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Polaritons are the collective excitations of many atoms dressed by resonant photons, which can be used to
explain the slow light propagation with the mechanism of electromagnetically induced transparency. As qua-
siparticles, these collective excitations possess the typical feature of the matter particles, which can be reflected
and deflected by the inhomogeneous medium in its spatial motion with some velocity. In this paper we develop
a quantum theory to systematically describe the spatial motion of polaritons in inhomogeneous magnetic and
optical fields. This theoretical approach treats these quasiparticles through an effective Schrodinger equation
with anisotropic dispersion that the longitudinal motion is similar to an ultrarelativistic motion of a “slow light
velocity” while the transverse motion is of nonrelativity with certain effective mass. We find that, after passing
through the EIT medium, the light ray bends due to the spatial-dependent profile of external field. This

phenomenon explicitly demonstrates the exotic corpuscular and anisotropic property of polaritons.

DOLI: 10.1103/PhysRevA.77.023816

I. INTRODUCTION

Quasiparticles are excitations of the matter. According to
modern many body theory, Elementary particles and quasi-
particles are basic construction of matters. The latter are cru-
cial for understanding many phenomena in condensed matter
physics. Actually, quasiparticles can be regarded as collec-
tive excitations of many elementary particles, as well as the
mixtures of different elementary excitations, whose behavior
are similar to the matter particles [1].

In atomic physics and quantum optics, some exotic phe-
nomena can be explained by the concept of quasiparticles.
For example, slow light phenomenon [2,3] in electromag-
netically induced transparency (EIT) [4,5] can be explained
in terms of quasiparticles—polaritons [6-9]. EIT happens
when a weak signal light field and a stronger control field are
coupled to an ensemble of atoms with a A energy level con-
figuration. Under the two-photon resonance, due to the de-
structive interference between two interaction paths, the ini-
tially opaque resonant medium becomes transparent with
respect to the probe field, and the group velocity of light is
slowed down. Light then is stopped in the EIT medium be-
cause only the dark state polariton is excited. The dark state
polariton is a bosoniclike collective excitation, which is a
mixture of a signal light field and an atomic spin wave [10].

Most recently, the light deflection was observed for the
EIT atomic medium in an external field with spatially inho-
mogeneous distribution [11,12]. In the experiment of Ref.
[11], it is found that the light ray bends when a magnetic
field with small gradient vertical to the propagation direction
is applied to a cell with A-type rubidium gas. This experi-
ment was interpreted as the Stern-Gerlach experiment of the
dark polariton, thus the effective magnetic moment of the
dark state polariton is observed. It demonstrates that the dark
state polariton indeed behaves as a matter particle with mass,
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momentum, magnetic moment, etc., which can be reflected,
refracted, and even deflected by a gradient force. Therefore,
quasiparticles show their particle nature with definite mo-
mentum and effective mass. Different from that in Ref. [11],
the experiment of Ref. [12] shows that a light can also been
deflected by an optical driven Rb atomic vapor when the
profile of the driving field is inhomogeneous. In this situation
the angle of deviation is an order of magnitude larger than
that in Ref. [11]. The observed phenomenon about light de-
flection in such EIT media has been explained correctly ac-
cording to the semiclassical theory [13] without using the
concept of dark-state polariton, which needs the quantization
of light fields.

Similar to matter particles, quasiparticles possess the
wave-particle duality, that is, quasiparticles sometimes ap-
pear to behave as particles and sometimes appear to behave
as waves. Here, we are interested in the particle aspect of the
dark polariton, which is an atomic collective excitation
dressed by the quantized probe light. The main purpose of
this paper is to systematically develop a quantum theory de-
scribing the spatial motion of polaritons in inhomogeneous
magnetic and optical fields. We begin our investigation with
the propagation of quasiparticles in the limits of atomic lin-
ear response, where the atomic equations are treated pertur-
batively. With an effective potential induced by the steady
atomic response in the external spatial-dependent field, the
dynamics of spatial motion of the quasiparticles is governed
by the effective Schrodinger equation. The spatial motion of
the quasiparticle is of anisotropic dispersion—the longitudi-
nal motion is similar to an ultrarelativistic motion of a “slow
light” while the transverse motion is of nonrelativity with
certain effective mass.

This paper is organized as follows: In Sec. II, we present
the theoretical model for a A-type atomic ensemble in the
presence of inhomogeneous external fields, and derive the
system of equations governing the spatial motion of the sig-
nal field in the atomic linear response with respect to the
probe field. In Sec. III, the perturbation theory is applied to
obtain the atomic motion equation which is related to the
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FIG. 1. (Color online) (a) Level scheme of atoms interacting
with o*-polarized probe and o -polarized probe strong fields. )
denotes the Rabi frequency of the undepleted classical control field.
(b) Configuration of the optical beams and the magnetic field inside
the atomic medium.

linear response to the signal field. In Secs. IV and V, the
crucial idea of the EIT—the dark-state polariton is intro-
duced as an dressed fields to describe the spatial motion of
collective excitation. Afterward, the dynamics of the
quasiparticle—dark polariton is discussed in the presence of
an inhomogeneous magnetic field with a spatial distribution
along the transverse direction. In Sec. VI, the spatial motion
of the signal light in an inhomogeneous coupling field is
investigated. Then we make our conclusion in Sec. VII.

