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Abstract

The unitary evolution can be represented by afinite product of exponential operators. It leads to a perturbative expression
of the density operator of a close system. Based on the perturbative expression scheme, we present an entanglement
measure. This measure has the advantage that it is easy to compute for a general dynamical process. © 1999 Published by
Elsevier Science B.V. All rights reserved.

PACS 89.70; 89.80; 03.65.Bz

1. Introduction

Over the past decade information theory has been generalized to include quantum mechanica systems, for
example, a two-level quantum system has come to be known as a qubit in this context. The additional freedom
introduced with the quantum mechanical superposition principle has opened up a variety of capabilities that go
well beyond those of conventional information techniques. There are two distinct directions in which progressis
currently being made: guantum computation and error correction or prevention on the one hand [1], and
nonlocality and digtillation, on the other hand [2]. In each of those progresses, quantum entanglement that
provides a good measure of quantum correlations plays an important role.

There are a number of good measures of the amount of entanglement for two quantum systems in a pure
state, a good measure of entanglement for mixed states is also found though it is hard to compute for a general
state (see, for example [3]).

In this Letter, considering the entanglement from the other aspect, we prefer to discuss the change of
entanglement due to the state changes rather than to compute straightforwardly the entanglement of an arbitrary
state.
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In the framework of quantum information theory, the state change allowed by guantum mechanics may be
treated in terms of quantum operations [3], a simple example is the unitary evolution experienced by a close
guantum system. The final state of the system is related to the initial state by a unitary transformation U,

p—e(p)=UpU".

Unitary evolution is widely in use of quantum gates and circuits [4] as a quantum operation. In addition to the
unitary evolution, environment coupling to a quantum system or a measurement performed on the quantum
system changes the state too [6,7]. The connection of quantum operations to quantum measurements is easy to
explain. Standard text book treatments describe quantum measurement in terms of a complete set of orthogonal
projection operators for the system being measured. This formalism, however, does not describe many of the
measurements that can be performed on a quantum system. The most general type of measurement that can be
performed on a quantum system is known as generalized measurement [6]. Generalized measurement can be
understood within the framework of unitary evolution, because most generalized measurements can be realized
through many dynamical processes (see [8] and references therein), and the state change due to environment
may be also treated in terms of the unitary evolution, since an arbitrary open system may be enlarged by
including the environment to be a close system. In this sense, unitary evolution is one of the most general types
of state change possible in quantum mechanics.

The rest of present paper is organized as follows: In Section 2, we present a general method to factorize the
unitary evolution operator U(t) for a close system. The results may be generalized in the treatment of many
autonomous dynamical systems. Section 3 contains our results on the entanglement change occurring in a
dynamical process. Finaly, in Section 4, we present two typical examples and some conclusions.

2. Factorizing the unitary evolution operator U(t)

As noted above, the unitary evolution operator is one of the most general types of state change possible in
guantum mechanics, the point of this section is to factorize the evolution operator into a set of independent one.
For this end, we discuss the following cases:

- Case A. [9]. The Hamiltonian can be written as a finite sum,

m
H(t) = Xa()H, (2.1)

i
where a,(t) are a set of linearly independent complex valued functions of time, and H; are constant
operators. In addition, the set of operators H,(i = 1,...,m) may be enlarged by repeated commutation to a

Lie algebra L with finite dimension n(n > m). With this presupposition, the unitary evolution operator can
be uncoupled into a set of independent operators.

U(t) = Uy(t)Uy(t) ... Uy(1), (2.2)

where each component U,(t) is an operator satisfying

d

U =a(MRUM, U)=1. (23)
With the scalar function g;(t) being the solution to a set of nonlinear differential equations

d n
agi(t)=§: mea(t), g;(0)=0, (24)
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where m;, are nonlinear function of g's. Thus we have factorized the unitary evolution operator into the
form:

n
U(t) = [ [ea®". (25)
i=1
Especialy, for a genera case of a dynamically closed quantum system which consists of two interacting
subsytems A and B, the total Hamiltonian may be written as a sum of three terms
H=H,+Hz+H,,, (2.6)

the first two terms represent the free Hamiltonian of subsystem A and B, respectively, and the last term
describes the interaction between the A and B. Following the procedure stated above, we arrive at

Uity= TI e%®H. (2.7

i=AB,int,..., M

Here, H,(i = A,Biint,... M) are elements of Lie algebra with finite dimension enlarged by H,, Hg, H;,

- Case B. In the case of the dimension of the Lie algebra enlarged by {H,} is infinite, we can factorize the
unitary evolution operator using the general Baker—Campbell-Hausdorff [10] formula. To start with, we give
the evolution operator of the system under consideration

