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In this Letter a series of new solutions for the quantum Yang-Baxter equation is obtained by constructing a new boson realiza-
tion of A-dependent representations of the quantum algebra U,sl(3) with g a root of unity.

At present, it has been recognized that the solutions for the quantum Yang-Baxter equation (QYBE) can
be constructed in terms of the quantum (universal enveloping) algebra U, (L) of the classical Lie algebra L
and its representations [ 1-3]. Especially, we found that the new solutions, beyond the standard and non-stan-
dard ones, for the QYBE without a spectral parameter, can be obtained from the non-generic representations
(for g a root of unity, i.e., g"=1, p=3, 4, ...) of Usl(2) [4-6]. Both the results obtained and the method used
by us are essentially different from those obtained by Date, Jimbo, Miki and Miwa [7].

Naturally, it is reasonable trying to find the new solutions for the QYBE associated with other quantum al-
gebras or a superalgebra such as U sl(3). We have done it for the quantum superalgebra U osp(1,2) [8]. This
paper will be devoted to studying the case of U,sl(3). To this end, we first generalize the universal R-matrix
of U,sl(3) [9] in such a way that it still works for the non-generic case, in which g is a root of unity, i.e., g’=1,
D= 3, ST

To make this generalization, we add the new relations

(E)’=(F)'=0, =12, (1)
to the basic g-commutation relations

[H;, E1=2E,, [H, Fl=-2F,,

[H.El=-E, [H,Fl=F, Ii#j,

h/2 Sh(%hl-ll)
sh(3h) °

with #eC (the complex number field), g=e"/? and the Serre relations for U,sl(3). Here, F,, E; and H, (i=1,
2) are the generators for Ugsl(3). For the third kind of basis elements,

[E;, F;1=0d;¢ i=1,2, (2)

E;=FE\E;, -qF;E |, Fy=FF,—qFF,, (3)
we also require

(E3)’=(F3)"=0. (4)
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The generalized algebra U,sl(3) by adding relations (1) and (4) is called the non-generic quantum algebra
and denoted by Ugsl(3).

Endowing qul(3) with the same coproduct. counit and antipode as for Usl(3), we obtain a Hopt algebra
D(,sl(_?). After a long derivation similar to that by Rosso in ref. [9]. we obtain the non-generic universal R-
matnx for g”"=1,

; p—1 (l_e~h)/w|(l_c—h)nn(l _C—h)mg > ’ 2 )
P = i s e @ pmn g pon eh,-& [[1® “, . (3)
(»m_m:.m):“ ¢m|(C‘h)¢m}(e‘h)¢mg(eih) B ! ] (ARG /gl <
where
o c")=[] (1—=e ™y,  p=(l—c"F. i=12. (h)
k=1
m=(1=e") " —gam) . S=34H +21) 0 L=12H +4lL) . (7

Now, we try to construct a representation p for qul(3 ). which is also a representation of U sl(3). but sat-
isfies (p(E,) )’ = (p(F;))"=0, namely, p(E,) and p(F;) are nilpotent. It is just at this point that our study 1s
essentially different from that made by Date et al., in which p(E;) and p(F,) are not nilpotent and the cyclic
representation is used. To construct such representations, we use the new g-boson realization,

E =a. Fi=—c¢"2[N +N>+1]a, . Fi=—[N +Ny+Ala., Fo=aieh

H =2N,+N,+1, Hy=— 2N+ N +4). (8)
where the g-boson operators a,=a; . a; and N, (i=1. 2) satisfy [10-12]

aal —qF¥d,aa,=d8,9° " . [Nioa1=*%d,a, . [N, N,]=0, [a/ .a; 1=0. (9)

In fact. using eq. (3)., we can verify that E,. F, and H, (i=1. 2) defined by (8) satisfy eq. (2) and the Serre
relations.
On the ¢-Fock space .%(2).

my,ma)=ar™ai" 05 (@05 =N,10>=0.i=1.2.meZ*=10.1.2...}" .

we obtain an infinite-dimensional representation /'

