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Taking into account the deformation of the Fermi surface, we investigate the spin-singlet and -triplet BCS
pairings in a mixture of fermionic polar molecules with two different hyperfine states. In particular, we explore
the relation between the critical temperatures and the Fock-exchange interaction. We also show that, by tuning
short-range interaction between interspecies molecules, the singlet- and triplet-paired superfluids may coexist.
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I. INTRODUCTION

Following the rapid experimental developments in making
ultracold gases of fermionic polar molecules [1-4], there has
been growing interest in studying the properties of dipolar
Fermi gases. Of particular interest, the partially attractive elec-
tric dipole-dipole interaction (EDDI) provides a mechanism
to form an anisotropic BCS pair. You and Marinescu [5] first
realized that the p-wave paired BCS states could be achieved
for fermionic atoms inside an external dc field. Baranov et al.
further studied the BCS pairing in a homogeneous gas of
the spin-polarized dipolar fermions [6]. Compared to the
s-wave pairs in nondipolar Fermi gases, the anisotropic dipolar
interaction makes the order parameter the superposition of all
odd partial waves. Subsequently, the critical temperature of
the superfluid transition and its relation to the trap geometry
were investigated [6]. In those studies, the Fermi surface
(FS) of system was assumed to be a sphere. However, it
was found via the variational method that the Fock-exchange
interaction deformed the FS [7], which was also confirmed
by both numerical [8,9] and perturbation calculations [8,10].
Very recently, the role played by Fock-exchange interaction in
BCS pairing has been considered [11].

All the mentioned theoretical work has focused on the
spinless dipolar fermions. By adding the spin degree of
freedom, an ultracold gas of polar molecules may offer even
richer physics. When loaded into an optical lattice, spin-% polar
molecules can be used as a toolbox for lattice spin models [12].
It was also shown that a two-component dipolar Fermi gas may
have a ferro-nematic ground state [13]. More interestingly,
Samokhin and Mar’enko studied the nonuniform mixed-parity
superfluid states in two-component dipolar Fermis gases with
population imbalance [14]. They focused particularly on the
weak dipolar interaction (compared to the contact interaction)
limit; in addition, the effect of the Fock-exchange interaction
on pairing was ignored.

In this work, we study the BCS pairing in a mixture
of fermionic polar molecules with two different hyperfine
states, 0 = 1 and |. The electric dipole moments d of
all molecules are orientated along the z axis such that
the spin-independent EDDI becomes V;(r) = Cyr=3(1 — 3%22
with C; = d?/(4meg). We assume that interspecies molecules
also interact via short-range interaction Vy(r) = C4(r), where
Co = (4nh’a;,)m with a being the s-wave scattering length
and m the mass of the molecule. The total interaction
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potential V = V; + V, conserves the number of particles
in the individual spin component. As shown, this system
supports both the spin-singlet even partial wave and the
spin-triplet odd partial wave BCS pairs [14]. In addition,
we find that the Fock-exchange interaction always enhances
the triplet pairing by increasing the corresponding critical
temperature. However, when contact interaction dominates,
the Fock-exchange interaction may weaken the singlet pairing.
We also point out that, by tuning the contact interaction, the
transition between single- and triplet-paired superfluids can be
realized. Very recently, Wu et al. [15] studied the same system.
In particular, they show the existence of the mixed triplet and
singlet pairings, which spontaneously breaks the time-reversal
symmetry.