U(t)=e_itH=e_it(HA+HB+H‘m), (28)
where H,,Hg, H;, are the same as in Eq. (2.6), the Eq. (2.8) can approximately be written as
u(t) = e 1/2AHa+Hg Higlt?g—i Himtg—i(Ha+He)t O(t3) ] (2.9)

This splitting formulais hold in the case that t has to be safely smaller than a typical energy of the system.
Thus, even in the simplest case, a better method is needed. Let n be a positive integer. The exponential
function satisfies the scaling identity

exp( —iHt) = [exp( —iHt/2M)]*". (2.10)
When n is sufficiently large, the argument t/2" isin some sense small. Egs. (2.9) and (2.10) together give
U(t)=e" %[HA+ Hg Hinlr? o= iHinm o= i(Ha+ He)r o= %[HA+ Hg Hindr? g=iHinrg=i(Ha+ He) o= %[HA+ Hp, Higlr?

X @ Hinrg I (HatHe)" L O(73) | (2.11)

where 7=1t/2". Still higher-order formulae are known. We would like to point out that, in quantum
computation [11], the n=1 is widely taken in use and it is large enough to avoid the decoherence during
guantum computing.

3. Quantification of entanglement

In the previous section we have factorized the time evolution operator U(t). The question remains open about
how does the entanglement change in a dynamical process. Of course, this question is not entirely well defined
unless we state what physical circumstances characterized the amount of entanglement. This suggests that there
is no unique measure of entanglement. Before we define the measure of entanglement we expand the density
operator for a close system. Suppose that the two interacting subsystems are initially separable [12], i.e., their
initial density operator (state) can be written in a form

P(O) = PA(O) ® PB(O) ) (3-1)
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to use the entanglement for quantum information processing, however, we need a inseparable state, more
precisely, a state in pure entanglement form. The procedure of converting a separable state to inseparable one
can be performed, as stated in Section 1, through a unitary evolution operator U(t) (in addition, a partial traceis
also needed sometimes.)

p(1) = U(t) p(O)U*(1). (32)

If the interaction between the two subsystems is small, it is natural to attempt some sort of Taylor series
expansion of the exponential in Egs. (3.2), (2.8) and (2.11), which give for Case A

*

f f
p(AD) =pR(D) @ p§(1) + A L (Z—A“ PR(1) © A1) + pE(1) & p3(0) S H

A? of, 6fj H H. o0 0 0 0 of; afj HH
+ — — —H H. 1) ® t) + 1) ® t)— —H H.
2 i,jg,B a on ]PA( ) PB( ) PA( ) PB( )8)\ on i

*

of, of,
—H, p? 0t)—H. 2
+ O\ HI pA(t) ® pB(t) O\ HJ) + O(/\ ) (33)

and for Case B

A 22n-1
P =020 80 =3[ 55 ) L (Mt Ho ()] o200 @ B0

t\2"-1
-3 7] X [Ha() 0200 0 0] _+0(27) 40

t 3
5) ) , (3.4
where A denotes the coupling constant, and p(t) represents the state of subsystem i at time t with A =0. The
results presented above suggest that we may take the form

8D( p) = Il p(1) = p3(1) ® p2(t) 12 =Tr( p(t) = p2(t) & p(1))’ (35)

as a measure of entanglement change in the time evolution process. Noticing the initial state is separable, the
measure of entanglement change (3.5) is a measure of entanglement in reality. Although the definition of the
measure for entanglement is not unique, it has to satisfy the three conditions stated below [3]:

1. D(p)=0if and only if p is separable.

2. Local unitary operators leave D( p) invariant, i.e.

D(p) =D(Uy®UgpUs® Ug') .

3. The expected entanglement cannot increase under Local general measurements + Classical communication
+ Postselection (LGM + CC + PS) given by X,Vi'V, =1, i.e,

2. Tt(p)D( pi/Trp) <D(p),

where p; =V, pV;*. For the measure of entanglement change proposed above, (i) follows from the fact that

D( p) is a true metric, and (ii) is obvious. Property (iii) is satisfied too [3]. We believe that there are

numerous other nontrivial choices for measure of entanglement, one of the choices could not be said to be

more important than any other, the present choice has the advantage that it is easy to compute for any

dynamical process.

Our discussion so far has centered on the entanglement change in a dynamical process. To complete it we
still need to show that this definition can be generalized for any process that quantum mechanics allowed. For a
general process, the quantum operator that change a state of the system should be factorized by the subsystem’s
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operators. For instance, a control not operation in quantum computation given by (in fact, control not is a
unitary evolution operator)

0=10)10l® 1, + [1) (1| ® o, (3.6)

where 1, is the unit operator for the second qubit, o, stands for the x pauli matrix of the second qubit. [1),
and |0), represent two state of the first qubit. This control not operator is factorisable, i.e. O can be written in
the form

0=Y 00},
i

where O} and O) denote operators for the first and second qubit, respectively. Hence, according to the
definition Eqg. (3.5), the control not operator in the form (3.6) does not change the entanglement of the system.

