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Abstract
In connection with Bitter~Dubbers experiment, an exact solution for the quantum dynamics
of neutrons in magnetic field which is harmonically inhomogeneous (helical) and changes
harmonically with time is obtained by invoking a time-dependent transformation with spin-
space coupling. It predicts that a beam of neutrons with monotonous momentum will be
split into two beams by the magnetic field. As its limiting case, the Berry’s geometric phase
in moving reference frame appears while the field is very strong. ’

For neutrons moving in magnetic field which changes harmonically with time, the Schrodin-
ger equation can be solved exactly according to Rabi’s method,'? the solution and its higher
spin generalization[3'4] have been used to test Berry’s geometricvphase.[sl In fact, the harmon-
ically inhomogeneous (helical) magnetic field was also used in Bitter—Dubbers’ studies for the
experimental test of Berry’s phase.[8l When we “see” the neutron from the moving translation
reference frame with the velocity much less than that of light, the Hamiltonian will depend
on both space and time if the magnetic field depends on space coordinate. One has studied
it through the generalized Born—Oppenheimer approximation.["8 But now we give the exact
solution by invoking a unitary transformation depending on time, space and spin.

First, let us review the Galileo transformation in quantum mechanics (Galileo boost)
briefly. If the reference frame S’ moves uniformly with velocity ¥ (7] < ¢) relative to the
laboratory S, the wave function |¢/(t)) in S’ is related to a wave function |¢(t)) through the
time-dependent unitary transformation, the Galileo boost U = U(#, ¢):[%10
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If the Hamiltonian in S is H(p, ), the corresponding effective Hamiltonian in S’ is
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In Bitter-Dubbers experiment, the Hamiltonian in the laboratory reference frame S is
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for the helical field, B(z) = (Bsin  cos(kz), Bsin8sin(kz), B cos ), where k = 27/L, L is the
length of domain of é(z), and ¢ = (05, 0y, 0;), 0z, 0y, 0, are Pauli matrices. From Eq. (2)
the Hamiltonian in the translation reference frame S’ moving along the z-axis with velocity v
is 5
2m

We may write A’ in terms of o and o_ (04 = 0, £ ioy), obtaining
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where w = kv. In order to give the exact solution, we introduce a unitary transformation which
depends on time, space and spin W(z, t, 0,) = e=i(kz=wt)0:/2 ihen the effective Hamiltonian
B e
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+ hQ(cos o, + sinaoy,), : (6)

where
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Obviously, the corresponding evolution operator for H, is .
Uy(t) = e~ iHt/h — g=i#5t/2mh  o—ihkt/8m (05Ot — i(cos ao, +sinao,)sinQt].  (8)
Therefore we can write the evolution operator for the Hamiltonian (4)

U(t) — e tit/h _ —i(kz—wt)o./2 .e—iﬁft/2mh . 6——ihk2t/8m
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If the particle is initially polarized in spin-up state with momentum p,, the wave function
at time ¢ = 0, ¥(0) = [ 1) ® |p, ), then equation (8) determines the exact wave function at
time £

Y(t) =U(t)y9(0) = ¢~ i(Pothk/2) e/ 2mb e‘iﬁ_lczt/sm [(cos 't — i cosa’ sin Q'¢) (10)
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where Q' = Q(p, + hk/2), o’ = a(p, + hk/2). The momentum shifts accompanying the spin

states is an interesting result. The momentum shift is &k for spin-down state, and no shift for

spin-up state. Physically, the exact result predicts that when a beam of neutrons enters the
magnetic field, the beam will be split into two beams.

Finally, we calculate the polarization rate of neutrons from the exact solution (10), ob-
taining P, = |a|> — |b]2 = 1 — 2sin®w'tsin? /. Here, a and b are the probability amplitudes
for spin-up and spin-down states. Considering the adiabatic case when the Rabi frequency ’
wo = gB/2h is much higher than the frequency wi = k(p, — mv)/m of the changing magnetic
field “seen” by the moving neutrons, we can obtain the adiabatic polarization rate

P~1- 2sin26’~sin2<%93t _ PokcosOt | wkecos Bt).

. 2m 2 (11)
From Eq. (11), except for the dynamically phase gBt/2h, Berry’s phases appear with two
terms. The first one —pyk cos ¢/2m is purely geometrical part, and the second vkt cos#/2 is
induced by the time-dependent unitary transformation, the Galileo boost. This just agrees
with the general theory about the Berry’s phase in a moving reference frame.[1°]
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