II. GAP EQUATION

We consider a homogeneous gas of two-species fermionic
polar molecules with total number density 2x. For simplicity,
we assume thatny = n| = n. In momentum space, the second
quantized Hamiltonian reads

n’K?
H = Z (W — pL) c;fwckg
ko

1 ~
o5 2 Vg0 qorChrcho,
kpq,o0’
where u = 4 = p is the chemical potential, V is the volume
of the system, and V= Vd + Vo is the Fourier transform of the
interaction potential. One should keep in mind that, in Eq. (1),
contact interaction only exists between 1 and | molecules.
Under Hartree-Fork approximation, Eq. (1) becomes

1
H= Z Skacligcka"'z Z Aoo’(k)cligcikg/ +Hec., (D

ko Kk,o0’

where the dispersion relation is &k, = {(h2k2)/2m} —&F —
Yo(k) with ep =u —nCy = (7’12/21\41)(671211)2/3 being the
Fermi energy and %, (k) = V™! Zq Vi(k — q) fqo being the
self-energy. To the lowest order, we choose the Fermi occupa-
tion number fq, = (cl;g Cqo ) to be that at zero temperature. As a
result, dispersion relations become spin independent, denoted
as ¢k. In addition, the Fock-exchange interaction deforms
the FS such that it is now describes by an ellipsoid of the
form a’l(k)% + ki) + azkf = k% [71, where hkp = «/2mefr
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is the Fermi momentum and o represents the deformation
parameter. The value of « (< 1) can be obtained through either
variational [7] or numerical calculation [8,9]. Moreover, at the
weak interaction limit

D =nCy/er <1, 2

the perturbation calculation yieldsa = 1 — ZT” D [8,10], where
D is the dimensionless dipole interaction strength. For simplic-
ity, the variational result of « is adopted in this work.

The order parameters for the BCS states in the Hamiltonian
(1) are defined as

Do) = V1Y " V(k — @){c_gorCqo)- 3)
q

Using either Bogoliubov transformation [16] or the standard
Green’s function method [17], we obtain

Aso(q) 1
—H tanh (Eﬂqu) s (4)

\/Eﬁ + > 185 (K)[? is the energy of single-

(C—qa’cqa> =

where Ei, =
particle excitation and 8 = 1/(kpT)is the inverse temperature.
To obtain E},, we have assumed that Aj, {Aw is a diagonal
matrix. Substituting Eq. (4) into Eq. (3), one finds a set of
self-consistent equations for order parameters

_ dq - tanh (3 BEqq)
Aoor (k) = —/ 20 Vik - Q)T

here the order parameters corresponding to different BCS
paired states are coupled. Similar gap equations also appear
in a superfluid *He system [16]. The integral in Eq. (5)
formally diverges. To regularize the interaction, we follow
the standard renormalization procedure [6], which, to the first
Born approximation, leads to the gap equations

AGJ’(q); (5)

Aao’(k) /(2 )3 q)Aoo (Q)
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We emphasize that these equations are only valid in weak
interaction regime Eq. (2), as we have ignored the higher order
contributions from the interaction.

III. SYMMETRIES OF THE ORDER PARAMETERS

Up to now, we have expressed the order parameters

Ay A
A— < 1 N)
Ay Ay

in the uncoupled spin space. While in the basis of coupled spin
{|{SM)}, one will have singlet and triplet pairs corresponding
to total spin S = 0 and 1, respectively. Singlet pairing requires
the gap parameter to be antisymmetric such that

, 0 A
A, = Ajioy = ,
—-Ay O

where o, is the second Pauli matrix. Obviously, A (—k) =
A;(k), and as we show, it is a superposition of even partial
waves, that is, A;(K) = Y ..., A;S)(k)Ylo(lA().
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Following the convention of 3He [16], we may define a
vector d(K) in spin space by combining three spin components
(M = 0,£1) of the triplet pair:

—d +idy d3
d L. == ’ s
Z 1(07,0072) < ds di —i—idz)
=123

A, =

where o, are Pauli matrices. It can be easily seen
that Ay = ATT =—d| +idy, A, = All =d; +idp, and
A;o = Ay = Ay = ds. In momentum space, A, p (k) are
superpositions of odd partial waves, that is, A, (k) =

Zoddl Aﬁ,’/,)’l(k)Ylo(l}).

