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We investigate the validity conditions of the single-mode approximat&8MA) in a spinor-1 atomic con-
densate when effects due to residual magnetic fields are negligible. For atomic interactions of the ferromag-
netic type, the SMA is shown to be exact, with a mode function different from what is commonly used.
However, the quantitative deviation is small under current experimental condifion$’Rb atoms. For
antiferromagnetic interactions, we find that the SMA becomes invalid in general. The differences among the
mean-field mode functions for the three spin components are shown to depend strongly on the system mag-
netization. Our results can be important for studies of beyond mean-field quantum correlations, such as
fragmentation, spin squeezing, and multipartite entanglement.
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Trapped atomic quantum gases have provided a remark- - Co + 4
able testing ground for quantum many-body thedry Since Hs= f dr( Walag¥Vpt 5V VgV eWal, ey
the discovery of the first atomic Bose-Einstein condensate
[2], mean-field theory has been applied with great success igith Lop= —#%2V2/2M + V4, and an asymmetric part
these systems, arguably becau$glow-energy atom-atom
interaction can be simply parametrized bysawave scatter-
ing lengthag. where atoms behave as hard spheres of effec-
tive radii a;; and (2) most current atomic gases are dilute S
with densitiesn satisfyingna.<1 [3]. Increasingly, theoret- Where¥, (a=0,=) denotes the annihilation field operator
ical and experimental attentions are directed towards beyon®" the ath componentF ., , ; are the spin-1 matrix repre-
mean field effects. In this regard, spinor-1 atomic condensSentation, and a summation over repeated indices is assumed
sates have become a prototype system for many recent stuél-Eds.(1) and(2). The external trapping potentigl,(r) is
ies[4—7). Several interesting results have already been obSPin independent as in a far off-resonant optical dipole force
tained, e.g., multiparticle and continuous variable-typelr@P (FORT) which makes atomic spinor degrees of freedom
entanglemenf4], spin mixing[5], spinor four-wave mixing completely accessible. The pair interaction coefficients are
[6], and super f , Co=4mh?(a+2a,)/3M and c,=4nh?(a,—ay)/3M, with

, per fragmentation and coherent fragmentafign , , )
The single-mode approximatidiSMA) is often adopted for a, (ay) th_e swave scattering length for two _spm-l atoms in
these studies when a mean-field approach with a vectoria“‘e con;]blne_d symwe_tnc _channel of total Shp'ﬂzm Jhﬁ only
order parameter becomes inapproprig&-10. Beyond s:gte (il,?\g%gg fpo ISI|C_)|I"I n Eﬁ?)hoccurs t rought € cou-
mean field quantum effects have been found both when theR'"9 oroms -+h.c., whic cE)ns?rves t f system
is no external field§5,6] and when there is an external mag- Magnetization M= fdr(F)=[dr[¥ W —W¥_¥_].
netic or optical field 11—15. To justify the use of the SMA, M-changing inelastiq*bad”) collisions occur at a much
earlier studies often compared with solutions of the coupledonger time scale as compared with a condensate’s typical
Gross-PitaevskiiGP) equation for the different spin compo- Ilfetlme, and therefore are e_xcluded he_re as in all previous
nents and enforced an upper limit on the number of atomStudies. Although the real-time dynamics governedtby
[4,11]. While there is not a generally adopted limit, it is +Ha conserves the total atom numbar=fdr[¥w v,
typically estimated thaN should be less than 4pa rather +W¥{Wo+W ¥ _]andM, the ground state obtained from a
small number for current experiments. global minimization ofH s+ H , is not automatically guaran-

In this paper we investigate the validity conditions of theteed to have the samid and M. We therefore introduce
SMA in spinor-1 atom condensafé6,17. Our initial aim  separate Lagrange multipliefs to guarantee the conserva-
was to provide a reliable thermodynamic phase diagram for &on of M and the chemical potential to conserveN. The
trapped spinor-1 atomic gd48]. Surprisingly, interesting ground state is then determined by a minimization of the
zero temperature results from the coupled GP equations réree-energy functionaF=Hg+H,— uN—BM. Mathemati-
veal intricate relationships of the mode functions for thecally, this task turns out to be highly nontrivial. In fact, most
three spin components due to the constraint on the systeprevious discussions on spinor-1 condensates did not mini-
magnetization. mize H under the constraint of a conservéd. Therefore,