II. THEORETICAL MODEL FOR A-TYPE ATOMIC
ENSEMBLE IN EXTERNAL FIELDS

We consider an ensemble of N identical and noninteract-
ing atoms, which is confined in a cell ABCD as shown in
Fig. 1(b). Each of the atoms is modeled by a A-shaped en-
ergy level configuration with internal states |g), |s), and |e).
The transitions from the two lower states |g) and |s) to the
excited state |e) are coupled by two optical fields, a weaker
probe field and a stronger control field, as shown in the top
panel of Fig. 1(a). The atomic transition from [g) to |s) is
forbidden by the electronic dipole coupling. The probe field
carries frequency v and the wave number k. It is a quantized
electromagnetic field with o* polarization. Under the rotating
wave approximations, its negative frequency part of the elec-

tric field E*(r,7) couples the ground state |g) to the excited
state |e) at resonance, in the absence of the magnetic field
B(r). The control field has carrier frequency v.=w,— w, and
wave number k.. It is a classical field that is o~ polarized,
and couples to the upper state |¢) and the metastable state |s)
with Rabi frequency Q(r). After the magnetic field is applied
along the z direction, the internal energies of the correspond-
ing states are shifted from their origins by magnitudes u;B
with
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Here, up is the Bohr magneton, g is the Landé g factor of
the internal state i, and m is the magnetic quantum number.

As shown in Fig. 1(b), the probe field and the control field
propagate parallel in the z direction with wave number k and
k., respectively. The Hamiltonian of this typical EIT system
is given by H=HW+H®" + HD Let us use E"I;V(t)=|,u)j(v| to
denote the internal state operator of the jth atom between
states |u) and |v). We introduce the collective atomic opera-
tor [7]

Gl =— 3 00, 2)

Nr rjENr

which is averaged over a small but macroscopic volume con-
taining many atoms N,=(N/V)dV>>1 around position r.
Here N is the number of atoms in an interaction volume V.
Then the Hamiltonian of the atomic part reads

N -
HW = ‘—/E f d*r(w;— u;B)3;;, 3)
J

where we have neglected the kinetic term of atoms and w;
are the corresponding energy level spacing of the internal
atomic level. H®) is the free Hamiltonian of the radiation
field. Using the electric-dipole approximation and the
rotating-wave approximation, the interaction with electro-
magnetic field reads [6-9]

N ~ )
HD = _ ‘—/f r{d, G B + QG " + Hel. (4)

Here, E* is the negative frequency of the probe field, (r) is
the Rabi frequency of the control field, which usually de-
pends on the spatial coordinate through the spatial profile of
driving field, and d,, is the dipole matrix element between
the states |g) and |e).

For convenience, we describe the electric field as

E*(r) = \/ﬁE(F,t)ei(kz"”) (5)
0

in the following discussion. Here exp[i(kz—vr)] is the carrier
wave with frequency v and wave number k propagating in
the z direction and E(r,r) is the slow varying envelope,
meaning that its spatiotemporal variation is much slower
than the carrier wavelength and frequency. Further we intro-
duce the slowly varying variables for the atomic transition
operators

Tog(r,1) = 0 (r,0)e™, (6a)

G, (r,t) = o,5(r,H)e ke, (6b)

In the rotating reference frame, the dynamics of this system
is described by the interaction Hamiltonian
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N
Hy=— ‘_/f d3r[2 MjBUjj+ (go'egE+ Qo+ HC)] s
J

()

where the atom-field coupling constant g is defined as

14
=d,,\/ . 8
g=d,, eV (8)

Before we study the EIT features of this system in detail,
let us first stand in the point of view of light to investigate
the propagation effects of pulses in an atomic medium. It is
well known that when atoms are subjected to an electric
field, the applied field displaces the positive charges and the
negative charges in atoms from their usual positions. This
small movement that positive charges in one direction and
negative ones in the other will result in collective induced
electric-dipole moments. All dipole moments in the dielectric
material generate the polarization collectively, which is de-
fined as the collective dipole moment per unit volume

P= i—idgeageei(kz_wf‘gt) +Hec. 9)
The collective dipole moment in Eq. (9) is caused by the
atomic response to an optical electric field in a dielectric
material. In turn, every dipole with a nonvanishing second
derivative in time radiates an electromagnetic wave, that is,
the dielectric response P of the medium acts as an effective
source to produce the electromagnetic field.

The Heisenberg equation for the slowly varying field op-
erator E(r,t) results in a paraxial wave equation in classical
optics [6,7]

("9 ol CV2>E N (10)
i—+ic—+ =-g¢ No,,.
o g Tk )T T T8N

Here, c=1/V€yuy is the velocity of light in vacuum and the
transverse Laplacian is defined as

V2T=r92/(9x2+r92/(9y2 (11)

in the rectangular coordinates. When we neglect the x and y

dependence of E, that is, confine the problem in one dimen-
sion, Eq. (10) immediately reduces to the usual propagation
equation

(' O ricS )E N (12)
z(%+zc(9Z =-g¢ No,,
given in Refs. [6-9,14], which only describe light propaga-
tion in the z direction. To consider the problem in three spa-
tial dimensions, one can use the paraxial wave Eq. (10) to
investigate the dynamics of the input pulse in a resonant
atomic medium.

In this paper we will focus on the case that the linear
optical response theory works well, which can sufficiently
reflect the main physical features of the spatial motion of the
input pulse with slow group velocity. The lowest order con-
tribution to the polarization is the linear response of atoms
defined as

PHYSICAL REVIEW A 77, 023816 (2008)

N :
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Then, the paraxial wave equation becomes

.07 . J Cc 2 « (1)
ZEE-HCé’_zE-'— iVTE=—g Noy, ., (14)

where the definition of cri,le) will be given in the next section.

III. PERTURBATION APPROACH

We now study the evolution of the atomic ensemble under
the influence of the applied optical fields. The dynamics of
this atomic ensemble is described by the Heisenberg equa-
tions

d-L)g = [l(lu‘g - /‘LE)B]O-eg - iQ*O—sg + ig*(o-ee - O-gg)E+7

(15a)

d-es = [l(lu’s - /'Le)B]Ues - ig*(rng+ + iQ*(Uee - o-ss)’
(15b)
d-sg = [Z(Mg - MS)B]O-.Yg - iQaeg + ig*o-seE-'-- (ISC)

Since EIT is primarily concerned with the nonlinear modifi-
cation of the optical properties of the probe field, thus the
low density approximation is valid. In this approximation,
the intensity of the quantum field is much weaker than that of
the coupling field (), and the number of photons contained in
the signal pulse is much less than the number of atoms in the
sample.

