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Fast entanglement of two charge-phase qubits through nonadiabatic coupling
to a large Josephson junction
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We propose a theoretical protocol for quantum logic gates between two Josephson junction charge-phase
qubits through the control of their coupling to a large junction whose Josephson coupling energy is much larger
than its Coulomb charge energy. In the low excitation limit of the large junction, it behaves effectively as a
guantum data-bus mode of a harmonic oscillator. Our protocol can be fast since it does not require the data-bus
to stay adiabatically in its ground state, as such it can be implemented over a wide parameter regime indepen-
dent of the data-bus quantum state.
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I. INTRODUCTION the creation(annihilation) operatora(a’). Each of the two

Significant progress has been made in improving thélubits is linearly coupled to this data-bus mode and de-
quantum coherence of Josephson junciitibased qubifs? ~ scribed by the following form of the Hamiltoniaf(t)
since the first experiment breakthrough in 19he coher-  =aF(t)+h.c. with a general forc&(t)==pB,(t)F,+ Bo(t)F.

ent interaction of two JJ qubits has been implemented and . _ . . . . i
the initial indications of their entanglement have beengl(l_l’z) 's a dynamic variablenot necessarily an observ

detected.® Even the demonstration of 2-bit conditional gate able) of the jth qubit. It is known that wherf; commutes
of charge qubits was reported most recehfijiese develop- with its own conjugaté=", the time evolution oH(t) is given
ments have paved the way towards the realization of the twegy

important elements of universal quantum computation; the o .

ability to implement arbitrary single-bit rotations and the Ut) =exg i Mkyj(t)FEFj gelhaga*(ha’ (1)

controlled logic gates between two qubits. Various theoreti- K,j

cal schemes have been proposed for quantum logic gate op- . .
erations of JJ qubits. The important measure of their succe§§here the expressions fag(t) and «(t) can be explicitly

depends on the proposed mechanism for a controlled co@Ptained using the Wei-Norman .e}lger‘&?The crucial ob-
pling between the JJ qubits. Most protocols involve the couServation is, under certain conditions, the qubit-data bus in-
pling of each JJ qubit to an auxiliary data-h@sich as vari-  teraction part _of the abc_Jve evolutlor_1 operator is cancelled
able transformérand affect an effective coupling between @nd thus the time evolution can be simply described by
two qubits through the elimination of dynamic variables of ) ~pa
the data-bug:13 U(T) = ex '2 Mki(T)FkFi] - (2)

It is well known that the dissipation induced decoherence K
is fatal to the effecieny of quantum computing. More gateFormally, the quadratic terms & correspond to the effec-
operations should be performed before decoherence happetise nonlinear interactions between the two qubits. Clearly
However, to obtain the effective interaction of the qubits,our strategy does not require the state of the data-bus to be
many existing schemes of the 2-bit gatérequire the data- adiabatic. Similar approaches have been adopted before in
bus to be adiabatic, i.e., to stay in its ground state or a difprotocols of quantum computing with thermal iotfsand by
ferent pure state during gate operation, thus apply to justvanget all’
weak coupling parameters. This leads to slow gates with long We consider a system of coupled charge-phase qubits as
operation times. In this article, we suggest a protocol capablélustrated by the electronic circuit shown in Fig. 1. Similar
of efficient and fast gate operations between two chargesystems have been recently discussed by &bal? Our
phase qubit8 As to be shown in detail below, our protocol is idea works in the limit when the large junctigof capaci-
insensitive to the state of the data-bus, thus is not restrictethnceC) stays at a low excitation or even a thermal state. The
to the weak coupling limit as required by the adiabatic con-same model with only one qubit was used to demonstrate the
dition. In fact, the resulting strong effective coupling leads toprogressive decoherence by iissach of the Cooper pair
short gate operation time. Therefore more gate operation cavox is split into two small junctions of capacitan€g andCy,
be performed before the dissipation induced decoherendé=1,2) that form a superconducting loofy is the capaci-
happens. Furthermore, all control parameters in our protocaknce of the gate, anfly is the Josephson coupling energy.
can be modulated within current experiments. For simplicity we seC;=C;=C, andE},=E},=E,,. If Cis
much larger than all the other capacitances in the circuit,
then the Coulomb energy can be approximated by a nonen-

Our main idea is to construct a system of two JJ qubit¢angled form that has no Coulomb interaction between the
linked by a quantum data-bus of a harmonic oscillator withtwo qubits and the large junction. The total Hamiltonian con-

Il. THE CHARGE QUBIT-LARGE JUNCTION SYSTEM
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FIG. 1. Schematic diagram of two charge-phase qubits are

coupled through a large junction.