We consider a spinor-1 atomic condensate in the absendbeir resulting ground states are the global ground states that
of an external magnetic field. As partitioned by Lawal. can only be reached if the system can coherently adjust its
[5], the system Hamiltoniail separates into a symmetric initial M value. Such a situation is inconsistent with current
part (under spin exchange experiments.

Co -
HA:EJ dr¥l(F ) sV sV L(F,) Y, 2
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One of the strongest physics support for the SMA comes 0.5

from the fact thaia,~a, for a spinor-1 §’Rb) condensate. 0.4

This gives rise tdc,|<|cq| [5,9]. ThusH 4 is much smaller €03

as compared witiHg, and can be considered as a perturba- 202

tion by assuming the SMA 0-;

N N 0 0:2 0.4 0.6 0:8 1
Vo (N=a,psuall), a=0=x, (3 N

R FIG. 1. The M dependence oN, in the ferromagnetic case.

i.e., with a common mode functio#sya(r) (normalized to  The solid line showsNy/N=(1—M 2/N?)/2, while the dots are
1). The Fock state boson operatoss, satisfy [aa,al;] numerical results. The agreement is remarkable.

=04y, [24,8,]=0. ¢SMA(F) is determined fronH g alone
(WIthOUt HA) aCCOI’ding td5] e7(XZ/ZQ§+y2/2q)2,+ZZ/2q§)e7ik":, WhereqX’ qy, qZ’ andlz are
202 adjustable parameters that shall not affect the final converged
— o Vet coN| dsmal®| dsmalr) = e sua(r). solution. In the simplest case for the ground state, we assume

@ ®,(r)=|D,(r)|e'’% with 6, a global phase independent of
r. Then only the relative phaske=26,— 6, — 6_ shows up

It shares similar physics of the often used spin-charge sepd F with a term proportional ta,|® & _®f|cosA. This
ration in condensate matter systems. Since its introductiorgives A=0 (for c,<<0) or = (for ¢,>0) whenF is mini-
the SMA has been used frequenfi§—7,19. A notable ex- mized[25], a conclusion also verified by numerical calcula-
ception is the work by Ued&20], who went beyond the tions. As first stated by Hq9], the spinor-1 condensate
SMA by studying a translational invariant system with the HamiltonianH=Hg+H, is invariant under gauge transfor-
use of a plane-wave basis. Correlations between spatial andation e'ﬁ ~and spin rotations  U(a«,B,7)
spinor degrees of freedom were then shown to lead to effects e 'Fz*e~Fvfe~IF2", For the ground state that conserves
associated with density waves and spin waves. For a trappeti!, however, the spin rotation symmetry is reduced to the
system as studied here, the use of a plane-wave basis babgroup S@) generated bye 'Fz*. Thus irrespective of
comes inappropriate. the signs of c,, a transformation of the form
The same SMA is sometimes also used in a spin-1/2 syse %™ 2%+~ )2 can always reduce a complex solution to

tem by assumingbo(r) = ¢1(r) [21-24. This is less critical & real ong25]. o _ _

as the resulting Hamiltonian proportional 8§ remains in When B=0 as for ferromagnetic interactions with any

the same symmetry group in the Schwinger boson represeN@lues of magnetization{=<N or for antiferromagnetic in-

tation, although with a different coefficient and the presencderactions withAM1=0, we find|¢.[=|¢_| from the sym-

of additional linear terms id,, . The validity of the SMAin ~ metry of Eq.(5). We then rescale the wave functigh,

this case has been tested recently using the rigorous positive=®, /N, such that¢, is normalized to A fdr|®,(r)]?

