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Spatial enantioseparation of gaseous chiral molecules
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We explore the spatial enantioseparation of gaseous chiral molecules for the cyclic three-level systems coupled
with three electromagnetic fields. Due to molecular rotations, the specific requirements of the polarization
directions of the three electromagnetic fields lead to the space-dependent part of the overall phase of the coupling
strengths. Thus, the overall phase of the coupling strengths, which differs with π for the enantiomers in the cyclic
three-level model of chiral molecules, varies intensely in the length scale of the typical wavelength of the applied
electromagnetic fields. Under the induced gauge potentials resulting from the space-dependent part of the overall
phase and the space-dependent intensities of coupling strengths, we further show spatial enantioseparation for
typical parameters of gaseous chiral molecules.
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I. INTRODUCTION

The left- and right-handed chiral molecules (called enan-
tiomers) coexist in many biologically active compounds.
Usually, only one form of enantiomer is biologically bene-
ficial, while the other one is useless or even harmful. Thus,
the enantioseparation of chiral molecules is fundamentally
significant in organic chemistry [1], pharmacology [2–5], and
biochemistry [6–8]. It also becomes an important topic in
atomic, molecular, and optical physics [9–30]. Among these
methods [9–30], an interesting one is based on a cyclic three-
level (�-type) configuration [24–30], which is formed by
applying three electromagnetic fields to couple with the elec-
tric dipole transitions among three levels. In general, such a
cyclic three-level system is forbidden in natural atoms whose
states have certain (even or odd) parities, but it exists in chiral
molecules and other symmetry-broken systems [31–35]. For
chiral molecules, the cyclic three-level model is special since
the product of the three corresponding coupling strengths
of the electric dipole transition moments changes sign with
enantiomers. Then the overall phase of the product of the
three corresponding coupling strengths differs by π with two
enantiomers [36,37]. This property makes the cyclic three-
level model feasible in the enantioseparation [37–45] and the
enantiodiscrimination [46–53] of chiral molecules.

In the cyclic three-level systems, the inner-state enan-
tioseparation (commonly called enantiospecific state transfer)
[37–43] and the spatial enantioseparation [44,45] have been
discussed theoretically. The corresponding experiments of
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inner-state enantioseparation have also been investigated in
experiments [54,55]. For inner-state enantioseparation, a chi-
ral mixture can be enantiopurified in one of the three inner
states (i.e., with only one enantiomer occupying that state)
[37–39]. The enantiopure molecules in that state can be fur-
ther spatially separated from the initial chiral mixture by a
variety of energy-dependent processes. For spatial enantiosep-
aration [44,45], the different overall phases of the coupling
strengths for two enantiomers lead to the chirality-dependent
induced gauge potentials for molecules. With these induced
gauge potentials, a racemic molecular beam is split into
subbeams, depending on the molecular chirality or inner
state.

For real molecules, especially the gaseous chiral molecules
used in recent experiments [55] for the cyclic three-level
systems, the molecular rotations should be considered and
may introduce some negative effects on inner-state or spatial
enantioseparation in the original schemes [36–45]. Due to the
magnetic degeneracy of the molecular rotational states, the
ideal single-loop cyclic three-level system [36–45] is gener-
ally replaced by a complicated multiple-loop one [56]. This
reduces the ability of inner-state enantioseparation and spatial
enantioseparation of chiral molecules. Fortunately, for the
asymmetric-top chiral molecules, the single-loop configura-
tion can be constructed by applying three electromagnetic
fields with appropriate polarization vectors and frequencies
[57,58].

