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Semiconductor-cavity QED in high-Q regimes: Detuning effect
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The nonresonant interaction between the high-density excitons in a quantum well and a single-mode cavity
field is investigated. An analytical expression for the physical spectrum of the excitons is obtained. The spectral
properties of the excitons, which are initially prepared in the number states or the superposed states of the two
different number states by the resonant femtosecond pulse pumping experiment, are studied. A numerical study
of the physical spectrum is carried out and a discussion of the detuning effect is presented.
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I. INTRODUCTION

The optical properties of the semiconductor structu
have been the subject of intensive experimental and theo
ical investigations during recent years. Technical progres
the semiconductor crystal growth has made it possible
control semiconductor structures in all three spatial dim
sions. Experimentally, physicists can fabricate the quan
wells, in which a thin semiconductor film is sandwiched b
tween different materials via heterojunctions so that the m
tion of carriers is confined in the two-dimensional thin-fil
plane. This confinement of carriers to two dimensions gi
rise to new quantum effect not observed in bulk materia
for example, an electric-field-induced energy shift of t
resonance, which is called the quantum-confined Stark e
@1#. Multidimensional quantum-confined structures, such
quantum wires and quantum dots, are expected to fur
improve the quantum effect of the optical devices. Expe
ments have shown that the confinement of carriers in th
low-dimensional semiconductor structures~LDSS’s! can re-
sult in novel optical-electronic effects, which may lead
fabrication of new optical components. Some new fascin
ing achievements in the areas, such as semiconductor m
cavity ~SMC! quantum electrodynamics~QED!, quantum-
dot microlaser and turnstile device@2#, quantum computer
with quantum dot@3,4#, and semiconductor random laser@5#
etc., encourage the study of optical-electronic properties
these microstructures.

The present trend toward smaller-scale nanostructures
the continuous development of new and improved mater
have started a steady progress towards fabrication of m
ideal optical microcavities. If an LDSS is placed in an SM
the optical mode structure of the SMC will change arou
the LDSS. Using this effect, many interesting phenome
such as tailoring the spontaneous-radiation pattern and
@8–10#, the coupled exciton-photon mode splitting in a sem
conductor quantum microcavity@11#, have been demon
strated. Therefore, the investigation of optical properties
an LDSS placed in a semiconductor cavity is very import
and necessary for theoretical and experimental physicist
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It is known that the interaction between the light and the
microsystems occurs via the exciton@6,7# which is an
electron-hole pair bound by the Coulomb attraction. The
diation of the exciton exhibits the super-radiant charac
The initial theoretical@12# and experimental@13# studies
were focused on the super-radiance of the Wannier exci
in semiconductor microcrystallites. Then, the super-radia
of the Frenkel excitons was observed inJ aggregates at low
temperature@14,15#. In 1995, the super-radiance of high
density Frenkel excitons in a R-Phycoerythrin~R-PE! single
crystal was observed at room temperature for the first t
@16#. We have studied the spontaneous radiation of the F
kel excitons in a crystal slab under the condition of lo
excitation with an exactly solvable model and show its s
perradiance nature@17#. We have also discussed th
quantum-statistical properties of the output field and
semiconductor QED for the high-density excitons in a se
conductor microcavity@18,19#. In the former works, our
main interest was the resonant interaction between the e
tons and the cavity field. But we know that the detuni
between the cavity field and the exciton always affects
radiation properties of the exciton in the quantum well@20#.
So in this paper we will discuss a general model of the
teraction between the high-density excitons in a quant
well and a single-mode cavity field.

In Sec. II, we give a general theoretical model of t
nonresonant interaction between a single-mode cavity fi
and the excitons. By virtue of Schwinger’s representation
the angular momentum using two boson modes, we appr
mately obtain the analytical solution of the system. In S
III, the stationary physical spectrum of the excitons, whi
are initially in the number state or the superposed state
two different number states, is presented. A comparison
these results with those of the resonant cases will be
given. Finally, a brief summary and conclusion are presen
in Sec. IV.