In the low density approximation, the perturbation ap-
proach can be applied to the atomic part, which is introduced
in terms of perturbation expansion [6-9]

0= o-g»)) + )\0'1(»}> + )\zo_l(jg) + e, (16)

where i,j={e,s,g} and \ is a continuously varying param-
eter ranging from zero to unity. Here JEQ) is of the zeroth
order in gE, (rf‘l) is of the first order in gE, and so on. We
now substitute ]éq. (16) into Egs. (15a)—(15¢) and retain only
terms up to the first order in the signal field amplitude. We
thereby obtain the system of equations in the zeroth order

) =dial) - i o), (17a)
00 = d;00 +i0 (69 - ), (17b)
o\ =dyo') - Qo' (17¢)
where the parameters
dy=i(p,— B -, (18a)
dy=i(ps— pg)B = s, (18b)
d3 = l(/-l’e - IU’S)B —- %3 (18C)

and we have phenomenologically introduced the energy-
level decay rates y,(i€{1,2,3}).
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We assume that all population of atoms are initially pre-
pared in the ground state |g) in the absence of electromag-
netic fields, and the depletion of the ground state is not sig-
nificant for any time />0 due to the quantum interference
effect, therefore,

o =1 (19)

while others vanish [7]. Then, the first order atomic transi-
tion operator 0'( which are related to the atomic linear re-
sponse to the probe field, satisfy the following equations [7]:

oty =djol) - iQ oy —ig"E', (20a)
oV = dioV +i0* (') - o)), (20b)
=dyo'y) - Qo). (20c)

In order to get the equations of motion for polaritons, we
rewrite Egs. (20a)—(20c) as [7]

-1 ,- d) (0,-dy) +Q |V

Ogss

(21a)

U(l)z——(é? dy)al).

e (21b)
Equations (14), (21a), and (21b) constitute a self-consistent
system of equations, which indicates that the polarization
field o' e ) can serve as a source to generate the electric fields,
whereas the propagating light in turn drives the atomic media
via the dipole interaction. They are the starting point of our
investigation in the following several sections, where we
study the phenomena of light deflection that occur as a con-
sequence of the interaction between the A-type atomic en-
semble and an external field with a spatial distribution.

IV. SPATIAL MOTION OF QUASIPARTICLE IN A
HARMONIC MAGNETIC FIELD

It is well known that the EIT system has two remarkable
properties. (1) The opaque absorption medium becomes
transparent with respect to the probe light at certain frequen-
cies. It happens because the absorption on both transitions is
suppressed by the destructive interference between the exci-
tation pathways to the upper level. Thus a transparency win-
dow is rendered over a narrow spectral range within the ab-
sorption line. (2) The group velocity of the incoming pulse
has been largely reduced within the transparency window.
Physically, the slow light in an EIT system is interpreted by
the formation of so-called “dark-state polariton” (DSP). A
dark-state polariton is a bosoniclike collective excitation of a
signal light field and an atomic spin wave [6-9], whose rela-
tive amplitude is determined by the control laser field. In this
section, we study the dynamic of the DSP in the presence of
a harmonic field with a spatially inhomogeneous distribution
in the transverse direction, where the control field is assumed
to be independent of position and time.

When the light pulse enters a medium, photons interact
with atoms of the medium. They then combine together to
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form a type of excitations known as polaritons, which are
one kind of quasiparticle. In an EIT system, two types of
polaritons are introduced—the dark polariton and the bright
polariton, which are described, respectively, by the dark po-
lariton field operator W and bright polariton field operator ®

W(r,t) =E cos — \e“'ﬁag) sin 6, (22a)

®(r,1) = E sin 0+ VNo'!) cos 6. (22b)

They are atomic collective excitation (quasi-spin-wave)
dressed by the quantized probe light with the inverse rela-
tions

E=Y cos 6+ ® sin 0, (23a)

1
1
O{gS) _]V

(® cos 06—V sin 6). (23b)

The dark polariton field operator W and bright polariton field
operator ® have bosonic commutation relations in the limit
of few photons and many atoms. The action of W' on the
vacuum creates the dark states, which contain no component
of the excited state |e¢). By assuming that the Rabi frequency
is real, the mixing angle of the signal field and the collective
atomic polarization is given by
g\rN

0=——, 24
tan 0 (24)

where the Rabi frequency () is related to the control laser
power P through Q%=2|d,|*P/(c€,S). In the nearly two-
photon resonant condition, the only excitations are dark po-
laritons, which generate an eigenstate with vanishing eigen-
value of the interaction Hamiltonian. It is found from Egs.
(22a), (22b), and (24) that, by reducing the amplitude of the
control field, the contributions of light or atoms to the DSP
can be changed, then the DSP varies from photons to atoms.
Thus it is roughly seen that the mixing angle # determines
whether or not the group velocity of the signal pulse propa-
gating in the atomic medium can be decreased.