IV. SPIN-SINGLET PAIRING

For a deformed FS, we introduce the rescaled momentum k
such thatk, )y, = a~"/?k,, and k, = ak,. Moreover, we define
& = h’k?/(2M) — e, which allows us to rewrite the order
parameter as A;(K) = A (&, ng) with ng = k/k being an unit
vector. Using the fact that the pairing is mainly contributed by
states near FS, we introduce a characteristic energy w;, (of the
order of e ) to single out the contribution from —ow, < &; < wy
[6]. In a weak coupling regime, we have @, 3> |A,|, kT *.
The value of w; is determined self-consistently. After some
tedious calculations, we obtain from Eq. (6) that

d _
A(Eeng) = — / LW (T g R (g 0.0) A, 0.1g)

dnq |§(1|+’7(1 d
/ [ @5 ln ( 265 )qul
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where W(T.ng) = [, d&gng " tanh[1g,/(2kT)] and ng =

2 + | As(0,ng)|2. Furthermore, the integration kernel takes
the form

R (&k.ng; &g,ng)

™Myk-q - B (PE)) ___ 20
q tanh ( ﬂnq) q2 tanh (%ﬂn(])

27?2

Close to the critical temperature 7., the gap goes to
zero and ng — |&5|. For the first term in the right-hand side
of Eq. (7), we have C = W(TC(S),nI;) = In[2e"w, /(kp TC(S))],
with y = 0.5772 being the Euler constant. In contrast, the
last two terms in Eq. (7) do not contain the large logarithm
In(@,/kpT'>), indicating that they are only important for the
pre-exponential factor in the expression of critical temperature
[6]. For the purpose of determining 7%, they are neglected
such that we find on the FS

dng
Ag(0ng) = —Cf 4—;735(0,111;; 0,ng)A;(O,ng),  (8)
which is essentially an eigenvalue equation of integral operator
with kernel R;(0,ng; 0,ng). Finding the highest critical tem-
perature is equivalent to finding the lowest negative eigenvalue
of this eigenvalue equation. Even in the case « # 1, it can be
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shown that the eigenstate corresponding to lowest eigenvalue is
independent of the azimuthal angle of ng [6]. This observation
allows us to integrate over the azimuthal variable of Eq. (8) to
obtain the eigenvalue equation

1
/ 1 dyKs(x,y)p(y) = A(x), 9)

where x = c08fy, y = co0sby, and Ky(x,y) =
[3l,(x,y) |x — y| = 1]+ kpa, /(x> D) with I, = {4a® + (1 —
o®)[(x — y)* — a3 (x + y)*1}7 /2. Clearly, the first term in /C,
originates from EDDI, while the second one corresponds to
contact interaction.

For singlet pairing, we focus on the subspace of the
eigenstates with even parity, that is, ¢(x) = ¢(—x). Assuming
that A, is the lowest eigenvalue of Eq. (9) corresponding to
an even eigenstate ¢,(x), the critical temperature can then be

expressed as
1
exp| — .
P\ 7Dl

In addition, at TC(S), the order parameter on the FS becomes
Ag(0,ng) = Asops(cos by,), where ¢s(cos by, ) represents the
angular dependence of the order parameter on FS.

If the Fock-exchange interaction is ignored, we have
exactly ¢s(x) = N cos(x+/3/[As[), where AV is a normalization
constant and |A| is the largest positive root of the equa-
tion ¢ cos £/3/1 + {1 + [(2kray)/(w>D)1}/1/3 sin /3]t = 0.
It can be shown that A; (< 0) is a decreasing function of
kras/D. For negative kra,, our result reduces to that for
s-wave pairing when D = 0. In the case o # 1, A; and ¢y
can only be determined numerically. As shown in Fig. 1, A, is
an increase of « for krpa; = 0, indicating that, in the absence
of contact interaction, the Fock-exchange interaction enhances
singlet BCS pairing.