II. THEORETICAL MODEL AND ANALYTICAL
SOLUTION

In this section, we present a theoretical model to study
interaction between a quantum well and a single-mode ca
©2002 The American Physical Society05-1
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field. We assume that the cavity and the quantum well
ideal, and they are in an extremely low-temperature circu
stance. The quantum well interacts with the cavity field
the exciton, which is an electron-hole pair bound by the C
lomb attraction. At extremely low temperatures, the therm
momentum of the excitons is so small that the thermali
excitons can be neglected. Then there are only excitons
zero in-plane momentum. It is well known that when t
density of the excitons becomes high, the ideal boso
model of the excitons is no longer adequate~in the case of a
GaAs quantum well, the ideal bosonic model becomes in
equate when the density of the excitons exceeds
3109 cm22 @21#! for a theoretical study. However, we ca
describe exciton operators as hypothetical bosonic opera
In order to deal with the deviation of the exciton operato
from the ideal bosonic operators, we introduce an effec
nonlinear interaction between these hypothetical id
bosons to correct the high excitons density effect@22,23#.
These considerations lead to the following Hamiltonian a
the rotating-wave approximation is made@19,22#:

H5H01H8 ~1!

with

H05\v1a†a1\v2b†b1hg~a†b1b†a!, ~2a!

H85\Ab†b†bb2\n~a†b†bb1b†b†ab!, ~2b!

whereb†(b) are the creation~annihilation! operators of the
excitons with frequencyv2 , anda†(a) are the creation~an-
nihilation! operators of the cavity field with frequencyv1 .
We assume that both of them obey the bosonic commuta
relation @b,b†#5@a,a†#51. g stands for the interaction
strength between the cavity field and the excitons.A repre-
sents an effective interaction constant between the excit
A is assumed as a positive-real number, which means tha
biexcitons are not stable in this system of the quantum w
So, it is reasonable to consider that only excitons are pre
in the quantum well.n is a positive real number that de
scribes the phase-space filling factor. The ratio of the pha
space filling factor to the interaction constant of the excito
is aboutn/A50.3 @24#. For the sake of simplicity, we as
sume that the parametersA andn are of the same order, o
A2,n. In that case, it is convenient to give the solution
Eq. ~2a! using Schwinger’s representation of the angular m
mentum for two-mode bosonic operators@25#. Angular-
momentum operators can be constructed as

Jx5 1
2 ~a†b1b†a!,Jy5

1

2i
~a†b2b†a!,

Jz5
1
2 ~a†a2b†b!, ~3a!

and total number operator as

N̂5a†a1b†b, ~3b!
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using the ladder operatorsa†, a of the cavity field and the
exciton operatorsb†, b. It is obvious thatN̂ is the constant of
motion with respect to the Hamiltonian~1!. Then the total
angular-momentum operator can be expressed as

J25Jx
21Jy

21Jz
25

N̂

2
S N̂

2
11D . ~4!

For any fixed total particle numberN, the common eigen-
states ofJ2 andJz are

u jm&5
~a†! j 1m~b†! j 2m

A~ j 1m!! ~ j 2m!!
u0&, ~5!

with the eigenvaluesj 5N/2, andm5N/2,...,N/2, whereujm&
are the Fock states withj 1m photons in the cavity andj
2m excitons in the quantum well, respectively. Althoughj
6m must be integers,j andm can both be integers or both b
half-odd integers. If we define

V5 1
2 ~v11v2!, D5 1

2 ~v12v2!, ~6!

then Eq.~2a! can be simplified to

H05\VN̂1\G~sinuJx1cosuJz!5\N̂1\Ge2 iuJyJze
iuJy

~7!

in terms of an SO~3! rotation eiuJn of \VN̂1\G(sinuJx

1cosuJy) with G5AD214g2 and tanu52g/D. The eigen-
functions and eigenvalues of Hamiltonian~7! are, respec-
tively,

uc jm
~0!&5e2 iuJyu jm&, Ejm

~0!5\~NV1mG!. ~8!

It is clear that eigenfunctionuc jm
(0)& represents a dressed e

citon state or a polariton state. Based on Eq.~8!, using per-
turbation theory and keepingA andn parameters up to thei
first order, we obtain the eigenvalues of the Hamiltonian~1!
as

Ejm5Ejm
~0!1^ jmueiuJyH8e2 iuJyu jm&, ~9a!

and

uc jk&5uc jk
~0!&1 (

nÞk

^c jn
~0!uH8uc jk

~0!&

Ejk
~0!2Ejn

~0! u c jn
~0!&. ~9b!