In order to find how the mixing angle affects the group
velocity of the input pulse, we derive the equations of the
spatial motion for the dark polariton fields. In the above sec-
tions, we have achieved the dynamic motion equations of
atoms and light. In terms of the field operators for the dark
and bright polaritons, Egs. (21a), (21b), and (14) can be re-
written as

— 1
gVN(¥ cos O+ D sin 6) = - [(ﬁt—dl)a(é’,—dz) +Q

X (® cos -V sin 6) (25)

and

J Jd
(i— +ic—+ iVZT)(‘P cos O+ d sin 0)
ot dz 2k

N
__ 8\_((9 dy)(® cos 6—Wsin ).  (26)

For very small magnetic fields, we have |u,—u,|< y;. Fur-
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thermore, we assume a sufficiently strong driving field such
that Q%> y,7,. In the adiabatic approximation, the excita-
tion of the bright polariton field ® vanishes approximately.
Then the dynamics of the dark polariton field ¥ is governed
by the Schrodinger-like equation

i%\lf [T+ V()W (27)

with an effective potential
V(r) = = (g — o) B(r)sin® 6 (28)

induced by the steady atomic response in the external spatial-
dependent field. Here, we have set y,=0; while the effective
kinetic operator

v 1
T=v,p,— chos2 0V% (29)
represents an anisotropic dispersion, where the momentum
along z direction is defined as p,=-id,. The longitudinal
term v,p. in Eq. (29) describes an ultrarelativistic motion
with a slow light velocity

v,=c cos’ 0, (30)

8

while the transverse part PZT/(Zm) in the effective kinetic
term describes a nonrelativistic motion with an effective
transverse mass

sec? 6. (31)

The above effective Schrodinger equation governs the dy-
namics of spatial motion of quasiparticles.

Obviously, when no magnetic field is applied, due to the
transverse Laplacian operator V% commutating with d,, we
can separate the z component from x-y component. Neglect-
ing the x and y dependence of W, Eq. (27) describes a stable
propagation along the z axis with group velocity v, [4-9].
Hence, the amplitude of the control field determines the
group velocity of the input pulse in the atomic medium.
Adiabatically rotating the angle from 0 to /2, the polariton
can be decelerated to a full stop. On the other hand by in-
creasing the strength of the coupling field, that is, reversing
the rotation of @ adiabatically, it leads to a reacceleration of
the dark-state polariton associated with a change of character
from collective spinlike waves to electromagnetic photons.

Now we consider the three-dimension problem. By defin-
ing P;j=-id}(jE{x,y,z}), Eq. (27) can be rewritten as an
effective Schrodinger equation

7
ZE‘P :Heff\l, (32)
with the effective Hamiltonian
1
Her=v,P.+ —(Pi+P}) — u'B(r), (33)
2m Y
where p'=(u,—p,)sin® 6. The magnitude of the effective

transverse mass is totally determined by the mixing angle 6
of the signal field and the collective atomic polarization.
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When the amplitude of the control field is small, spin waves
have large contributions to the DSP, therefore the effective
transverse mass is large; when the Rabi frequency is large,
photons give large contributions to the DSP, therefore the
effective transverse mass is small. The effective Schrodinger
Eq. (32) is the starting point for investigating the spatial
motion of the dark polariton. It shows that, due to the inho-
mogeneity of the magnetic field, the motion of the dark po-
lariton will be scattered by an effective potential with value
w'B(r).

Now we assume that the magnetic field in z direction has
a spatial distribution in the transverse direction with the ex-
pression

B(r)=By+B.x*+B,y*, (34)

where B,,B,<0. Then the effective Hamiltonian operator
becomes H,=H,,,+v,P,—u'B, with
P)zc mw? P mo’

H 0 22 (35)

" om 2 2m 2

In classical physics, H,,, corresponds to a two-dimensional
harmonic oscillator with mass m and angular frequency w,
=\-2u'B,/m in the x direction and w,=\-2u'B,/m in the y
direction. For a given initial state W(0), the evolution state
W(z) of the system is a unitary transformation of the initial
state. ' W(0) with the time-evolution unitary operator U(r)
=U,()U()U(1):

U,=exp(-iv,P,t), (36a)
) P% mw% )
U,=exp|—i Z—m—+7y t, (36b)
P2 2
Ux=exp{—i(—x+ mwxxz)t] (36¢)
2m 2

Next we consider the evolution dynamics of a spatially well-
localized wave packet, which is centered at (xg,Yyq,20)
=(0,0,0) and has a vanishing mean velocity in all directions.
The spatially well-localized wave packet is assumed to be
initially in a Gaussian form

1/4
w0)= [1 (ﬁ%) /6—1/2a§§2 (37)
T

&=x,y,2

with width 1/ \J'Z,», £€{x,y,z}, in the x,y,z direction, respec-
tively, and a;# N\, where N\ j=mw;. By getting rid of an irrel-
evant global phase factor, the wave function at time >0
reads

a. 1/4 )
‘I’(t) _| == e—l/ZaZ(z —vgt)
r

< E C(z);l)lC(2>”Z)ze—i2(n1wx+"2wy)t¢(2xn)l d,(y) (38)

2n2'
niny
The initial Gaussian wave packet evolves into a superposi-
tion of the product states ¢£lxl)q’>%) with quantum numbers n;

and n, taking on the value 0,1,2,... . Coefficients in Eq.
(38) read
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T
o Nent 4N ”4(kj—cy>l (39)
ool [+ e)?] N+
Here, d)flx) is the eigenfunction of Hamiltonian Pi/(Zm)

+mw§x2/ 2 with the corresponding eigenvalue E,=(n

+1/2)w,

1 172 N 1/4 )
¢, = (;x H,(\\x)e ™ (40)

2"n!

where H,(x) are Hermite polynomials. The wave function
¢£ly ) has the similar expression as Eq. (40) with x replaced by
y.

Since the wave function at time ¢ is an even function of
variables x and y, which can be seen from Egs. (38)—(40), the
trajectory of the center of the wave packet in the x-y plane
does not change with time. However, in the z direction, the
dark polariton propagates with mean velocity v,, and the
center of the wave packet leaves its original place propor-
tionally to the time ¢ with (z)=v . Although the wave packet
keeps it shape along z direction with an unchanged variance

a2y =, (41)

Z

the variances in the x and y direction oscillate with time,
namely,

(Ax)’=A_, cosu,t) +A,,,

(Ay)*=A_, cos(Qw,1) +A,,, (42)
where
2amiw’ * o
Asg=———5—", s=x,y. (43)
8a,mm” w;

Figure 2(a) schematically illustrates the time evolution of the
initial Gaussian packet. The wave packet distributed along
the z direction keeps its original shape. However, in the x
direction, the shape of the Gaussian packet oscillates as time
evolution, its width change is shown in Fig. 2(b). In plotting
Fig. 2(b), we have taken the reasonable parameters acces-
sible in current experiments [11]: the width of the initial
Gaussian 1/a,=1/4 cm, the atomic density N/V=10' per
cube centimeter, the quantum number of the ground state
m$-=-2 with g§=1/2, the quantum number of the mestable
state m=0, and y;=27X2.87 MHz.