PHYSICAL REVIEW B 70, 224515(2004)

fi (6)

and the quasi-spin and boson operators are defined as

o= | D0l + |00k,

E 1/4 E 1/4
AT

8E, 2E,
The validity of this approximation can be verified through a
straightforward numerical calculation. In fact, we first calcu-

E; cosO,

()

taining the reduced Coulomb energy and the three Josephstate the evolution wave functiofy,), which is governed by

coupling energies, then reads

H= 2 = ngk)2 - EJk(COSQDIL + COSQDIk,)] + EcN2
k=1,2

- E;cosé, (3)
where Eg=2€%/Csy, Ngk=CgVgu/ 26, E;=2€?/C, and Cyy
=Cgyi+C, +Cy. Hereny is the number of Cooper pairs on the
kth island, whileN is the number of Cooper pairs on the
Coulomb island connected with the large junctiasf, ¢y,

the approximate Hamiltonia(b). Then we compare it with
the exact wave functioh/,) governed by the exact Hamil-
tonian(4) to a sufficiently high precision in expansion of the
cosine function ofé [e.g., up toO(6°)]. In this way we
showed that, during one gate operation tirel0 s as
calculated in this paper lateithe deviation ofy,) from |i,)

is 104 at most.

. TWO WAYS TO CREATE THE ENTANGLEMENT OF
QUBITS

and 0 superconduction phase differences across the relevant _ ) )
junctions. They are related through the fluxoid quantization  1NiS equivalent spin-boson system can be solved exactly

condition around the loop 6+¢,—¢, =20, and O
=7 D,/ ¢o. Introducing o= (¢ +¢y) /2, we rewrite Eqy(3)
to

H= X Eq(n—Nng)?+EN? - E;cosd
k=1,2

0
-2 Ey cos(— - @k)COS(pk,
k=1,2 2

(4)

now with the quantization conditionp,, nj]=i&y. As is well
known for such Josephson junction circuit, wheg=0.5
and whenE;, is not much larger thak, the linear combi-
nations of the two lowest charge eigenstaff;,|1);} for

each of the split Cooper pair box consist a good representa-
tion of a qubit. The two-level approximation has been veri-

fied in experiment.
We now consider the “coherent” regime whegs E.. As

was found before in the study of quantum phase transifons
and also some other references such as Ref. 12, the spectrum

since the interaction termy(a'+a)oy, commutes with the
free spin-part. For each spin eigenstate, the acts as a
linear external force on the boson part. With the Wei-Norman
algebraic method! we find in the interaction picture

Uj(t) = Uj[t;gd = exd ~iC(1) —iA(t) oxq 03]

X [ exg-iB(taoylexd—iBy(ta'oyl, (8)
k=1,2

where the time-dependent parameters are given by

_ 9% ot
By(t) = — iQ(e 1),
20102 1 ot _ _)
AlD= Q (iQ(elt D=t
_gi+g§<1 o _)
C(t)-—Q Qo Q(e‘ 1)-t]|. (9)

of the low energy part of the large junction can be described

approximately by a harmonic oscillator. Within this approxi-
mation, we expand the above Hamiltonian aro@s® up to
O(#?) and obtain an effective spin-boson Hamiltonian

H=H(g.f) = > [g(@" +a)oy+ foud + Qa'a, (5)
k=1,2

where

The first way to eliminate the interaction between the qu-
bit and the data-bus comes from the fact that wBgi) =0,
the evolution operatolJ,(t)=exg —-iC(t)—iA(t)o, 0] be-
comes independent of variables of the large junction. It takes
the canonical form capable of two-qubit gate operations.
Bi(t) is a periodic function of time and it vanishes &gt
=2n7/() for integern=0,+1,+2, ... . At these instants of
time, the time evolution operator becomes explicitly as
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4nmr (T T ., o,
Ul(tn) = exp{— I nglgzgxlax2i| ) U| (5) =y, |:E;_ gk:| = eXF[_ iC'(t) —iA (t)O’X]_O'Xg]
X exf - iB.(t)ac,Jexd - B, (t)a'oy].
up to a phase factor ekpi2nm(gZ+g3)/Q?] in the interac- kgz A= Bi(Dagdexi = 1B (Da owd
tion picture. This is equivalent to a system of two coupled (14)

qubits with an interaction of the formay,oy,.