In order to obtainEjm anduc jk&, we first calculate the matrix
elements of the perturbation term as follows:
5-2
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^c jn
~0!uH8uc jm

~0!&5hFAS cos
u

2D 4

1n sinuS cos
u

2D 2G~ j 2m21!~ j 2m!dn,m1\@A~sinu!22n sin 2u#~ j 22m2!dn,m

1hFAS cos
u

2D 2

sinu2n cosuS cos
u

2D 2

1
n

2
~sinu!2G~ j 2m!A~ j 1m!~ j 2m11!dn,m21

1\FA

4
~sinu!22

n

4
sin 2uGA~ j 1m!~ j 1m21!A~ j 2m11!~ j 2m12!dn,m22

1\FA sinuS cos
u

2D 2

2n cosuS cos
u

2D 2

1
n

2
~sinu!2GA~ j 2m!~ j 1m11!~ j 2m21!dn,m11

1\FA sinuS sin
u

2D 2

2n cosu S sin
u

2D 2

2
n

2
~sinu!2GA~ j 1m!~ j 2m11!~ j 1m21!dn,m21

1\FA sinuS sin
u

2D 2

2n cosuS sin
u

2D 2

2
n

2
~sinu!2GA~ j 2m!~ j 1m11!~ j 1m!dn,m11

1\FA

4
~sinu!22

n

4
sin 2uGA~ j 1m11!~ j 1m12!A~ j 2m!~ j 2m21!dn,m12

1\FAS sin
u

2D 4

2n sinuS sin
u

2D 2G~ j 1m!~ j 1m21!dn,m , ~10!
ll,
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and then write the eigenvalues of the Hamiltonian~1! as

Ejm5\VN1\Gm1h@A~sinu!22n sin 2u#~ j 22m2!

1\FAS cos
u

2D 4

1n sinuS cos
u

2D 2G~ j 2m21!~ j 2m!

1\FAS sin
u

2D 4

2n sinuS sin
u

2D 2G~ j 1m!~ j 1m21!.

~11!

All the eigenfunctions of the Hamiltonian~1! can be easily
obtained using Eq.~9b! and Eqs.~8! and~10!. Then the time
evolution operators of the system can be written as

U~ t !5e2~1/\!Ht5(
j 50

`

(
m52 j

j

e2 i t ~Ejm /A!uc jm&^c jmu.

~12!

Consequently, for any initial stateuc(0)&, the time-
dependent wave function can be obtained asuc(t)&
5U(t)uc(0)&.

III. RADIATION SPECTRUM OF EXCITONS

Under the condition of ideal cavity, ideal quantum we
and extremely low temperature, both the excitons and
cavity field have zero linewidth. The assumption of ide
quantum well is important to eliminate the linewidth of e
citons that may be caused by the fluctuations of the quan
well. So the only broadening mechanism comes from
detecting spectrometer for which the physical spectrum
be defined as@26,27#
02380
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S~v!52gE
0

t

dt1E
0

t

dt2 exp@2~g2 iv!~ t2t2!#

3exp@2~g1 iv!~ t2t1!#G~ t1 ,t2!, ~13!

whereg is the half-bandwidth of the spectrometer, andt is
the time length of the excitation in the cavity.G(t1 ,t2) rep-
resents the dipole correlation function of the excitons and
defined as

G~ t1 ,t2!5^c~0!uB†~ t2!B~ t1!uc~0!& ~14!

with the initial state uc(0)& of the system, andB†5b†

2nb†b†b (B5b2nb†bb), where the second term come
from the correction of the phase-space filling effect@28#.
Taking into account the fact thatb(t)5U†(t)bU(t), we can
obtain the correlationG(t1 ,t2) as

G~ t1 ,t2!5^c~0!uU†~ t2!B†U~ t2!U†~ t1!BU~ t1!uc~0!&

5 (
j ,k,l ,m,n

^c j l uB††uckm&^ckmuBuc jn&^c~0!uc j l &

3^c jnuc~0!&eiv j l ,kmt2e2 iv jn,kmt1 ~15!

with v j l ,km5(Ejl 2Ekm)/\ andv jn,km5(Ejn2Ekm)/\. It is
evident thatj is determined only by the initial stateuc(0)&.
Then the stationary physical spectrum can be written as

S~v!5 (
j ,l ,k,m

2g

g21~v2v j l ,km!2

3u^c~0!uc j l u2u^c j l uB†uckm&u2. ~16!
5-3
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In order to fulfill the condition^m8 j 8uB†u jm&Þ0, both j 8
5 j 1 1

2 and m85m2 1
2 must be satisfied. According to th

above selection rule, Eq.~16! can be rewritten as

S~v!5 (
j ,l ,m

2g

g21~v2v j l , j 2~1/2!m!2

3u^c~0!uc j l &u2u^c j l uB†uc j 2~1/2!m&u2. ~17!