V. THE DEFLECTION OF DARK POLARITONS IN A
LINEAR MAGNETIC FIELD

In a recent experiment [11], a magnetic field with small
transverse gradient is applied to a A-type atomic medium. It
was observed that the light beam is deflected after the signal
light passing through the EIT gas cell This observation first
demonstrates that quasiparticles—dark-state polaritons have
a nonzero magnetic moment. This experimental observation
can be interpreted straightforwardly according to the above
quantum theory of spatial motion of polaritons in inhomoge-
neous fields.
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FIG. 2. (Color online) (a) Schematic illustration about the time
evolution for the center of the initial Gaussian state of the dark
polariton along z direction. (b) the time evolution of the variance in
the x direction. The variance is in unit of 0.1.

For simplicity, we assume the magnetic field

B(r)=By+Bx (44)

has a linear gradient along the x direction. We further allow
the input pulse to vary only in one transverse dimension,
says, in the x direction, which means that we neglect the y
dependence of the input pulse E. Then the two-dimensional
effective Hamiltonian for the dark polaritons reads

1
Hy=v,P_ + %Pi—,u,bo—,u,{x, (45)

where the parameters

{=2B, sin® 6, (46a)
by =2B, sin’ 0, (46b)
W= g = fg (46c¢)

can be controlled by the mixing angle 6. For an initial dark
polariton field with Gaussian spatial distribution «,=a,
=b72 as given in Eq. (37), the time evolution of the polariton
field reads U(t)=exp(—iH,t). By the Wei-Norman algebraic
method (see Appendix A) [15], the unitary operator U(z)
can be factorized as U;(t)=U,(¢t)U,(¢) with

Us(f) = e stP: e—i(z/zm)Pﬁ eitz(,u,(/2m)Px’ (472)

Ul (l) — eit,u,{xeiﬂbot—i(t3/3)(/.l.2{2/2m). (47b)
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<X>

——>

FIG. 3. (Color online) Schematic illustration about the spatial
resolution.

A straightforward calculation shows that, the initial
Gaussian packet evolves into

U 12
W(r) = (b2 7Tl> eim(bo—t%#g?/zm) e—(z—vgt)z/sz pimdx
+i
2uEN2(1.2 .t
x—t b —i
Xexp —( :m) (2 5 m) . (48)
2b" 4+ 2t°/m

At time 7, the center of the input pulse moves to v, along the
z direction and r*u{/(2m) along the x direction. When a dark
polariton is excited by the interaction between light and at-
oms, the dark polariton will achieve a velocity along the x
direction as

L
= L (49)
mv,
after it pass through the gas cell with length L. Therefore the
deflection angle reads

kBl sin® 6. (50)

In real experiment, the dephasing time is nonzero due to the
collision between atoms, which leads to the absorption of the
energy of the probe beam by the atomic medium.

The above results mean that the deflection angle of the
output pulse depends on the mixing angle # between the
signal field and the collective atomic polarization, the wave
number k of the input pulse, and the gradient B, of the inho-
mogeneous magnetic field. One can find that the magnetic
moment of the dark polariton has an effective value

Mpot = 4 sin” 6. (51)

By taking m,=-2 and m;=0, we find the effective magnetic
moment

Hpor = 281 1 sin® 0, (52)

which is exactly the theoretical result given in Ref. [11].
Next we consider the spatial resolution, which in optics
reflects the ability of this optical system to form separate and
distinct images of two objects (see Fig. 3). The spatial reso-
lution is defined here as the mean signal divided by its stan-

dard deviation
@ L, b
R=—-=¢ —, 53
Ax Ke 2mb* + 2 (53)

where the mean position (x) in the transverse direction and
the standard deviation Ax are given by
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%0

(x) = W ()xV (t)dxdz = tzg_ni , (54a)
2b4 + tZ
Ax = V(x?) - (x)? = mszmz (54b)

It can be seen that the spatial resolution increases as the
interaction time between light and atoms increases.

Actually, the phenomenon of light deflection in such an
inhomogeneous magnetic field can also be described without
using the concept of quasiparticles—dark polaritons. Here,
we show how to calculate the deflection angle « in Eq. (50)
according to the semiclassical theory. We begin the semiclas-
sical approaches by considering the evolution of the system
from Eq. (14) and (20a)—(20c). First, the atomic linear re-
sponse to the signal field has been explicitly reflected in Egs.
(20a)—(20c). Under the adiabatic approximation that the evo-
lution of the atomic system is much faster than the temporal
change of the radiation field, we can obtain the steady-state
solution for the atomic transition o-i,le) by setting all time de-
rivatives to zero in Eq. (20a)—(20c), namely,

m_ Lilwg—u)B+ylg g
= E~ —=uBE. 55
T T

Here, the undepleted control-field approximation is used and
v,~0 is assumed. This approach based on the atomic linear
response results in an effective potential for the motion of
signal slow-varying amplitude due to the spatial distribution
of the magnetic field. The spatial motion of the slow varying
amplitude is described by the following equation:

d o d C s
i—E+ic—E+_—V3E
ot Jz 2k
__lsPN
|

UBE =— (By+ Bix)E tan”> 6 (56)

which describes a shape-preserving propagation in the z di-
rection with velocity c.

For an initial Gaussian wave packet of E in the x-z plane,
after passing through the gas cell, the wave center shifts from
(x,2)=(0,0) to the well-defined position

B

(x,2) = (hLz tan? 0,L>. (57)
2kc

It can be obviously found that Eq. (50) is the deflection angle

in this approach.