P approacH23,24]. =N,, the number of atoms in th@gth component the
For a spinor-1 condensate, however, complications arisesymmetric interaction energy then becomes

when spin component mode functions are taken to be differ-

ent. The effective Hamiltonian thus obtained contains no an-

gular momentum symmetry at all in its corresponding EAZEJ dF[(N+|¢+|2—N,|¢,|2)2

Schwinger boson representation. This naturally calls for a 2

critical investigation of the SMA. To check the validity of the +2N.N 2l 242NN 20 4 |2
SMA, we start with the mean field and find separate spin +Nol &+ ol ~Nol &% ol
component mode functiofaV' ,)=®, (at zero temperatuye +4No(N N ¢po|?| b || p_|cosAT. (6)

The dynamics ofd , for the ground state is governed by

Hs*Ha, which obeys the following coupled GP equation: For ferromagnetic interactions{<0 andA=0), we thus

ihd . =[H—B+cy(n, +ng—n )], +C,020* | prove in general thaE, is minimized when

ihdo=[H+Co(n,+N_)]Do+2c,dED . D_, (5) |p|=[dol=1-|=14l, (7

ih®_=[H+B+cy(n_+ng—n_,)]d_+c,d3d*, and Ng/N=(1—M?/N?)/2. The latter resul{independent
of all other parametefsvas first obtained in Ref11] assum-
with H=—#%2V2/2M+ Vet con, n,=|®,|?, and n=n, ing the SMA, i.e., essentially assuming E@). Our numeri-
+ng+n_. We have developed a reliable numerical algo-cal solutions closely follow this as shown in Fig. 1. For
rithm based on propagating EE) in imaginary time (t) antiferromagnetic interactionsc{>0), B=0 holds only
that converges to the ground state while maintaining the corwhen M=0. In this case, usind = r, we prove in general
servation of botiN and M. We take the initial wave function thatE, is minimized to zero under Eq7), while N, can be
to be a complex Gaussian with a constant velocity, i.e.any value<N [11].
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FIG. 2. The original(left column and the renormalize@ight
column wave functions along radiglipper paneland axial(lower
pane) directions for thet+ (solid line) and the— (dashed lingspin
components. Other parameters &Fe 3.16X 10°, M/N=0.5, and
A=2. All lengths are in units of/A/Mw,.

For antiferromagnetic interactions\{#0), we find that
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FIG. 4. TheM dependence of energy compone(its units of
fhw,) E. (solid line), E, (dashed ling and BM (dash-dotted ling
for the >Na atom at\ =1 andN=23.16x 10°.

Under these conditions, we find uniformly tHat| gsya)l
~1 essentially becauge,|<|cy.

For antiferromagnetic interactions{>0), the following
two special cases arisét) when M =0, using Eq.(5), we
prove that| ¢ ,|=|psual, Which means the SMA is exact in
this case(2) when M =N, ¢, satisfies the same equation as

mode functions for the three spin components are differenEg. (8), so its derivation from the SMA only originates from

(see Fig. 2 Further analysis show th&t, is minimized if
No=0 [11].

We now discuss the relationship of E) to the SMA
Eq. (4). We note that the validity of Ed7) (includingH,) is
in fact not equivalent to the validity of the SMé&xcluding
H,). For ferromagnetic interactions, with E¢r) and the
relation betweerN, and M, Eq. (5) simplifies to

h2v? - -
~ S Vextt (ot CONGI? | (1) =p(P).  (®)

This shows tha¢(F) is independent ofM, and its deviation
from ¢gya comes only from the, term. This result can in

fact be easily understood. Sincg+ c,=4mh%a,/M, d)(F)

the c, term. For 2°Na atoms, we us&,=50ag and a,
=55ap [27] as an example in this case. Other parameters
used are the same as in the ferromagnetic case. Sigce
=0, we consider only thex components. Figure 2 shows
the original and renormalized wave function fbi=3.16

X 10°, MI/N=0.5, and\=2. We see clearly tha#, and

¢ _ are different. Figure 3 shows the magnetization and atom
number dependence ¢f¢_|dsua)| for a spherical trap.
Since the+ component contains the majority number of
atoms, it is natural to find(¢ ., |psua)|~1. The value of