Eftm, . m>)=fm, +1.m.) . Fofim, oma)=—e2[my —L+m-+ A [my [f(m, — 1 om)
E-fimy.ms)y=—[m,+n =1+ [m- 1y ms — 1) Fs fimyoms)y=c"2flm, ma+1) .
H, fim,, my)=2m,+m>+ ) f(my. msy) . H.oflmy . ms)y=—2n+m +2)(m, . ms) . (10)

Because ¢”= * | leads to [kp]=0. where [/]1=(¢'—q ")/ (g—qg ). therc exists an invariant subspace V («,, &)
(C\’|. a3€Z+ )a

span{fim,.m,)|m,za,p.i=1.2:c,eZ* .

and the representation (10) is reducible. Naturally. on the corresponding quotient space %,(2)/V(«,. «-).
span{f(m,, m-)=f(m,. my) mod V(a,. a;)|0<m, <a,p—1,i=1,2: ¢eZ* !,

we get an «, - p>-dimensional representation p !¢,

ple (@) fimy, my)=(p(g)fimy, my)) mod V(a,. az).  gelk, F,. H, |i=1.2]. (I

for U,sl(3). In fact, egs. (10) and (11) only definc the representation for U,sl(3) when «, or a; # 1. Because
(P(E))=(p(F,))"=0 when a;=a-=1, eq. (11) defines a representation p=p!"'} for U,sl(3) in this case.
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When ¢g>= — 1, as an example, the lowest dimensional representation p=p ! of U_s1(3) is given in an explicit
form,

PEN=6,tes, p(F)=—e"2([Ale+[A+1]64),

p(E)=—[Ales—[A+1]es, p(Fy)=e"?(e, +ear),

p(H))=diag(A, A+2,A+1,4+3), p(H,)=diag(4, A+1,A+2,i+3), (12)

where ¢; is the unit matrix such that (€;),,= 0.5
Using the representation p!*! of Usl(3), we immediately obtain the quantum R-matrix

RM=p®@p*(#)=block diag(4,, 4>, A3, As, A, A5, A5) exp(§hA?), (13)

where

S
[
i
TN
| -
o~

[ )
~ O
N—
b

/_( -qt3 0 )
TN (1412 —q3)

t 0 1-¢ —qt* 0 —13(14£?)
Ay =10 =2 0 |, Aiy=| O -1t 0 ,
0 0 t 0 0 —qt?
t? 0 qt(1-1?) 0
L g 't (1412 gr? 1=212—t* g~ 't1(1+2)
4T 0 0 qt? 0
0 0 q(1=1%) 12

We need to point out that although ¢ is a cyclic parameter, the quantum R-matrix still contains the continuous
parameter {=g*.

Another example of an R-matrix given by the non-generic universal R-matrix and the representation (11)
for o, =a,=11s

Rl'h=R('11»/12)=P”1]®P“2](=@)=b10€kdiag(!‘flsffzw‘faajm/fs, —'z,A_’n) CXD(%hiliz), (14)
where
Ai=1, A'=-1313, t=q", t,=4¢",
- ( 5 0) o ( —qtit 0 )
T\ —n) b)) A+ —ant3)’
L 0 nUr'-t) —qtit, 0 —t3(1+1t])
/‘I3= 0 _ZIIZ 0 N /IS= 0 _tltz 0 s
0 0 t 0 0 —qt 13
1 0 qt,(1—13) 0
Lo|feTE ety g —20+ (1) (R4 1) (g7 —qn)
4 0 0 : gt t> 0 :
0 0 gt (1—13) t3

In fact, because the R-matrix R(4,, A,) satisfies the QYBE
Rip(A1, A2)Ri3(A15 A3)Ro3 (A2, A3) =Ra3(42, A3)Ry3(41, 43)R12(44, A1), (15)
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we formally regard the A’s as the spectral parameters. This point was just pointed out by Jimbo. This kind of
parameter is also identified with the so-called colour, which distinguishes the different representations with
the same dimension.

The authors thank Professor Jimbo for many useful discussions. This work is supported in part by the Na-
tional Science Foundation of China.
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