VI. DEFLECTION OF LIGHT IN INHOMOGENEOUS
COUPLING FIELD

In this section, we turn our discussion to the deflection of
slow light in the atomic medium driven by a optical field
with an inhomogeneous profile, while the magnetic field is
uniform. This phenomenon was experimentally observed in
Ref. [12], where the cell filled with EIT-based atomic gas is
referred as an ultradispersive optical prism with an angular
dispersion. We note that the probe light is relatively strong in
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comparison with the control light in this experiment, thus the
susceptibility obtained from the linear response theory can-
not work well to explain the experiment phenomenon. In this
paper, we do not plan to explain the experiment data in Ref.
[12] in the strong coupling limit. Our main purpose is to
predict a new quantum coherent phenomenon for the light
deflection by the atomic media when the experiment is car-
ried out for the weak probe field.

We assume that the strong driving field has a Gaussian
profile

2
0=Q, exp{—z)c?} (58)

in the transverse direction. Here, we confine the problem to
two-dimensional space, the x-z plane. Then the transverse
Laplacian operator reduces into a one-dimensional operator
V2T=r72/ 2.

By invoking the steady-state conditions, it is found that
the polarization field o'(le), which serves as a source for the
electric fields in Eq. (143, is proportional to the slow varying
amplitude E given in Eq. (55). Under a strong, undepleted
driving field approximation, the coupling between atoms and
light induces a spatial dependent potential into the propaga-
tion equation. The spatial shape of this potential induced by
0';12 is completely determined by the profile of the Rabi fre-
quency (), which can be seen in the first identity of Eq. (56).
Thus, when the signal pulse parallel to the control beam
travels across the atomic cell, it will be scattered by the
effective potential. However, as the width of probe beam is
less than that of the control beam, the trajectory of the probe
light may bend when it is adjusted to the left side or to the
right side of the control beam profile; hence the probe and
control beams are no longer parallel after they go through the
gas cell.

In order to investigate this phenomenon, we assume the
probe beam is in a Gaussian state

_a)? 2
(x )_z_] (9)

1

E(0,x,2) = V/WCXP[ b2 p2
before it enters the gas cell, where b(<o) is the width of the
probe field and « is the initial location of the wave packet
center of the probe field along the x direction. The sign of a
indicates the incident position comparatively to the left- or
right-hand side of the control beam’s center x,=0, and the
magnitude |a| denotes the distance from the control beam’s
center. In order to investigate the evolution of this initial
state, we expand [Q)|~2 at the position a and retain the linear
term proportional to x—a.

With the above considerations, the paraxial equation in
Eq. (56) becomes

. C
iE +icd,E + iaﬁE: (70 + mx)E, (60)
where

2a?

2
7]0=—952(1 —y)lglzNA em(%), (61a)
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FIG. 4. (Color online) Schematic illustration about the ray de-
flection of the probe light in the presence of inhomogenous cou-
pling light. The solid line is the spatial distribution of the control
light.

2 2

N a
7= ZaA%Qaz exp(;) , (61b)
and A=(u,—u,)B. By making use of the Wei-Norman alge-
braic method [15], it is shown that, after passing through the
Rb gas cell, the center position (x,z)=(a,0) of the probe
field at time #=0 is shifted to

a2/o* |g|2N
o’ke’

x=a+ L*Q;*Aae (62a)

z=L. (62b)

If we track the motion of the center of the probe beam, a
mirage effect occurs. The sign of A and the incident position
a of the signal light determine whether the trajectory of
probe beam bends. When the magnetic field is absent A=0 or
the center of the probe field is collinear to that of the control
field a=xy=0, the trajectory of the signal light is a straight
line. We assign the positive sign for a as the probe beam is
shifted to the right with respect to the center of the control
light, and denote a <0 as the signal beam is shifted to the
left. When the probe beam is shifted to the right, in the case
of A<C0, the signal light feels a “repulsion potential” due to
the coefficient 7, >0, thus the trajectory bends to the left; at
the condition A>0, the signal light undergoes an “attractive
potential” in the atomic medium due to 7, <0, thus the tra-
jectory bends to the right. When a <0, it can be found from
Eq. (61a) and (61b) that due to the coefficient of the linear
potential larger than zero, i.e., A>0, the probe beam expe-
riences a “repulsion potential” within the EIT medium, and
its center is shifted to the left. As #, is smaller than zero, i.e.,
A <0, the probe beam suffers an “attractive potential” during
its passing through the EIT medium, hence its center is
shifted to the right. The corresponding schematic diagram is
given in Fig. 4, where the solid line is the spatial distribution
of the control light, the dash lines give the deflection at A
<0, the dotted lines describe the light trajectory at A>0 and
the black solid lines depict the light ray at A=0. The same
results about the deflection of light ray have been discovered
by us using the semiclassical theory [13].

From the point of particle nature, the force acting on the
particle is completely determined by the value and sign of
7. Thus for a particle passing through the point @ # 0, when
A =0, the particle does not feel any force, so it travels across
straightly, so does the particle at point a=0. For a particle
traversing through the position a(>0), when A <0, this par-

023816-8



QUANTUM THEORY FOR SPATIAL MOTION OF ...

ticle is subject to a negative force, which moves the particle
to the left with respect to it original place; however, when
A>0, it experiences a positive force, which makes the par-
ticle move to the right. Also for a particle going through the
place at a(<0), when A <0, the particle moves to the right
because of the action of a positive force; when A >0, it goes
to the left due to the action of a negative force.

