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Abstract. By establishing a new Boson realization of guantum universal enveloping algebra
s1,(2) and its representations in the non-generic case that ¢ is a root of unity, we systemati-
ca']ly construct non-generic R-matrices of sl (2) through the universal R-matrix. These
new R-matrices are not covered by the standard R-matrices constructed in terms of quantum
group and the non-standard ones obtained by using the extended Kauffman's diagram
technique.

The Yang-Baxter equation plays a crucial role in nonlinear integrable systems in
physics [1-3], and its solutions can be constructed in terms of the quantum universa

enveloping algebra (QUEA) U, (L) of a classical Lie algebra L [4-6]. Some results and
notions, which will be used in this letter, are briefly reviewed as follows.

Let {e,} be the basis for a certain Borel subalgebra of U, (L) and {e“} be its dual,
then for a given representation p of U.(L), the Hopf algebraic structure of U, (L)
ensures

R zp@ﬂ(%)=p®p(2 ea®6") =3 ple,)®p(e”)

to satisfy the Yang-Baxter equation without spectral parameter
Ry;Ry3Ry3 = RyyRy3Ry, (1)
where ® =X, ¢,®e” is called universal R-matrix and

Riu=% ple,)R@p(e”)RI
Ri:=7 ple)®I®Dp(e”)

Ru=% I®@p(e,)®ple?).
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If p is chosen to be irreducible, R is called a standard R-matrix, which can be expressed
by g-C-G coeflicients [7]. In the family of R-matrices, besides the standard R-matrices
there are non-standard ones associated with Lie algebras A,, B,, C,, D,. They are
systematically constructed by extending Kaufiman’s diagram technique [8], and its
possible relations to QUEA or quantum group have been analysed [9].

In this letter, we will briefly report the construction of a new class of R-matrices
essentially different from the above mentioned two classes of R-matrices. Further

reculte haced on this latter will be nuhh:hnﬂ latnr

LR IcHEL

On the g-Fock space [10-12] "f
{F(n)=a""|0)|N|0}=a|0)=0 neZ*={0,1,2,..1}

where boson operators @a*, a=a” and N satisfy the g-deformed boson commutation
relations

aa*—q'aTa=g" [N, a*]=%a" [a=,a*]=0 (2)
the operators
Jo=——a® Jomma—g? L=N+} (3)
[2],. [21,
satisfy
e, 1 1=1h] [J3, J.]==%2J. (4

where [f1,=(t/ —t/)/(t—¢t""). Thus, (3) gives a new realization of the QUEA sl (2),

which is inhomogenerous and an embedding into the g-deformed boson realization
of (C.), [13].

A natural representation I' are defined on %_ ag
JoF(n)==£[2]"([n]ln — 1] F(n%2) JF(n)=(n+3}F(n). (5)
It is easy to observe that %, and I can be reduced as
r=r"®r- Fo=F, DF,
Fo={f*(m=F2m+

+HIFMm e ZT)
£\ 1771 ]

where I'* and I are representations on invariant subspaces %, and %, respectively.
From (5) we can write down the explicit forms of I’ and I'”

Lf*m)=[21"f"(m+1)
J_f=(m)=—-[2]"2m+3(|FDI2m+¥(|F ) -1]f*(m~1) (6)
Lf5(m)=2m+3(|F)+Df*(m).

It can be proved that I'* are irreducible when ¢ is generic and indecomposable
(reducible but not completely reducible) when g is a root of unity [14]. For the
non-generic case we have ¢ =1 where p is an integer larger than or equal to 3, so
[ap]=0{a € Z*), therefore there exist I'*-invariant subspaces

L aP :l:o(ap)}
3

{f (m){m

determined by the extreme vector f *(3{ap £ o(ap))) satisfying J_f “(3(ap + o(ap))) =0
where a(x)=31-(~1)").
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Now one can easily see that on the quotient spaces Q(p)=F,/ V3,
I, My =f*(j+M)j=iapto(ap)—2), M=j,j-3,....j}
I'* induces 3(ap + o(ap))-dimensional representations of sl (2)
Tdj, MY =27, M+ 1) 11j.jy=0
Jpj, My = =[21'[2( + MY +3(F D120 + M) +3(F) - 1], M—1)* (7
Bl j, MY =(2(j+ M)+1F3)|j, M)

The above representations are completely new and not covered by the standard angular
momentum representation with g” =1, and their relations to the indecomposable
representations induced by the regular representation [13] are still unknown.

The explicit matrices of the representation on Q3(3) are .

¢ 10 0 0 0 1 9 0 0
Jo=]0 0 1 Jo=10 0 0 13-—"5 0 35 0} (8)
0 00 0 -1 0 0 0 1

For p=5 and a =1, we have the representation

0 [27 0 1] 0 0 . 9 0 0
L=lo o 217 =<1 0 0 k=310 5 0 (9)
o 0 0 0 -1 0 00 1
on the space Q7 (5).
Through the universal si,(2) R-matrix
1_ -4y 1
R:qJ1®J'3 Z ( ) qn(n l)( J’J+®q_"3]_)" (10)
n=0 [n]q

the boson realization Ry € E,q(F,® %,) of the R-matrix is given by

3

r -1 _an _n(3n—1)
q

(Nvheiv+l « J4 T4 +2n nN 2r| -nN
o =4 DR v BT ®e an
in terms of the boson realization (3) of s1,(2).

Then, on certain quotient spaces Q5{p)® Q(p) of F,8F, we can obtain four
classes of R-matrices from four basic representations on Q.(p) with even ap, Q.(p)
with odd ap, Q,(p) with even ap and Q_(p) with odd ap. For lack of space in this
letter, we only write one of them on Q,(p)} with even ap as follows

M

¥ (g -1y
(R)mimi = gm0 D gRigmi 4 3 L~
" n=1 [2]2 [n]rﬂ !

" . n
% qtz(m:+j)+i)(2(m;+j)+l)+224-|(ml-mz+2t) T 2(my+j—1+ N1,
=1

X [2(my+j— 1) +11,8m, 87, (12)

It is worth pointing out that only when g” =1 will the R-matrix given by (12) satisfy
YBE, s0 we call it non-generic R-matrix. In the case of representation (8), (12) gives
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a completely new R-matrix

g .
g 0
0 ¢
g ¢'-q 0
R=g%* 0 g' 0 forj=1. (13)
0 ]
1 ¢g'—¢
0 1
L g7 ]
Of course, for some cases (12) also gives reduced R-matrices i.e. they can be
..... 1 #la n

obtained from standard R-matrices by letting ¢” = 1. For example, through (12) the
representation {9) gives a reduction of the standard R-matrix with spin 1.
Finally we point out that this letter is only a brief report of the systematic research
on non-generic R-matrices for vBE. The following results are about to be published.
(1) The general structure of R-matrix for the indecomposable representation of

1 of nen-generic R-matrices

(3) The Yang-Baxterization of non-generic R-matrices
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