[{ b+ |psmayl at M~N also indicates that the deviation con-
tributed byc, alone is also small fof*Na atoms. While for
[{¢_|psua)l we see it becomes as low as 0.75 wHen
=3.16x 10° and whenM approached\. To distinguish the

of Eq. (8) is simply the ground state of the GP equation fordifferent sources of deviations, we pIEtCO=(CO/2)den2,

an atomic scattering length @f,. In a ferromagnetic state,

atomic spins are aligned locally. Two such atorfs §=1)

only collide in the symmetric total spik=2 channel. For
quantitative results, we comparfa| ¢sua)| for 'Rb atoms
with ap=101.8&g and a,=100.45 [26] (ag is the Bohr

EA, andBM in Fig. 4. We see that thBM term contributes
the most. In Fig. 5 the overlap integral is shown to also
depend on the trap aspect rakio

Finally, we discuss the implications of our result on the
macroscopic alignment of the total spin of a spinor conden-

radiug. Other assumptions are the typical radial trap fre-sate. For ferromagnetic interactions, the spatial distribution

quency w,=2m7X10° (Hz), the axial trap frequency,
=\w,, and A\=0.1, 1, and 10. We also tookl=3.16
X 10° and varied the total magnetizationt/N from 0 to 1.

0 J0gypa)!
& o

o
o~

FIG. 3. M and N dependence of the overlap integral

[(p_| psmad| for ZNa atoms k=1). (. |dsua)| is essentially 1
to within £0.001 in the same region.

of the total spin(F(r))=3,z®%(r)F,z® 4(r) is found to
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FIG. 5. The overlap{¢|psua)l for A=0.1 (solid line), 1
(dashed ling and 10(dash-dotted ling
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be pointed along the same direction, i.e., inczlepzendent of thg_ differs significantly if bothN and M are large. In this
spatial coordinates. Using=0, No=N(1—-M“/N%)/2,and  case theBM term contributes the most to the deviation. Our

N..=N(1=M/N)?4, it can be expressed as conclusions from this study apply to the ground states of a
spinor condensate. For dynamic problems Réfl], the
N2_M2C036+_00) pl Yy | p I{ ]

SMA may become worse. Our study suggests that instead of
(F(N)Y=]a(N)|?| —YN?—M?2?sin(0,—6) | . (9 making the SMA as in Eq(3), an improved SMA could
M consist of‘Ifﬂ=aM¢M(F), where the mean-field solution

CDIL(F) and its associated effective spin mode functipp

For antiferromagnetic interactions, we find =®,(r)/\N, are obtained under the constraints of con-
0 servedN and M. Such an approach can be important in

o studying beyond mean-field quantum correlations. In a forth-
(F(r))= 0 , (100  coming paper, we will report some results on condensate

N |y (N2=N_[$_(N)? fragmentation.
In summary, we have presented a detailed investigation of

a state with all spins aligned in thez direction. It reduces the SMA for a spinor-1 condensate and pointed out interest-
to (F(r))=0 for M=0. ing structures of its ground state for both ferromagnetic and

To conclude, we presented both analytic and numericafntiferromagnetic interactions.
studies of the validity of the SMA. We find that deviations of

the ground state solution from thsya(r) come from two This work is supported by the NSF Grant No. PHY-
sources: the, or the B (due to conservation aM) term. 9722410 and by a grant from the National Security Agency
For ferromagnetic interactions, the only source is the (NSA), Advanced Research and Development Activity
term, which is negligible fo?’Rb atoms. One can therefore (ARDA), and the Defense Advanced Research Projects
safely use the SMA. For antiferromagnetic interactions, ifAgency(DARPA) under Army Research OffigdRO) Con-
M=0, ¢gua becomes the exact ground-state wave functiontract No. DAAD19-01-1-0667. Partial support from the NSF
For M>0, however, one can still use thfgyy for ¢, , but  of China is also acknowledged.
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