Next, we compute the characteristic energy w,. Following
the standard BCS mean-field approach [6], we obtain

o
Ky = 222
;

(10)

ES . 1 dnl'( dn(l
In— = lim Iné + — | —¢,(ng)
g 8—0F 27w DA V% vi%
* d&, Ay(&q,ng)
x / La R, 005 £qng 2EUM ()
—&F |’§(‘1| AO
where the order parameter, at TC(S), satisfies the equation
Ay (§g,ng) 1 /dnq
~ — R, (&, ng; 0,n5)0 03). 12
Ay <D, ) ar (§k-ni; 0,ng)s(cos Og).  (12)
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FIG. 1. (Color online) The o dependence of A, for kra, = 0 (solid
line) and A, (dashed line).
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FIG. 2. (Color online) (a) The D dependence of 7. for kra, = 0
(solid line) and —1 (dashed line). (b) T*) as a function of kra; for
D =0.1 (solid line) and 0.15 (dashed line). (c) A,(k,,k;)/ A0
at critical temperature for krpa; =0 and D = 0.1, where k, =
(k? + k)2

The term @, can be obtained by substituting Eq. (12) into
Eq. (11). We remark that, in the right-hand side of Eq. (11),
the second term also contains a divergent term which cancels
the divergence from the first term. In general, w; is a function
of both D and kray, indicating that it also implicitly depends
on «. For simplicity, we use @ = 1 to calculate w;, which yields
w; >~ 0.36¢ef for kra; = 0 and wy; >~ 0.54er for D = 0. The
latter is exactly the value for s-wave pairing.

In Fig. 2(a), we present the D dependence of the critical
temperature for singlet pairing. For kpa; = 0, only the dipolar
interaction is responsible for pairing; therefore, 7.*) is a mono-
tonically increasing function of D. However, for kpa; = —1,
T9(D) becomes a concave curve. This result suggests that
even though both attractive contact interaction and dipolar
interaction contribute to pairing, they also compete with each
other. In fact, the deformed FS makes it difficult for contact
interaction to form s-wave pairs, which is responsible for the
drop of T*) at small D. When dipolar interaction dominates,
TC(“) becomes an increasing function of D again. We also
verify that if the FS deformation is ignored, T*) would
always be an increasing function of D. Figure 2(b) shows
the kras dependence of T® for given D. As « is fixed by
D, T always increases as one increases the strength of
contact interaction. In addition, when short-range interaction
dominates, the one with smaller FS deformation (smaller D)
will eventually have a higher critical temperature. Finally, the
angular dependence of the order parameter for a spin-singlet
pair at critical temperature is presented in Fig. 2(c).

V. SPIN-TRIPLET PAIRING

At critical temperature, the order parameters for triplet pairs
A, p are decoupled. In addition, they satisfy gap equations
with exactly the same form. Therefore, we denote the triplet
order parameter as A,. Since the critical temperature and
order parameters can be obtained by following the same
procedure as that for singlet pairing, here we only present our
results.

The critical temperature 7" for triplet pairing can be

1

expressed as kp T = [(2e"@,)/7] exp(— 7ppy)» Where A, is
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FIG. 3. (Color online) (a) The D dependence of T..
(b) As(k,,k;)/ Ay at critical temperature for D = 0.1.

the lowest eigenvalue of the equation fll dyK;(x,y)p(y) =
A¢(x) in the subspace of the eigenstates with odd parity. The
integration kernel is /C;(x,y) = 3[,(x,y) |x — y| — 1, which is
essentially /C; with kra; = 0. Assuming that the correspond-
ing eigenstate of A, is ¢,(x), the triplet order parameter on the
FS is A;(0, cos Oy, ) = Az (cosby,). The o dependence of
A, (Fig. 1) indicates that the critical temperature of the triplet
pairing is also enhanced by the Fock-exchange interaction.
This enhancement can be attributed to the increase of the
density of states near the north and south poles of the stretched
(along the z axis) FS, which provides the main contribution to
the triplet pairing [11].