The eigenvalues determine the position of the spectral c
ponent andu^c(0)uc j l u2u^c j l uB†uc j 21/2m&u2 determines the
intensity of the spectral lines. The above spectral formula
similar to that of Ref.@19#.

In the following, we will consider that the system is in
tially prepared in the bare-exciton state using the reson
femtosecond pulse pumping method@29#. For simplicity, we
assume that\51, so that all frequency quantities have a u
of energy. Moreover, we impose that initially there are
photons in the cavity. Then for a system, which is initia
prepared in the single-exciton state, the physical spect
from N51 to N50 can be simplified to

S~v!5

2gS sin
u

2D 4

g21S v2V2
G

2 D 2 1

2gS cos
u

2D 4

g21S v2V1
G

2 D 2 ,

~18!

which has double peaks located atV1(G/2) and V
2(G/2). It is clear that the phase-space filling factor and
interaction between the excitons, which are the results of
multiexciton presence, do not affect the physical spectrum
this system.

Figure 1 depicts the effect of the detuningD on the rela-
tive heights and the positions of the two peaks in the sp
trum of the system described by Eq.~18!. The difference
between the heights of the two peaks in the physical sp
trum is zero whenD50 ~resonance case!. This profile line is
observed for two-level atomic systems, too. In the nonre
nant case, peaks have different heights and the freque

FIG. 1. 1000 times the difference between the heights of
peaks~dotted line!, and the difference between positions~solid line!
of two peaks are plotted as a function of the detuningD for g
50.01,g56 meV. v15v2V52G/2 andv25v2V5G/2.
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difference between them become larger due to the detu
effect. With the increase ofD, the height of the peak locating
at V1(G/2) reduces gradually, whereas the height of t
peak atV2(G/2) increases. From Eq.~18! and the condition
tanu52g/D, it can be derived that ifD and the coupling
constantg satisfy the conditionD@2g, then u'0, which
means the physical spectrum has approximately one pea
is seen in Fig. 1 that whenD>10g, the difference between
the heights of the peaks becomes constant. A further ana
will reveal that at those values ofD, the height of the peak
located atV1(G/2) becomes very close to zero, therefo
the spectrum can be interpreted as having a single peak

With the increase of the pumping power, the emiss
spectrum of the system becomes complex. The simplest n
trivial example, for which the nonlinear terms play a role
the physical spectrum, is obtained when the quantum w
has initially two excitons and there is no photon in the cav
In that case, the physical spectrum fromN52 to N51 be-
comes

S~v!5(
l ,m

2g

g21~v2v l ,m!2 u^c~0!uc1l&u2u^c1l uB†uc1/2m&u2

~19!

with v lm5v1l ,1/2m . We know that there are three and tw
dressed exciton states forN52 andN51, respectively. Ac-
cording to the selection rule, there should be six peaks in
physical spectrum~19!.

Figure 2, which is drawn using Eq.~19!, depicts the ra-
diation spectrumS(v) of the excitons as a function of th
frequency differencev2V under the resonant conditio
with or without considering the phase-space filling factor.
order to give a clear picture, the natural logarithm of t
physical spectrum is plotted in Fig. 2~in Figs. 3 and 6, as
well!. It is understood that the phase-filling factor does n
affect the line profile of the spectrum, but changes
heights and the positions of the peaks. So in the follow
numerical results, we have neglected the phase-space fi
effect.

Figure 3 clarifies that the detuning between the cav
field and the excitons changes not only the positions of

o
FIG. 2. S(v) are plotted as a function of the frequencyv2V

for g55 meV, A/g50.6, g50.01 meV when~a! n50 ~dashed
line!, and~b! n/A50.3 ~solid line!.
5-4
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SEMICONDUCTOR-CAVITY QED IN HIGH-Q . . . PHYSICAL REVIEW A65 023805
peaks, but also reduces their heights. The larger the detu
is, the stronger its effect on the physical spectrum is. As i
seen in Fig. 3,D52 meV only slightly changes the positio
and heights of the peaks keeping their number const
However, with increasing detuning up toD5200 meV, the
number of the peaks in the spectrum gradually decrea
because~i! the heights of some peaks become so small w
compared to the main peak that they can be neglected,
~ii ! some peaks are shifted so close to each other that
cannot be resolved.