For a two-qubit system governed by a Hamiltonian of The combined dynamics from the above two steps is now
the formgo,,0y,, one usually adjusts the evolution time to described by the following evolution operator:
realize an arbitrary two-bit controlled rotatiot,,(£)

=exf-ifo,o,,] att=¢£/g. In our system, the evolution time IGE U,’(I)U,<I)

is fixed att, by the requirement oB(t,)=0. This is in fact 2 2

not a problem as experimentally one can vggyand g, to r r
affect the desired rotatiob,(£) at t,. We note thatg; de- = U|(§;-QK)U|<§;gk>

pends on the external fluk,, of the loop®, =7,/ ¢g, SO
it is easy to adjust to the maximum iy max=9(Ok =exd - iM (7 ayowlexd—iN(7)], (15
=(m/2))=—(E./32E;)YE;,. The minimal time for one op-

erationt,, min=2nmin/ Q is given by where
a7 T\ _20192( 2 . Q7
02 M(T)-A(5>+A(5>— 0 <ﬁsm?—7, (16)
Nin=|—7—~ 7 |+1, (10)
N2/%\ 2

wor=c(Z)volz) 8252
where[x] denotes the integer part &f 2 2 Q
At the same time, we note that the free Hamiltonian partAgain we see that after the above two successive operations,
Ho=2f 0y does not vanish during the above discussed twowe realize an effective controlled rotation of the two qubits,
qubit operation. However, it commutes with the interactioni.e., U,,(¢§) =exd -iéoy 0y] can be realized by fixind,
term « oy 0, and simply leads the evolution operator being=/2 or ®,,= ¢,/ 2 and for a time satisfyingM(7)=¢. As a
bonus we find thaf,=0 in this case, i.e. the single-bit rota-
U (&) = [e €m0 > kO (11) tion vanishes automatically during the two-bit rotation. With
both of the above approaches, single bit operations can be
cleanly implemented by settin@,= or g,=0.

sin %- - r). a7

i.e., augmented by two single-bit operations witl(£)
=-E;cosO,(§). O satisfies the equation

K 8- O &) d IV. DISCUSSION AND CONCLUSION
1/2 We now consider the implementation of our protocol in
) EjEpsSin®,sin®,=¢. (12 realistic experiments. We note the typical time for gate op-

nmw <8Ec
eration is

402\ E,

Alternatively the influence of the large junction on the 5
. . . . () 2T
two-qubit logic operation can be removed by using two op- To=——% =p—, (18)
erations in succession, a concept as presented recently for a 9 g
two-qubit gate on trapped iot$The two steps are described \yith g to be roughly understood as the order of magnitude of
as follows. , o g« and 27/g approximately the single qubit operation time.
First, we evolve the system with the Hamiltonitinfor 8  one can increase the ragis=g/Q to shorten these operation
durat'lon 7/2. The evolution operatqiin the interaction pic-  times similar to other JJ coupling schenfe It is important
ture) is to emphasize, however, most of these other schemes are
based on an adiabatic evolution of the data-bus, thus are
T T limited to a weak coupling, or, a smail. In contrast, our
U|<2> =Ui| 5:|- (13)  protocol is not confined to the adiabatic dynamics, thus can
operate with a largep for a faster gate. In fact, even when
Second, at timé=7/2, we instantly reverse the direction the capacitance of the large junction is much larger than
of the magnetic field such that a sudden change of flux fronthe other capacitances, the ragitX) can still be made large
Dy, to —P,, occurs that leads tg,=-g, and f,=f,. The  with realistic experimental parameters. For example, if we
system is then driven by a new Hamiltoniefi=H(-g,,f,), take E;=800(ueV), E.=10(ueV), E;=200(ueV), Ej
with which we evolve for another/2. SinceHy=H, and =200 (ueV), = o/ 2,221 we findg/Q=0.23, a limit may
H,=-H/, the evolution operatofin the interaction picture be prohibited for other schemes yet works well for our
becomes protocol.
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A key requirement for our protocol is the precise controlhave adopted a setup involving charge-phase qubit, thus our
of the operation time, especially in the second approacliprotocol is less sensitive to charge fluctuations along with
which needs a sudden switch of the magnetic field duringohase fluctuatioA.In addition, the Cooper pair box of each
each two-qubit operation. However, the second scheme neeplibit could be replaced with dcSQUID and the coupling with
not to change the magnitude of the magnetic field but just tahe large junction can be turned on and off for further con-
switch the direction of it. Practically the instantaneous switchvenience. The circuit arrangement then can be scaled up to
never happens since each manipulation costs time. This wilarger number of JJ qubits with similar controls.
bring certain errors to the desired operation. Since the spin-boson structure is quite common for many

Before concluding, we wish to remark that, although ourkinds of Josephson junction entanglement problems, the un-
circuit resembles that of Yoat al.? our operating scheme derlying mathematics used here may be generalized to some
and the underlying physics is different. The essential differ-other entanglement schemes, for example, with the nanome-
ence is that our gate does not require an adiabatic operatioohanical resonator as a data bus to entangle qubits.
thus is faster.
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