In this paper, for the single-loop cyclic three-level system,
we discuss the spatial enantioseparation of asymmetric-
top chiral molecules taking into consideration molecular
rotations. In order to construct the single-loop cyclic config-
uration, the propagation directions of three electromagnetic
fields may not be parallel. Then, under the three-photon res-
onance condition, molecules in different spatial positions �r
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experience different space-dependent parts1 (φr = δ�k · �r) of
the overall phases of the coupling strengths, which results
in the problem of phase mismatching [59] in the inner-state
enantioseparation [37–43,54,55] and the enantiodiscrimina-
tion [60–66]. We find that this space-dependent part of the
overall phase (besides the spatial distribution of the intensity
of the three coupling strengths) offers an additional resource
that results in induced gauge potentials. In contrast, in the
original research of the spatial enantioseparation of cyclic
three-level systems [44,45] (as well as other research of the
inner-state enantioseparation [37–43]), the molecular rota-
tions were not considered. Then the propagation directions
of three electromagnetic fields are designed to be parallel for
simplicity. Under the three-photon resonance condition, the
space-dependent part φr of the overall phase of the coupling
strengths is zero. So, in this case [44,45], the induced gauge
potentials originate only from the spatial distribution of the
intensity of three coupling strengths.

Specifically, we pay attention to the induced gauge po-
tentials in two special directions, i.e., in the δ�k direction
(called the q̂ direction) and perpendicular to the δ�k direction
(called the p̂ direction). We make the transverse profile of
each electromagnetic field have the Gaussian form. The radius
of each Gaussian beam is chosen to be much larger than
the wavelength of the corresponding electromagnetic field.
Under the above condition, the induced gauge potentials in the
q̂ direction exhibit the slowly varying chirality-independent
envelope multiplied by a quickly varying chirality-dependent
quasiperiodic function. The induced gauge potentials in the p̂
direction are chirality dependent and slowly varying, similar
to the previous case without considering the molecular rota-
tions [44].

Finally, we explore the center-of-mass motion of chiral
molecules under such induced gauge potentials for two cases
with initial velocity in the q̂ and p̂ directions, respectively. In
a short time so that the molecules move only the distance of a
typical wavelength scale, we find that the effect of the spatial
enantioseparation in the former case is much better than the
effect in the latter case. In a long time in which the molecules
move a distance much longer than a typical wavelength, the
effect of the spatial enantioseparation is comparable in the two
cases that the initial velocities are in the q̂ and p̂ directions.

II. CYCLIC THREE-LEVEL MODEL WITH THE
SPACE-DEPENDENT PART OF THE OVERALL PHASE

We consider the cyclic three-level (�-type) model com-
posed of three inner states (|1〉, |2〉, and |3〉) of chiral
molecules as shown in Fig. 1. The wave function of a single
molecule takes the form

|�(�r)〉 =
3∑

j=1

ψ j (�r)| j〉 (1)

1Here δ�k ≡ �k13 − �k23 − �k12, with �k jl the wave vectors of the applied
electromagnetic fields. The phase matching is satisfied if δ�k = 0.

Left handed: Right handed:

FIG. 1. Model of cyclic three-level (�-type) left-handed and
right-handed chiral molecules, coupled to the electromagnetic fields
with the intensities �L,R

jl of the coupling strengths. The inset shows
the directions of propagation (in red) and polarization (in blue) for
the three electromagnetic waves.

and the Hamiltonian is

H = 1

2m
(−ih̄ �∇ )2 + Hinn, (2)

where (−ih̄ �∇ )2/2m is the kinetic energy of the center-of-mass
motion and the inner Hamiltonian Hinn reads

Hinn =
3∑

j=1

h̄ω j | j〉〈 j| +
3∑

l> j=1

h̄[� jl

× exp(iω jl t − i�k jl · �r)| j〉〈l| + H.c.]. (3)

Here h̄ω j correspond to the inner level energies, �k jl are the
wave vectors, �r is the position of the molecular center of
mass, ω jl are the frequencies of the electromagnetic fields,
and � jl exp(iω jl t − i�k jl · �r) are the coupling strengths with
� jl = �μ jl · �Ejl . Here �μ jl are the electrical dipole matrix ele-
ments and �Ejl are the electromagnetic fields coupling with the
transition | j〉 ↔ |l〉.