We would like to point out that the discussions presented here are for the unitary evolutions, for non-unitary
evolution such as a trace over some of the degree of freedom, we should find an auxiliary unitary process
instead of the non-unitary one.

4. Example and conclusion

In order to understand how our program for calculating the amount of entanglement change works, we
present in this section two examples, one of them consists of two interacting qubits (two identical two-level
system) in a laser beam (see Cirac [5]), and the another two independent qubits coupling simultaneously to a
bath.

Example 1. The Hamiltonian describing the system in this example has the following form (set # = 1):

H=H,+ Hg+ H;, +H;,

H = 3wd, , (i=A,B)

Hu=9(onos+oaos) +Al Y ofa+o a"|,

i=A,B

H; = w;a"a, (4.1)
where 0,70, ,0." describe the pauli operator of the i qubit, g denotes the coupling constant, and H, stands for
the free Hamiltonian of the laser beam. Suppose the state is initially in the form

p(0) = pa(0) ® pg(0) ® p;(0),

PA(O) ® PB(O) = |eA'eB> <eA'eB|’

pi(0) = X p(n)In) (nl, (4.2)
n
where |e,) denotes the excited state of the qubit i and |n) stands for a Fock state of the laser beam field. In the

Schrodinger picture, the density operator that obeys von Neumann equation is given by
pas(t) =Trip(t) =

Y- PA(MTE(n,b) Y p(n+1)p(M fg(n+ 1,0 fea(nt) Y p(n+2) p(n) fee(n+2) fyy(n)
Y p(n+Dp(M fyg(n+1,0fea(nt) Y p2(M)f2s(n,t) 2 p(M p(n+1) feg(n+1) fee()
Y- p(N+2) p(n) fee(n+2) fg (M) Y- p(M) p(n+1) feg(N+1) fee(N) Y pA(MFA(n,t)

(4.3)
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where we take |g,,957,1E,G), and |e,,e5) as a set of basis, and
1
|9A,gB> = |gA> ® |QB>,|eA,eB> = |eA> ® IeB>,|E,G> = ﬁ(|gA> ® |eB> + |eA> ®|gB>),

pA(t) ® p3(t) = pR(0) ® pg(0),

) 6 )
fog(N.t) = zsin2¢psinfe' &' + %sin2¢>c052§e"5t — 2sin2¢e ot

0 . 6
foe(N,t) = sjnzcb.'%inzze"E+t + cosipe "Bt + sinzciacoszze"Eft ,

N 01
feg(Nit) = sm05|nq'>sm7 ,

cosf + 1
i=QT+a)f(n+1), E;=(n+1) o,
and 0= m/2tandp = |22 ()2 =(16n+ 24)g?. Egs. (3.5) and (4.3) together give

N2
8D(p)= X (pas) —2p+1, (4.9)
ij=1,23

E

where p)l; denotes the element of matrix p, given by Eq. (4.3), which represents the entanglement change or
entanglement of subsystems A and B at time t.

Example 2. The Hamiltonian describing dissipation of the two qubits has the following form (see the last
reference of [1]) (setting # = 1)

H=wy(0o’+0y) + Y fdw[ 9. A(a)+ aw|)] + /dwU —ap( @@} a,), (4.5)
I=a,b

where o, describe the pauli’s matrix of the i qubit, a,, stands for the bath mode « coupling to the | qubit, and
U|_apay @, =a, 8, fora,,=a,, whereas U, _,,a; a, =a,,a,, +a,,a,, for a,, # a,,. The coupling
coefficients are denoted by g,,,, and the qubit operator A, in genera is expressed as a linear superposition of
three pauli’s operators, i.e. A = AP0 * + A @g,Y + \®g;% The ratio AP:A@:A® s determined by the type of
the dissipation. For instance, AY = A® = 0 for phase damping and A® = 0 for amplitude damping [7]. Phase
damping induces pure dephasing, whereas amplitude damping induces loss and dephasing simultaneously. Many
source of decoherence in quantum computers are described by amplitude damping [13].

Without any loss of generality, we discuss in detail the case with AV = X® = 0 i.e. phase damping. Some
words of caution are now in order. As mentioned above, the bath can also cause another unwanted effect in
computation process, i.e. amplitude dissipation. It is easy, however, to make system have small loss rate of
amplitude dissipation [11], so a considerable number of operations are allowed to perform.