We have to point out that the magnetic field is not neces-
sary for the occurrence of the above-described phenomenon.
For the model containing a A-type atomic ensemble interact-
ing with one control beam and one probe beam, similar phe-
nomenon can also be found as long as the two photon detun-
ing

A=A,-A, (63)

varies, where A,=w,,~ v is the detuning between the atomic
transition from Te) to |g) and the probe beam, A .=w,,— v, is
the detuning between the atomic transition from |e> to |s) and
the control beam. In order to clarify the dependence of light
deflection on two photon detuning A, we begin our descrip-
tion with the Hamiltonian in the interaction picture. In the
rotating frame with respect to

Hy= 0,0, + (0, +A)0+ (0, +A,)0,,,

the interaction Hamiltonian reads
, N
H, = -y & A0 + Aoy + (g0, E+ Qo +He)],

in the absence of magnetic field. The first order atomic tran-
sition operators have a similar form as Eqgs. (20a)—(20c) by
replacing u,B, u,B, and uB by A., A,, and zero, respec—
tively. Then the atomic transition operator O'(
which induces a potential dependent on the WO photon de-
tuning A.

In a real experiment, the dephasing rate of the forbidden
le)-|s) transition is nonzero due to atomic collisions, etc.
Therefore an additional anti-Hermitian decay term will be
introduced phenomenologically into the effective Hamil-
tonian

c ! !
Hyp=cp. + Zcpi + 15+ i (x—a), (64)

where 7; =-a;—ib;, j=0,1 are complex. Then it can be
found that after hght passing through the Rb gas cell, the
dephasing rate introduces two additional terms to Eq. (62a)

bc
x=a+%T2—b2b1T— b2k2T3 (65)

where T=L/c is the time for the light traveling through the

medium and
2a N|g|? <a2>A
a=— exp| —
o Qg o’

PHYSICAL REVIEW A 77, 023816 (2008)

2a Ng|? <a2>
=——5exp| 5
T P2

For an atomic medium with length L=7.5 c¢cm and density
N/V=10"? cm™, the dephasing rate y,~10"*y,. When a
control beam with width o=L/4 and frequency wv.=5
X 10" Hz is coupled to the atomic ensemble with =57y,
for the probe beam with width 0.07 mm incident at position
a=0/2, two additional terms b’*»;T=10"° and
b,c*T?/(b*k?) = 107> caused by dephasing are much smaller
than that of the term a,cT?/(2k)~5 X 107% induced by the
frequency detuning A, which means Eq. (62a) dominates the
distance in the transverse direction.

Next we investigate how the trajectory of the probe beam
behaves when an effective potential include the quadratic
term of x and y in the transverse direction. This induced
potential is obtained when we expand

2 2
Q2= 052 exp{x—+y—} (66)

around the center a, and a, of the incident beam with the
profile shape

Z+x-a)+(-a)
-2b%

1
E(0) = \’,Wexp{ } . (67)

By retaining the quadratic term of x—a, and y-a,. The
paraxial motion equation becomes

i0,E +ica.E+ i(aﬁ + PE=[V@)+VO)IE,  (68)

where

V(X) = [gxﬂ + g)(l(X - a)() + g)(Z(X_ a)()Z]E~
The coefficients for y={x,y} are

2
a
Lo=—0" eXp{ —22‘] , (69a)
(02
X
_2lgPN { @ ]
= a AQ exp| <% 69b
& 0?( o ©Xp oi (69b)
2 2
+2 a
Lo =— X0 g PNA exp|:—2‘:| (69¢)
20'X O'i
After a period of time, the Gaussian state will evolve into
E(t) = U(t)E(0), (70)
where the evolution operator
P>+ P?
U(t) = exp{— i(ch+ # + V(x) + V(y))t} . (71)
m

Here, we assume that the detuning A is always negative. The
Schrodinger-type Eq. (68) governs the evolution of the wave
function of the signal light in the atomic medium. And the
trajectory of light ray is described by the mean value of the
coordinate operator
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FIG. 5. (Color online) Schematic illustration about the ray tra-
jectory of the probe light in three-dimensional space.

Xe=(X)= f E"()xE(t)dx, (72)

with y € {x,y,z}. An explicit calculation gives (see Appendix
B)

1 — cos(w,,1)

Xe =0y = 6x1 ) s (733.)

m ox

1 —cos(w,, 1)

Ye=ay= by 5, (73b)

m' g,
z.=ct (73¢)

with the angular frequency

Wox = N2Lalm’, @y, =N28p/m'". (74)

As the light travels across the atomic medium, the light
ray—the center of the wave packet oscillates around the ini-
tial center in the transverse direction

w)
X,=a,+ %IZ (COSLZC - 1), (75a)
m' w,, ¢
gyl WoyZe
Ye=ay+ — 5 |cos—— —1]. (75b)
m' o ¢

oy

The anisotropic motion and potential in Eq. (68) result in
that, light travels in a straight line in the z direction since it
acts as an ultrarelativistic particle with velocity ¢, however
the light oscillates in the x-y plane because it behaves as a
nonrelativistic particle with effective transverse mass m’
=k/c. If {;,={,, the light ray is a line with finite length in
the transverse direction. In Fig. 5, we schematically illustrate
the wave packet center of the probe light in three-dimension
space when {y, # .

VII. SUMMARY

In conclusion, we have developed a quantum approach for
the spatial behavior of propagating light when it passes
through an EIT system with spatial-dependent external fields.
By studying the dynamics of the atomic ensemble and the
light pulse, the effective Schrédinger equation is derived to
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depict the space-time evolution of quasiparticles where the
effective potential is induced through the steady atomic re-
sponse in the external spatial-dependent fields. For a mag-
netic field with a spatial distribution in the transverse direc-
tion, by considering the evolution of the Gaussian state, we
showed that (1) in a harmonic magnetic field, the light tra-
jectory is a straight line and (2) in a linear magnetic field, the
light ray bends to the direction where the magnetic gradient
increases. The deflection angle depends on four external pa-
rameters: the mixing angle between the signal field and the
collective atomic polarization, the wave number of the signal
pulse, the length of the EIT gas cell, and the small magnetic
field gradient. In an inhomogeneous optical control field, we
predict some results accessible on the light ray behavior. In
the linear response limit, it is found that the deflection of the
light ray can be controlled by two controllable external pa-
rameters: the center position of the probe beam with respect
to the control light, and the two photon detuning. In the
quadric expansion of coupling amplitude, the light trajectory
generally oscillates in the atomic medium.