The chirality dependence of the molecule is reflected as
[36,37]

�L
12 = −�R

12, �L
13 = �R

13, �L
23 = �R

23. (4)

Here we have added the superscript L or R to denote the
left-handed or right-handed chiral molecule. When referring
to left-handed or right-handed chiral molecules, we add the
superscript. When there is no superscript, we are referring
to general molecules. It is clear from Eq. (4) that the overall
phase of the product of the three coupling strengths for two
enantiomers at the same position has a difference of π [37].
Such a chirality dependence offers the possibility to realize the
enantioseparation [37–45,54–58], the enantiodiscrimination
[46–53,60–66], and the enantioconversion [67–71]. Besides
the chirality-dependent part, the overall phase usually
contains the space-dependent part φr and the time-dependent
part φt :

φr = δ�k · �r ≡ (�k13 − �k23 − �k12) · �r,
φt = (ω12 + ω23 − ω13)t . (5)

Usually, we take the three-photon resonance condition

ω12 + ω23 − ω13 = 0. (6)

Then the time-dependent part φt of the overall phase is zero.
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In the original investigations of the (inner-state or spatial)
enantioseparation [37–45], the molecular rotations are not
considered, so the wave vectors of the three electromagnetic
fields (�k12, �k23, and �k13) are parallel to each other. Then the
phase matching is satisfied (i.e., δ�k = �k13 − �k23 − �k12 = 0)
and the corresponding space-dependent part φr of the overall
phase is zero. However, for gaseous chiral molecules, the
molecular rotations should be considered.

Now we consider the (single-loop) cyclic three-level mod-
els of gaseous chiral molecules by considering the rotational
degrees of freedom, following the methods in Refs. [55,56].
We consider different rotational states |JτM〉 with the same
vibrational ground state |vg〉. Here J is the angular momentum
quantum number, M is the magnetic quantum number, and
τ runs from −J to J in unit steps in the order of increasing
energy [72]. We omit |vg〉 in further discussion. We choose
the working states as |1〉 = |000〉, |2〉 = |1−10〉, and |3〉 =
(|111〉 + |11−1〉)/

√
2 (see Fig. 1). Correspondingly, these three

electromagnetic fields are ẑ, x̂, and ŷ polarized. Then the wave
vectors (�k12, �k23, and �k13) of the three electromagnetic fields
may not be parallel. For simplicity, we make �k12 = |�k12|x̂
propagate in the x̂ direction and �k23 = |�k23| ẑ and �k13 = |�k13| ẑ
propagate in the ẑ direction (see the inset of Fig. 1).

Such a setup of the electromagnetic fields makes δ�k 	= 0,
which means that the space-dependent part φr of the over-
all phase is nonzero. This introduces the problem of phase
mismatching, which is the main limitation of the inner-state
enantioseparation [54] and the enantiodiscrimination [60–66].
In the following we discuss how the nonzero space-dependent
part φr of the overall phase affects the spatial enantiosepara-
tion of gaseous chiral molecules.

III. INDUCED GAUGE POTENTIALS:
QUASIPERIODIC STRUCTURE

In the preceding section we showed our cyclic three-level
model taking into consideration molecular rotations. In this
section we show the induced gauge potentials of such a model.