In the case of phase damping, the unitary evolution operator may be factorized in the following form

U(t) =Us(Ui (1), (4.6)

where Uy(t) = e Mot with Hy = w(0>+ o)) + [dw U _, (wa a,,) is the free evolution operator, while
U,(t) denotes the evolution operator in the interaction picture. A readily calculation shows that

U (1) = UA(HUP (),
U|i(t)=U:(t)|ei><ei|+U:|gi><gi|, (4.7)
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where |g,) and | g;) are the eigenstates of ¢;% with eigenvalues + 1 and — 1, respectively, and u} and v} satisfy
(i —a,b):

J . ) )
in—u =) dwg,(a;e" +a,e "“)u,

at

s _ o

ih—vi= = Ldog,(aje” +a,e ")}, (48)
The Wei—Norman's algebraic method [9] that provides a way to factorize the evolution operator gives

ul = [ efVeruhas gBuda, (4.9)
and

pi = [T eM0ech0a gliva, (4.10)
Here,

AL = — (e 1),

w
BL(D) = —(AL(D)
| O, 9o :
fi(t) = —|7't + w—z'(l— e '),

C,(1) = —AL(1), D,(t) = —B,(1), h,(t)=F(1).
Now, we turn our attention to compute the reduced density operator of the two-qubit system, first of all, we
caculate the total density operator, which follows straightforwardly from Eq. (4.5)

p(t) = UU, p(0)U"Ug (4.11)
where p(0) denotes the initial density operator (state), which may be written in a separable form

p(0) = p.(0) ® p,(0) ® pg(0).
Here, p;(0)(i = a,b) represents the initial state of qubit i, and pgz(0) stands for the initia state of the bath. In
following, we use the notation, |e,, g, to indicate the eigenstates of ¢, and o> with eigenvalues 1 and —1,
Trg indicate a trace over the bath, and p(t) to represent the free two-qubit state i.e.

p°(t) =TrgUp(t) p(0)Ug (1) .
With this notation, in a subspace spanned by {|11) = |e,,e,),[12) =|e,,9,,121) =19d,,b,),122) =19,,9,>}, the
state of the two-qubit system at time t takes the form

P1111 P11z Piizr P22

P P P P

pab( t) - TI’B p( t) — 1211 1212 1221 1222 ' (412)
P2111 P2112  P2121 P2122
P2211  P2212  P2221  P2222

where pjj = pi Fija (L kT =1,2), pSy = Trgdijl p°(DIK ), and
2

Fiji = Trijl > (Ula)i(u|b)j|Cd><eﬂ((U|b)+)k((ula)+)||kl>'

c,d,ef=1
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Here, (U?); = LilU2li )a and [2), =|e,),11)a =|gd,). In order to get more information about the reduced density
operator, we make some discussion on the quantity F;;,,. It can be easly verified that F,;,, =1 for i = k,j =1,
while F;,, = F;; for i # k and j # I. Moreover, the quantity results from the interaction between the two-qubit
system and the bath, hence it depends on the states of the bath. Although different bathes result in different
results F;;,,, the physical results discussed here do not rely on the bath. In this sense, we may consider a simple
case with zero temperature. In this case, F;,, is given that

Fik=Fija(t) = eXp( _j:o[Aik(w't) + Aﬁ(w,t)] p(w)do|, (4.13)
where

(Gui — Gaj) sin?0.50t

l
(1)2

Aij(w,t) =2

p(w) stands for the bath spectrum distribution. Eq. (4.12) suggests that F,;,, approaches zero with the passage
of time except some moments at which

f:[Aij(w,t)A;,(w,t)] p(w)dw=0.

This attractive results might be used in preventing information loss stored in quantum states. Now we come
back to the entanglement change, Egs. (3.5) and (4.11) together give

3D( Pan(t) |Ip§(t) ®P8(t)) - k; (Pijkl _piojkl)( Pxiij _plglij)' (4.14)
Jikl=1

In summary, we propose a new method to compute the entanglement change in a dynamical process. We see
the above treatment in Sections 2 and 3 does not refer to specific entangled systems. This is a desired property
as it makes our measure of entanglement universal. Especialy, the results yielded by present paper can be easily
generalized to more than two subsystems, this is just the case of many qubits interacting simultaneously with
environment. In addition to the measure stated above, the quantum relative entropy defined as

D(p(t) 1p2(1) ® pg(1)) =Tr[ p(t)(Inp(t) —InpR(t) p3(1))]
and the Bures metric given by
D(p(t) 1pa(t) ® pg(t)) =2—2/F(p.pR ® pg)

with F(p,pd® pd) = [Tr[\/pg ® pg p/pg ® pP /21> are other good measures of entanglement. With this
modified definitions, the measures of entanglement can be given in easy way.
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