The variation of the positions of the six peaks@labeled as
p1 , p2 ,..., p6 in the spectrum of Fig. 3~a!# of Eq. ~19! is
plotted as a function of the detuningD in Fig. 4. It is seen
that with the increase in the detuning, the difference betw
p2 and p3 becomes almost zero so that they cannot be

FIG. 3. S(v) is plotted as a function of the frequencyv2V for
a set of parametersg55 meV, A/g50.6, g50.01 meV~a!, D52
~b!, D5100 ~c!, D5200 meV.
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solved. Peaksp1 andp6 , respectively, shift to more positive
and negative sides of the spectrum. The positions ofp4 and
p5 are interchanged with increasingD, and after this inter-
change their relative positions are kept the same.

It is also observed that when the half-bandwidth of t
spectrometerg and the coupling constant between the cav
field and the excitons are of the same order, the numbe
peaks in the physical spectrum~19! becomes two. This is
because the spectrometer cannot resolve the position of s
of the peaks. Figure 5 shows that under the conditions of
weak interaction between the excitons, the heights of
peaks in spectrum are equal if the cavity field resonates w
the excitons. However, for the nonresonant case, the hei
of the two peaks are not equal due to the detuning betw
the frequencies of the cavity field and that of the excito
even if there is weak interaction between the excitons.

Superposition of two different exciton states is yet anot
interesting case to investigate. If we consider the excitons
initially in the state (1/&(u1&1u2&) and the cavity field is in
the vacuum stateu0&, then the physical spectrum can be wr
ten as

S~v!5 (
j 5~1/2!

1

(
l ,m

2g

g21~v2v j l , j 2~1/2!m!2

3u^c~0!uc j l u2u^c j l ub†uc j 2~1/2!m&u2. ~20!

FIG. 4. Positions of peaks are plotted as a function of the
tuningD for g50.01 meV,g55 meV, A/g50.6. Curves, from top
to bottom, correspond, respectively, to the positions of the pe
labeledp1, p2, p3, p4, p5, andp6 in Fig. 3~a!.

FIG. 5. S(v) is plotted as a function of the frequencyv2V for
g55 meV, A/g50.001,g53 meV when~a! D50 ~solid line!, and
~b! D52 meV ~dashed line!.
5-5
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LIU, IMOTO, ÖZDEMIR, JIN, AND SUN PHYSICAL REVIEW A65 023805
from which it can be found that there are eight peaks in
emission spectrum of the excitons. Figure 6 depicts the
profile of the physical spectrumS(v) as a function of the
frequency differencev2V under the resonant condition.

It is seen from Fig. 6 that the physical spectrum is
simple sum of one- and two-exciton spectra. At first sight
seems that it is a normal and expected result. However, if
half-bandwidth of the spectrometer increases gradually
peaks of the physical spectrum given by Eq.~20! reduces
from eight to one.

IV. CONCLUSIONS

In this study, the interaction between the high-density
citons in a quantum well and the cavity field is investigat
under both resonant and nonresonant conditions. The m
and the discussions presented in this paper are valid
when the excitons and cavity field have zero linewidth.

An analytical expression of the physical spectrum of
excitons is obtained. A discussion of the physical spectr
of the excitons, which are initially prepared in the numb

FIG. 6. S(v) is plotted as a function of the frequencyv2V for
g55 meV, A/g50.6, andg50.01 meV.
h,

-
ett
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-

u,

n-

02380
e
e

t
e
e

-

el
ly

e
m
r

state or the superposed state of the two different num
states, is presented. It is observed that for a system havi
single exciton state initially, the resonant interaction betwe
the cavity field and the excitons gives the results similar
those of the two-level atomic system for which the two pea
in the physical spectrum have equal heights. However, n
resonant interaction results in the detuning which w
change both the amplitudes of peaks and the frequency
ference between them.

It is understood that the phase-space filling effect does
affect the line profile of the physical spectrum, but it adju
the heights and positions of the physical spectrum. It is a
shown that the number of the peaks in the physical spect
is reduced with increase in either the detuning quantity or
half-bandwidth of the spectrometer. Under the conditions
low-exciton density and the resonant interaction between
cavity field and the excitons, if the half-bandwidth of th
spectrometer has the same order as the coupling con
between the cavity field and excitons, then spectrum has
peaks of equal height. But in the case of higher exciton d
sity or the nonresonant interaction, even if the ha
bandwidth of the spectrometer has the same order as
coupling constant between the cavity field and excitons,
two peaks have different heights due to the interaction
tween the excitons or the detuning effect. When the syste
initially in the superposed state of a single-exciton state
two-exciton state, the resultant physical spectrum is a sim
sum of the spectra of the components of the superposi
states.
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