To this end, we assume the conditions of one-photon
resonance (ω2 − ω1) − ω12 = 0 and large detuning as well
as weak coupling |�| 
 |�13| ∼ |�23| 
 |�12| with � ≡
(ω3 − ω1) − ω13 = (ω3 − ω2) − ω23. By adiabatically elim-
inating the excited state |3〉 in the large detuning condition
[44], we have the effective inner Hamiltonian

H ′
inn = h̄�1|1〉〈1| + h̄�2|2〉〈2| + h̄(gei�|1〉〈2| + H.c.), (7)

with

gei� ≡ e−i|�k12|z
(

�12eiφr − �13�
∗
23

�

)
. (8)

Here g is a positive real constant and � is a real constant.
They are both uniquely determined by the parameters on the
right-hand side of Eq. (8). Actually, they will depend on the
chirality of the (left- or right-handed) chiral molecules (with
� jl → �L,R

jl ). Then we have the inner dressed states [44]

|χ1〉 = cos θ |1〉 + e−i� sin θ |2〉,
|χ2〉 = − sin θ |1〉 + e−i� cos θ |2〉,

(9)

with the corresponding eigenvalues ε1 = h̄(�1 + g tan θ ) and
ε2 = h̄(�2 − g tan θ ), respectively. Here �1 = −|�13|2/�,
�2 = −|�23|2/�, and θ is given by tan 2θ = 2g/(�1 − �2).
The parameters θ and � are related to the intensities and
space-dependent part φr of the overall phase of the coupling
strengths. Meanwhile, they are both chirality dependent and
space dependent.

In the inner dressed states basis {|χ1〉, |χ2〉}, we assume
the adiabatic approximation [44,45]. Then the two-level sys-
tem reduces to two subsystems H ′ = ∑2

α=1 Hα|χα〉〈χα| with
[73–76]

Hα = 1

2m
(−ih̄ �∇ − �Aα )2 + Vα. (10)

Their corresponding induced vector potentials �Aα and the
induced scalar potentials Vα are

�Aα = ih̄〈χα| �∇χα〉,
Vα = εα (α = 1, 2). (11)

For real �12, �23, and �13, the induced scalar potentials are
V1 = −R + W and V2 = −R − W , with R = (�2

13 + �2
23)/2�

and W = (�2
12 + R2 − 2 cos φr�12�23�13/�)1/2. It is clear

that the induced vector and scalar potentials depend on both
the chirality and inner dressed states [44,45] and change with
the spatial position. We note that the subsequent results based
on the Hamiltonian (10) with U(1) gauge fields are gauge
invariant [73,77].

It is observed from Eqs. (8)–(11) that the nonzero space-
dependent part φr of the overall phase also contributes to
the induced gauge potentials. This is very different from the
original research [44,45] without considering the molecular
rotations, where the induced gauge potentials are only at-
tributed to the spatial distribution of the intensities of the three
coupling strengths.

In order to show how the space-dependent part φr of the
overall phase affects the induced gauge potentials, we choose
a new coordinate with q̂ = (ẑ − x̂)/

√
2 and p̂ = (ẑ + x̂)/

√
2.

Since δ�k = |�k12|(ẑ − x̂) = √
2|�k12|q̂ is in the q̂ direction, the

space-dependent part φr of the overall phase only varies in the
q̂ direction.

We take the 1,2-propanediol as an example as follows. The
corresponding bare transition frequencies of the related three-
level model are given by ω21/2π = 6431.06 MHz, ω32/2π =
5781.09 MHz, and ω31/2π = 12 212.15 MHz [78], respec-
tively, where ω jl = |ω j − ωl |. The intensities � jl of the
coupling strengths are assumed to have the Gaussian forms

�12 = �̃12e−(z−z12 )2/σ 2
12 ,

�13 = �̃13e−(x−x13 )2/σ 2
13 , (12)

�23 = �̃23e−(x−x23 )2/σ 2
23 .

