, Heidelberg, 2007).

PHYSICAL REVIEW LETTERS 128, 230603 (2022)

230603-5

https://doi.org/10.1103/PhysRevE.96.012144
https://doi.org/10.1103/PhysRevE.96.012144
https://doi.org/10.1103/PhysRevResearch.1.033122
https://doi.org/10.1063/1.5143602
https://doi.org/10.1063/1.5143602
https://doi.org/10.1088/1367-2630/abce78
https://doi.org/10.1088/1367-2630/abce78
https://doi.org/10.1103/PhysRevE.103.032146
https://doi.org/10.1103/PhysRevX.10.031015
https://doi.org/10.1103/PhysRevE.102.012129
https://doi.org/10.1103/PhysRevE.102.012129
https://doi.org/10.1088/1742-5468/abb0e1
https://doi.org/10.1103/PhysRevLett.98.108301
https://doi.org/10.1103/PhysRevLett.98.108301
https://doi.org/10.1209/0295-5075/81/20003
https://doi.org/10.1209/0295-5075/81/20003
https://doi.org/10.1103/PhysRevE.89.052148
https://doi.org/10.1063/1.1813434
https://doi.org/10.1063/1.2378907
https://doi.org/10.1103/PhysRevLett.100.190601
https://doi.org/10.1103/PhysRevLett.100.190601
https://doi.org/10.1103/PhysRevLett.51.1127
https://doi.org/10.1103/PhysRevLett.51.1127
https://doi.org/10.1126/science.1121541
https://doi.org/10.1103/PhysRevLett.99.100602
https://doi.org/10.1103/PhysRevLett.108.190602
https://doi.org/10.1103/PhysRevLett.108.190602
https://doi.org/10.1103/PhysRevE.104.034117
https://doi.org/10.1103/PhysRevE.104.034117
http://link.aps.org/supplemental/10.1103/PhysRevLett.128.230603
http://link.aps.org/supplemental/10.1103/PhysRevLett.128.230603
http://link.aps.org/supplemental/10.1103/PhysRevLett.128.230603
http://link.aps.org/supplemental/10.1103/PhysRevLett.128.230603
http://link.aps.org/supplemental/10.1103/PhysRevLett.128.230603
http://link.aps.org/supplemental/10.1103/PhysRevLett.128.230603
http://link.aps.org/supplemental/10.1103/PhysRevLett.128.230603
https://doi.org/10.1103/PhysRevE.74.026106
https://doi.org/10.1103/PhysRevE.74.026106
https://doi.org/10.1103/PhysRevLett.78.2690
https://doi.org/10.1088/0034-4885/75/12/126001
https://doi.org/10.1103/PhysRevE.100.012127
https://doi.org/10.1119/1.10023
https://doi.org/10.1103/PhysRevLett.95.190602
https://doi.org/10.1103/PhysRevLett.105.150603
https://doi.org/10.1103/PhysRevE.85.011127
https://doi.org/10.1103/PhysRevE.85.010104
https://doi.org/10.1103/PhysRevE.85.010104
https://doi.org/10.1103/PhysRevE.93.050101
https://doi.org/10.1103/PhysRevE.93.050101
https://doi.org/10.1103/PhysRevLett.119.050601
https://doi.org/10.1103/PhysRevLett.119.050601
https://doi.org/10.1103/PhysRevE.98.042112
https://doi.org/10.1103/PhysRevE.98.042112
https://doi.org/10.1103/PhysRevE.98.022133
https://doi.org/10.1103/PhysRevE.98.022133
https://doi.org/10.1007/s11467-020-1029-6
https://doi.org/10.1103/PhysRevLett.125.210601
https://doi.org/10.22331/q-2019-10-24-197
https://doi.org/10.3390/e23030353