Finally we note that our study is based on a quantum
theoretical approach. In our previous paper [13], the Fermat
principle is applied to study the light trajectory in this atomic
medium, and similar results are obtained, but that approach
is a semiclassical theory, which can be understood in terms
of the Eikonal equation with the optical WKB approximation
of our approach. Though this semiclassical approach can ex-
plain the most recent experiment [11] about the light deflec-
tion by an EIT-based rubidium gas, it cannot be further de-
veloped for the investigation of photon state quantum storage
since the signal light was assumed as a classical field. The
quantum approach assumes the probe light is quantized, thus
this approach can be used to investigate the possibility for
realizing a protocol for quantum sate storage with spatially
distinguishable channels based on the EIT-enhanced light de-
flection.
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APPENDIX A: FACTORIZATION OF UNITARY
OPERATOR Uj;

Since the unitary operator U,; is exponential, factorizing it
means to express the exponential of a sum of operators in
terms of a product of the exponentials of operators. The uni-
tary operator Uj; is an element of the group generated by the
momentum operators P,, P, and the coordinate x. Since P,
commutes with P, and x, the unitary operator can first be

factorized as
U= e sy, (A1)

where
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1
Lm=eﬂ{—'(_ﬂf—ﬁwo—M&)J (A2)
2m
only contains operator P, and x, which generate the Lie al-
gebra with the basis {x,Px,Pi,l}. Thus, operator U); can be
factorized as the form

(A3)

2
!
Uli = eglnggZnggf;ngél’

and g;=g,(r) are unknown functions of time ¢ to be deter-
mined.

Mathematically, the above factorization ansatz is based on
the Wei-Norman algebraic theorem [15]: if the Hamiltonian
of a quantum system

K
j=1

is a linear combination of the operators X; that can generate
a N-dimensional Lie algebra with the basis:
X1, X5, o X Xty - Xn}s

then the evolution operator governed by H can be factorized
as a product of the single parameter subgroups, that is,

(A5)

N
U= []e59%, (A6)
j-1

where the coefficients §j(t) can be determined by the “exter-
nal field parameters” C;(r) through a system of nonlinear
equations.

Now, we differentiate Eq. (A3) with respect to ¢ and then
multiply the resulting expression on the right-hand side by
the inverse of Eq. (A3), obtaining

1 g1 5 (582 38%) g3

— P2 plx— pby=i—— P> +iP,| == - 2ig,—> | + ix—>

2m pbx = pbo gt T\ T, ot
984 @5’3)

+il ——-ig,—|. A7

(at 827 (A7)

This leads to a system of coupled differential equations

14 1
8- — (A8a)
at  2m
983
— = ud, AS8b
i =K (A8b)
[ 982 .(783>
— —2gi— | =0, A8
l( a (A8c)
(984 .983 )
—— —i— g, | = uby. A8d
l( ot lat 82| = Mbo ( )
The solution to these equations reads
t
g1=— i_, (A9a)
2m
g3 =itud, (A9b)
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8= ig—nitz, (A9c)
£ g
g4= iu(bot - 5% . (A9d)

Therefore the unitary operator U, is factorized into the form
given in Egs. (47a) and (47b).

APPENDIX B: CALCULATION OF LIGHT TRAJECTORY
IN QUADRATIC POTENTIAL

In the presence of the quadratic term of coordinates, the
evolution operator U(r) in Eq. (68) is generated by the effec-
tive Hamiltonian Hy;=H +H,+H,:

H,=cP, (B1)

P2
Hy= S5+ V(). (B2)
H —P—i Vi B3
= V. (B3)

The evolution operator can be factorized as

U(t) = U () Uy (1) U,(t) (B4)
with
U,=U,[(t)= e, (B3)
U,=U,(1)=e™, (B6)
U,=U\(t)=e (B7)

The expectation value of the coordinator along the x direc-
tion is calculated as

(x)= f E*(0)U' () xU(1)E(0)dx
= f E*(0)U'xU,E(0)dx

=a .+ f E*(0)U'(x - a,) UE(0)dx, (B8)

where commutation relation [x,P,]=id,, is used to obtain
the second identity in Eq. (BS).

Actually, the effective Hamiltonian H, describes a har-
monic oscillator with its origin displaced from a, to other
place. Thus, we rewrite the coordinate and momentum op-
erators in terms of the creation and annihilation operator
{d',d}:

1
n=——=(d"+d), (B9)
\2m' w,,
CImw,, .
P,=i T(d‘—d) (B10)

with the inverse relation
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mo,, . 1
d= 5 N+ o P, (B11)
oxX
. mw, . 1
d' = > n—i ' P, (B12)

where p=x—a, and w,, is given in Eq. (74). The effective
Hamiltonian H, can be diagonalized as

.1
H,. = wox(d7d+ E) (B13)
by a displacement operator
D(B)=exp(Bd’ - B'd) (B14)

with
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gxl

W N2m' w,,

B=B"=- (B15)
Then the evolution operator is factorized as the product of
three operators

Ux — D(B)e—iwux(deH/Z)tD—l(IB) ) (B 16)

In terms of the creation and annihilation operators, the center
of the light wave packet

cos(w,,t)

=a,+———==| E*0)(d" +d)E(0)d
()=a oo (0)( )E(0)dx

sin(w,, ¢ N cos t
4 S0 [ 00 — ) E(O)dx — 222 2ert)
V2m' w,, \2m' @,
2
B (B17)
V2m' w,,

Back to the coordinate and momentum operators, the center
of the wave packet in the x direction is obtained as Eq. (73a).
In a similar way, Eq. (73b) can be achieved.
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