Here �̃ jl are assumed to be positive real constants for sim-
plicity. Considering the limitation of large detuning and weak
coupling, we choose �̃12/2π = 1 MHz, �̃23/2π = 10 MHz,
�̃13/2π = 10 MHz, and �/2π = 100 MHz. In Eq. (12), σ jl

represents the beam radius of the electromagnetic field. We
assume that the beam radii of all the electromagnetic waves
are equal for simplicity and choose σ jl = σ = 0.54 m. In
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FIG. 2. Induced scalar potentials Vα at fixed p = 0 (expressed
as Vα|p=0) in the q̂ direction for (a) a left-handed molecule and
(b) a right-handed molecule. (c) Regions q ∈ [−0.04, 0.04] m of
(a) and (b) are enlarged and shown together. (d) Induced scalar
potentials Vα at fixed q = 0 (expressed as Vα|q=0) corresponding
to two enantiomers with different inner dressed states. The param-
eters are �/2π = 100 MHz, �12/2π = e−z2/σ 2

MHz, �23/2π =
10 × e−(x+x0 )2/σ 2

MHz, and �13/2π = 10 × e−(x−x0 )2/σ 2
MHz, with

σ = 0.54 m and x0 = 0.16 m.

addition, we assume the center position x13 = −x23 = x0 =
0.16 m and z12 = 0 m.

Figures 2(a) and 2(b) show the induced scalar potentials
Vα at fixed p = 0 (expressed as Vα|p=0) corresponding to two
enantiomers with the inner dressed states. It is obvious that
Vα|p=0 exhibits the slowly varying envelope multiplied by a
quickly varying quasiperiodic function. For the same inner
dressed state, the envelope of Vα|p=0 is chirality independent.
In order to discuss the difference in the quasiperiodic func-
tion of two enantiomers, Figs. 2(a) and 2(b) are enlarged
and shown together in Fig. 2(c) given in the space inter-
val q ∈ [−0.04, 0.04] m, which is of the wavelength scale
of electromagnetic fields. For the same inner dressed state,
the quasiperiodic structure of Vα|p=0 of two enantiomers is
chirality dependent and differs by a half-integer period.

Figure 2(d) shows the induced scalar potentials Vα at
fixed q = 0 (expressed as Vα|q=0) corresponding to two
enantiomers. Here Vα|q=0, which is not affected by the
space-dependent part φr of the overall phase, presents
chirality-dependent features similar to the case in Ref. [44],
where the molecular rotations were not considered. Compar-
ing Fig. 2(c) with Fig. 2(d) in a typical wavelength range
(about the order of 0.01 m) of electromagnetic fields, we find
that, while Vα|q=0 in Fig. 2(d) is almost unchanged in the p
direction, Vα|p=0 in Fig. 2(c) varies quickly in the q direction.
This affects the center-of-mass motion of chiral molecules.

We see from Eq. (11) that the induced vector potentials
in the system under consideration are �Aα = Aα,q(q, p)q̂ +
Aα,p(q, p) p̂. We obtain the effective magnetic field �Bα =
�∇ × �Aα , which has only one component Bα,y(q, p)ŷ. Here
Bα,y|p=0 [i.e., Bα,y(q, p) at fixed p = 0] presents the
chirality-dependent quasiperiodic features with the chirality-
independent envelope, while Bα,y|q=0 [i.e., Bα,y(q, p) at fixed
q = 0] presents chirality-dependent features very similar to
those of the case in Ref. [44]. The feature of Bα,y is similar
to that of Vα , but its effect on the center-of-mass motion of
molecules is much smaller than that of Vα under the typical
parameters considered here. In the following we show the
center-of-mass motion of the chiral molecule governed by the
above-mentioned induced gauge potentials.

IV. SPATIAL ENANTIOSEPARATION

So far, we have shown how the space-dependent part φr

of the overall phase affects the induced gauge potentials. In
this section we explore the center-of-mass motion of chiral
molecules. Due to the large molecular mass and weak ef-
fective gauge potentials, the molecular propagation trajectory
is treated classically [44]. Then the center-of-mass motion is
governed by [44]

q̇ = vq − Aq

m
,

ṗ = vp − Ap

m
,

v̇q = 1

m

[(
vq − Aq

m

)
∂qAq +

(
vp − Ap

m

)
∂qAp − ∂qV

]
,

v̇p = 1

m

[(
vq − Aq

m

)
∂pAq +

(
vp − Ap

m

)
∂pAp − ∂pV

]
. (13)

Here vq and vp represent the components of the molecular
velocity v in the q̂ and p̂ directions, respectively. Since the
equations of the motion for different inner dressed states
are independent, we omit the subscript α for qα , pα , vα,q,
vα,p, Aα,q, Aα,p, and Vα . The molecules are initially placed at
(q(0), p(0)) = (0, 0) with the initial speed |�v(0)| = 0.1m/s.

