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Abstract. The g-deformed boson realisation of the quantum group SU(n), ((A,_),) is
constructed and certain types of representations of SU(n), are obtained in the g-deformed
Fock space by this boson realisation. The Jimbo representations of the quantum group
SU(2), are given as an example in this letter.

Recently, as a new type of algebraic structure, the g-deformation of Lie algebras has
been discovered by Jimbo [1-3] and Drinfeld [4]. It is mathematically a Hopf algebra
and loosely called the quantum group. It appears when one tries to solve the famous
quantum Yang-Baxter equation (QYBE) from different physical models, such as the
exactly soluble models in statistical mechanics, integrable models in two-dimensional
field theory, etc. The representations of the quantum group associated with its QYBE
are of central importance in these problems. So it is important to study the representa-
tions of quantum groups.

The boson realisation method is a useful method for studying representations of
groups. It has been used to construct indecomposable representations of Lie algebras
[5], Lie superalgebras [6] and Loop algebras [7] and give inhomogeneous differential
realisations of Lie algebras [8]. In this letter, by introducing the g-deformation of the
Bose algebra, we generalise the usual boson realisation method to obtain explicit
expressions for the representations of the quantum group SU(n), ((A,_,),).

We first consider a g-deformation of the one-state Bose algebra (we call it g Bose
algebra 3,) generated by operators b, b’, 1 and N in Hilbert space that satisfy

bb'—q 'b'b=¢g" [B,b']=b" [N, b]=-b
[1,x]=0 VXxedB,.

When the parameter g1 (or g=¢”, > 0)3, becomes the usual Bose algebra. It is
easy to prove that

Nb™=b"N+nb™
b'gN=q7'g™"  bgV =qq"b (2)
bb’rn - ql—n[n]qNan—l+q—nb+nb [n]_=_(qn _q~n)/(q_q'l)

(1)
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by induction from (1). The relations in (2) can naturally be extended to the case of
the n-state Bose algebra {b,, bl 1, Nji=1,2,..., n}. For the n-state Bose algebra we
define the g-analogous Fock space F, (also called g-Fock space) with the basis

n b;”‘",
|m,-)=|ml,mz,---,mn>=<_l;lI m)tm (n]'=[n]ln~1]....[2]11] (3)

where the vacuum state |0) satisfies b;|0)=0, N;|0})=0(i=1,2,..., n). Then, it follows
from (2) that

b;"":) = [mj +1]jm; + 5.',') bjlmi) =+ [mj]lmi —8,—8y)

Ni|lm;) = mj\m;) j=1,2,...,n

(4)

For given classical Lie algebra &£ with the Chevalley basis {h;, ¢, f;,i=1,2,...,1}

which satisfies
(A, hj]=0 (eiaf;‘]:aijhi (5)
LA, ej]=Aijej [hif;]="Aijej

(A is the Cartan matrix of &£). A g-deformed boson realisation (also called a g-boson
realisation) of the quantum group %, associated with the Lie algebra ¥ is a mapping
B of £ onto the operator algebra 0 on the g-Fock space F,, which satisfies

(A, B]=0 [, /1= 8,Lh:]
[ﬁiéj]=A-‘jéj [’;i’f.;'] = —A,jfj- (6)
x= B(x) Vxe¥
where we define
[6] _ qO_q_—lo
q9—4q

for any operator 0. The g-Boson realisation of £, generated by {h;, é, fii=1,2,...,0
can be regarded as a subalgebra of 0, i.e. £,< 0.

Consider the Lie algebra A,_, = SU(n) with the Chevalley basis
hj=Ey_Ej+1,j+| ej=E_U+l fj=Ej+|,j J=12,...n-1 (7)

where E is a n X n matrix with elements (E;) .z = 8.8, (2, B=1,2, ... n). The g-boson
realisation of its quantum group (A,_,), is given by

EJ'=IVI_1VJ'+1 & =bb., j}=b;+lbj Jj=12,..n-1. (8)
By direct computation we check
[hé€]= A6 [hi, ;1= —Ayf;

where A; =28, 8;,,—8,;_, is a element of the cartan matrix A of SU(n).
Now, we construct the representations of (A,_,), from the Boson realisation (8)
by defining the action of (A,_,), on F,

T'(x)Ju) = x|u) Vxe(Any), |uye F,
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obtaining
T(R)|m;) = (m;—m,.,)|m)
L(é)|my=([m][m;+ 1)V m; + 8y~ 8 1) (10)
T(F)|m) = ([m [ myey+11) |, = 8+ 8, ).

Because the sum 7., m, remains the same under the action of I, F, is decomposed
into the direct sum of all the invariant subspaces F,"' (m=0,1,2,...):

{lm,-) Y m,—=m}.
i=1
Each one of these subspaces F.") (m=0,1,...) carries an irreducible representation
rim of (A._y), with dimension
n+m-—1}!
potmo DY (1)
m!(n—1)!

When g - 1(qg = e, > 0), the representation '™ becomes a symmetrised representation
of Lie algebra A, _, labelled by the Young diagram

[T T..T T T

In fact, from (10) we can give explicit matrices of some representations of the
quantum group (A,_,),. For example, when n=3 and M =2, the six-dimensional
representation of SU(3),=(A,), on the basis {2,0,0), 10,2,0),10,0,2),
11,1, 0), [0, 11), |101)} is

(k) = diag[2, -2,0,0,~1,1]

I'?(h,) = diag[0, 2, -2, 1,0, —1]

0 0 0 V[21 0 0 00 0 0 0 0

0 0 0 0 00 00 0 0 V{21 0

. 0 0 0 0 00 . 00 0 0 0 O
M) =1, V21 0 0 0 0 M@=100 0o 0 o 1
0 0 0 0 00 00 v[2Z1 0o 0o o0

6 0 0 0 10 00 0 0 0 0

0 00 0 00 0 0 00 0 O

0 0 0 V[21 0 © 0 0 00 0 O

0 00 0 00 u 0 0 0 0 V[2] O

P = V1 00 0 0 0 R E)] 0
0 00 0 01 0 V[2J 0 0 0 ©

0 00 0 00 0 0 01 0 O
(12)

The Jimbo standard angular momentum representation of the quantum group
SU(2), is only a special example of the above discussion forn=1. Let J. =¢€,,J-=fi
and J;=3h,, it follows from (10) that

L(J+)nny)=([n+ 1]["2]1/2'"x+ Ln,—1)
F(J*)l"1"2>=(["1]["2+1]1/2|"1‘1"2+1> (13)
I'(J;]yn;ny) =%("1 - n2)|"1”2>-
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By defining angular momentum basis |¥,,,) = |j+ m, j — m) for the representation, (13)
is rewritten as

T )W) =(Gxm+1][[Fm))" ¥, (14)
F(JB)IWJM) = mlq”jm>-

This is just the Jimbo representation, which becomes the standard irreducible rep-
resentation of SU(2) when g~ 1.

The method used in this paper can be applied to C,., and also expected to study
quantum groups of any classical Lie algebra by further generalisations.
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