The characteristic energy o, and the triplet order parameter
A (&g, ng)/ Ay at critical temperature satisfy equations similar
to Egs. (11) and (12), except that R, is now replaced by R,
which does not contain the contact interaction. In Fig. 3(a),
we plot the dipolar interaction strength dependence of the
critical temperature "), where we have used @, =~ 0.42¢,
the value corresponding to the o« = 1 case. We remark that
the analytic result for 7" agrees very well with that obtained
numerically [18]. The typical order parameter for a triplet pair
is plotted in Fig. 3(b). In the case where the FS deformation is
ignored, our results for triplet pairing reduce to those obtained
by Baranov et al. [6].

VI. SINGLET VERSUS TRIPLET PAIRING

For krpa; = 0, it can be seen from Fig. 1 that we always
had |A;| < |A;[; by further assuming o = 1, we also find that
w; < ;. These results suggest that, without attractive contact
interaction, the critical temperature for singlet pairing is always
lower than that for triplet pairing. However, for kra; < 0, TC(‘Y)
increases as one increases the strength of the short-range inter-
action such that beyond a threshold kra, we have T®) > T®.
The critical s-wave scattering length is determined by equation

wykpa?) 1 1

7 DIn — = -,
Wy At )hs(kFa;)

where we have explicitly expressed w; and A; as func-
tions of kpa;. In Fig. 4, we present the D dependence
of the critical scattering length. We point out that when
T = T, the singlet and triplet pairs may coexist in the
system.

One should note that, in our expressions for the critical
temperatures, we have ignored the many-body effect on
the pre-exponential factor. In a weak interaction limit, a
proper treatment of this effect requires the calculations of the
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FIG. 4. (Color online) The dipolar interaction strength depen-
dence of the critical scattering length.

second-order corrections of the scattering amplitude between
interacting particles [6], which is out of the scope of the
present work. However, this effect can be roughly estimated
as follows. For triplet pairing, the higher order corrections can
be incorporated into the expression for critical temperature as

® 2eY w; 1
kpT,” ~ ——exp | —
T aD|A| +gD*+hD3 + -

y_
~ 2901 o) <_
b4

1 hD

7Dl a2 > ’
where g(>0) comes from the many-body correction when
the Fermi surface is assumed to be spherical and all other
higher order corrections originate from the additional effects
due to the deformation of the Fermi surface. For small D,
the second-order and higher order terms in the exponential
function are negligible. Therefore, for triplet pairing, we
may adopt the result from Ref. [6], which yields kpT ") ~
1.44epe~V/@PIMD For the singlet pairing, the situation be-
comes more complicated due to the interplay of the contact
and dipolar interactions. However, we note that the s-partial
wave of the singlet pair dominated in the order parameter when
As is comparable to A; for any given D. Therefore, the main
contribution to the many-body correction originates from the
contact interaction, such that the critical temperature for singlet
pairing can be approximated as kg7 ~ 0.61gpe~ !/ PIAD
[19].

VII. CONCLUSION

We have investigated the singlet and triplet BCS pairings in
an ultracold gas of two-species fermionic polar molecules. We
calculate the critical temperatures and angular dependence of
the order parameters. In the absence of the contact interaction,
the critical temperature of the triplet pairing is always higher
that of the singlet pairing. Moreover, the critical temperature
of the singlet pairing can be increased by tuning the s-wave
scattering length between interspecies molecules, such that
the singlet and triplet pairs may coexist. For singlet pair-
ing, we also show that the inclusion of the Fock-exchange
interaction yields lower (higher) critical temperature if the
contact (dipolar) interaction dominates. On the other hand,
the Fock-exchange interaction always enhances the triplet
pairing. Finally, we comment on the experimental realization
of the spin-singlet and -triplet pairings in a mixture of
polar molecules with two different hyperfine states. It has
been demonstrated experimentally that a spin-mixed KRb
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molecular gas has a shorter lifetime compared to a pure gas
of spin-polarized molecules, as it suffers from the exothermic
chemical reaction KRb + KRb — K, + Rb, [3]. Since such
loss channel is forbidden in RbCs molecular gas [20], it
provides a better opportunity to explore the spin-singlet
and -triplet BCS pairs in spin-mixed molecular gas.
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