In Fig. 3 we show the motion of two enantiomers in the
time interval t ∈ [0, 0.1] s, where the chiral molecules move
the distance of a typical wavelength scale. We are inter-
ested in two cases with the initial velocity in the q̂ direction
[shown in Figs. 3(a1) and 3(a2)] and in the p̂ direction [shown
in Figs. 3(b1) and 3(b2)], respectively. Figures 3(a1) and
3(b1) show the change of the displacement perpendicular to
the initial velocity direction over time in these two cases,
respectively. We find that these displacements in Figs. 3(a1)
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FIG. 3. Motion of the chiral molecules: (a1) and (b1) the dis-
placement perpendicular to the direction of the initial velocity; (a2)
and (b2) the displacement increment in the direction of the initial
velocity. The molecules are initially placed at (q(0), p(0)) = (0, 0)
with a speed of |�v(0)| = 0.1 m/s. The initial velocity is in (a) the q̂
direction and (b) the p̂ direction. The parameters of the electromag-
netic fields are the same as those in Fig. 2.

and 3(b1) are much smaller than the corresponding displace-
ment in the initial velocity direction (about 0.01 m). Then the
movement is regarded as one dimensional in the direction of
the initial velocity.

The one-dimensional movement in the direction of the
initial velocity reflects some characteristic of the induced
scalar potentials in this direction. Thus, we show the change
of the displacement increment in the direction of the initial
velocity over time in these two cases in Figs. 3(a2) and 3(b2),
respectively. For the same enantiomer with the same inner
dressed state, comparing the displacement increment in the
initial velocity direction in Figs. 3(a2) and 3(b2), the former
[i.e., q(t ) − vq(0)t] is thousands of times longer than the
latter [i.e., p(t ) − vp(0)t]. Comparing the separation distance
between two enantiomers with the same inner dressed state
in Fig. 3(a2) with the one in Fig. 3(b2), the former is also
thousands of times longer than the latter. In this sense, we
conclude that, when the chiral molecules move the distance
of a typical wavelength scale, the separation distance between
two enantiomers corresponding to the initial velocity along
the q̂ axis (affected by φr) is about 1000 times longer than
that corresponding to the initial velocity along the p̂ axis (not
affected by φr).

The propagation trajectory of chiral molecules in the time
interval t ∈ [0, 10] s is shown in Fig. 4, where the chiral
molecules move a distance much longer than a typical wave-
length. The initial velocity is in the q̂ direction for Fig. 4(a)
and in the p̂ direction for Fig. 4(b). When we let the chi-
ral molecules move a distance much longer than a typical
wavelength, the separation distance between two enantiomers

FIG. 4. Propagation trajectories of the chiral molecules in the
time interval t ∈ [0, 10] s. The molecules are initially placed at
(q(0), p(0)) = (0, 0) with the speed of |�v(0)| = 0.1 m/s. The initial
velocity is in (a) the q̂ direction and (b) the p̂ direction. The parame-
ters of the electromagnetic fields are the same as those in Fig. 2.

corresponding to the initial velocity along the q̂ axis (affected
by φr) is comparable to that corresponding to the initial veloc-
ity along the p̂ axis (not affected by φr).

V. CONCLUSION

We have discussed the spatial enantioseparation of gaseous
chiral molecules taking into consideration molecular rota-
tions. Comparing with the original works [44,45] without
consideration of molecular rotations, the overall phase of
the coupling strengths has the space-dependent feature due
to the specific requirements of the polarization directions
of the three electromagnetic fields [57,58]. This space-
dependent feature provides an additional resource to generate
the chirality-dependent induced gauge potentials. Specifically,
the induced gauge potentials vary intensely in the length
scale of the typical wavelength of the applied electromagnetic
fields. Taking the 1,2-propanediol as an example and using
the typical parameters, we have shown that this property of
induced gauge potentials provides some advantages for spatial
enantioseparation, especially when the chiral molecules move
the distance of a typical wavelength scale.

We would like to point out that here we have focused only
on the case of large detuning in the discussion for simplicity.
In fact, our results of spatial enantioseparation can be ex-
tended to general cases without the condition of large detuning
[45]. In addition, we have only considered that the molecular
ensemble is initially located at the same point. In realistic
cases, the molecular ensemble has an initial position distribu-
tion in the initial position. Consideration of the specific limit
to the molecular ensemble is left for future work.
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[76] J. Ruseckas, G. Juzeliūnas, P. Öhberg, and M. Fleischhauer,
Non-Abelian Gauge Potentials for Ultracold Atoms with
Degenerate Dark States, Phys. Rev. Lett. 95, 010404
(2005).

[77] C. P. Sun, M. L. Ge, and Q. Xiao, Physical effects of U(1)-
induced gauge field and their non-adiabatic corrections for
the cases with arbitrary spin, Commun. Theor. Phys. 13, 63
(1990).

[78] F. J. Lovas, D. F. Plusquellic, B. H. Pate, J. L. Neill, M. T.
Muckle, and A. J. Remijan, Microwave spectrum of 1, 2-
propanediol, J. Mol. Spectrosc. 257, 82 (2009).

013113-7

https://doi.org/10.1088/0953-4075/43/18/185402
https://doi.org/10.1103/PhysRevA.100.043403
https://doi.org/10.1103/PhysRevA.101.063401
https://doi.org/10.1103/PhysRevResearch.2.043235
https://doi.org/10.1364/OE.404089
https://doi.org/10.1103/PhysRevLett.99.130403
https://doi.org/10.1063/1.3429884
https://doi.org/10.2183/pjab.88.120
https://doi.org/10.1103/PhysRevA.84.053849
https://doi.org/10.1103/PhysRevA.100.033411
https://doi.org/10.1063/5.0008157
https://doi.org/10.1103/PhysRevA.102.033727
https://doi.org/10.1364/OL.398859
http://arxiv.org/abs/arXiv:2101.06624
https://doi.org/10.1002/anie.201704901
https://doi.org/10.1103/PhysRevLett.118.123002
https://doi.org/10.1063/1.4738753
https://doi.org/10.1103/PhysRevA.98.063401
https://doi.org/10.1063/1.5097406
https://doi.org/10.1063/1.5045052
https://doi.org/10.1038/nature12150
https://doi.org/10.1103/PhysRevLett.111.023008
https://doi.org/10.1039/c4cp00417e
https://doi.org/10.1002/anie.201306271
https://doi.org/10.1063/1.4921833
https://doi.org/10.1021/acs.jpclett.5b02443
https://doi.org/10.1021/jz502312t
https://doi.org/10.1103/PhysRevA.65.015401
https://doi.org/10.1063/1.1405116
https://doi.org/10.1088/0953-4075/37/13/015
https://doi.org/10.1103/PhysRevResearch.2.033064
http://arxiv.org/abs/arXiv:2001.07834
https://doi.org/10.1103/PhysRevD.41.1349
https://doi.org/10.1103/PhysRevLett.97.240401
https://doi.org/10.1103/RevModPhys.83.1523
https://doi.org/10.1103/PhysRevLett.95.010404
https://doi.org/10.1088/0253-6102/13/1/63
https://doi.org/10.1016/j.jms.2009.06.013

