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Abstract

A new g-deformed boson realization of the quantum algebra C,(1) is given and some
of its finite dimensional representations are explicitly presented when ¢ is a root of

unity.

Since the so-called quantum algebra was discovered by Jimbo!*~3l and Drinfeld!4, its
representation theory has been the focus of much attention and has been studied from many
different directions. One of the methods to obtain the representations of a quantum algebra,
which has proved to be powerful, is the g—deformed boson realization method. It was first
used to construct the symmetric representations of the quantum algebra A4, (n)la]. Recently,
the g—deformed boson realization of the quantum algebra C,(l) has been obtained(®l. In this
letter, we will give a new g-deformed boson realization of Cy(l) based on the new realization
of Ay(n)!"] and construct its finite dimensional representations in the non-generic case (g is a
root of unity).

As we know, the quantum algebra C,(l) is generated by Xi* and H; (: = 1,2, ---,!) which
satisfy the commutation relations

|Hs, X-'-t]=:i:(25.','—5,'+1,'— ,'j+1)X;-t, $,7=12,---,1—-1,
[Hi, XF) = £(26:1 — 6i411), [Hi, XE]=2(26;1 - 26i411), 1=1,2,--,1,

[H"’ H.f]=01 i’j:’.lizs"':ll
e W
[ ’X ]_6‘J[H]_63.1_—'—’ i:j=1!21"';l) excepti:j::l;

g—gq7!
2H; _ .—2H;
- q q
[Xl+’ Xl ] = [Hl]q’ = @ —q2 ’

and Serre relations
XEXE - (q+a )XEXEXE+ XEXE =0, [i—j|=1, 4,5=1,2,--,1,
Xi’Xtiil —-(#+ ¢ XEXE XE + Xii—1xty =0, (2)
— ’ —
Xit 1X:h (P+a72+ I)Xli—lxlixl{1 +(®+q7 %+ I)Xttletxli - Xin:k 1 =0.
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The new g—deformed boson realization of C;(!) is given by
Xt = g‘(—)", X = g;!_)‘.“ , Hi= (_)’(M +Nji+1), ¢=1,2--,1-1,
-y —}i+1 1 (3)
Xt=o, Xr=d7", H=()m+3),

where gf = xafaf ,, gf = [2]"'af’, and o}, af = a; and N; are g-deformed boson
operators which satisfy

aia,* - q_la?-ai = qu ) lNi, a;t] = :i:&.‘,‘a?: 3 [Nia NJ] = 0) (4)
lof s o] = a7, aF]=0, i#j.
Using Eq. (4), by direct calculation one can easily check that equations (1) and (2) are satisfied
by Eq. (3) on the g-deformed Fock space %;(l) spanned by

{Im:) = [mima---mi) = at " a7 o T (0) Iy € ZY, i = 1,2, -, 13,
where the vacuum state |0) satisfies a;|0) = N;|0) = 0.
Now, we set to construct the representations of Cy(l) on 7,(l). For convenience, we choose
{FO0 22, -, ) =) =PRo+ A, 0 + Az, o1+ M)A EZ, i=1,2,--+,1,0 =0}
as the basis of %,(l), with which the natural action of Cy(l) on 7(l) can be written as
gt ) =+ 85), '
97 A7) = —[hic + A]dig + AJIA; — &5),
Hi|A5) = (=1 (22 + Xic1 + dig1 + 1)A),
gt ) = 2174y + 252), ©
gi 1) = =[27 MmNl de—n + X = 112, = 265)

Bil) = (<1 (Mot + d o+ 3) ).
From Eq. (5) we observe that
AUESAIOL 3 UF
where 7£(l) is the C,(I)-invariant subspace of 7,(l) defined by
FEW) = (s day M) € HOI-DM = 1} = (£, day -, M)}
Consequently, the representation I' given by Eq. (5) is completely reducible:
r=r+er-,
where I'* is the representation induced by I' on 7 (l).

1t is obvious that when g is generic, I'* is an irreducible infinite dimensional representation.

But when g is a root of unity, it is not the case. In fact, if ¢ =1 (p > 3 and g # 1), there
exist C,(!)-invariant subspaces of 7*(l):

Sl:t(j)aj:p)={f:b()‘i)|’\1'-1+Aj2ajp) aj=1s21'”}: .7‘=1)2)”')[-
So, on the quotient space

Za0)

. )

E Sli (3,24, 9)
E)

Q;t(al’a2s"',ahp) =
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we have

{fi(Al;Am : aAl) = fi(AerZs' ")Al) Mod Zsli(j’ aj;p)lo < A_1' +/\j—1 <ajp—1,
. 7

1= 1)2)"')l}a
we can construct a finite dimensional representation of Cy(l). Explicitly, we have
gF ) = +800(% + X1 — aip+ 1)0(ANigs + Ai — aiqap + 1),
g Pa) = =[x+ Xicalin + APy ~ 65)
H,W) = (—1)‘(21\; +Aio1F A + 1),7\;) ,
— —_— 6
g,+|/\,-) = [2]—1|AJ‘ + 25_‘,'1)0(A1 +ANo1—ap+1), (6)
g Phg) = =27 Puer + Ml s+ e — 1A = 265),
- 1\ —
HT) = (-1 (des + 24 5) ),
where [A;) = f*(A1, A2, -+, A;) and 0 is a function defined by
0, x>0,
6(z) =
1, z<0.
As for the dimension of the above representation, we have the following theorem:

Theorem: The dimension Dif of Qif is

l 1
1
! ([Tasw ITofasn).
i j=1 J=1 -
where .
olz) = 5 (1~ (-1)%).
Proof: To simplify the process we introduce the sets
M = {(AI)A%"':Ak)IO <A+ A1 < ayp— 1,7= 1,2,"-,’0}, k=1,2,---,1,

and-denote by ni¥ the number of those elements of M} that satisfy (—1)** = £1. With these
notations we can write Df = nif. From the condition 0 < A; + Aj—1 < a;p — 1, we know
. that when (—1)*-? = %1 the numbers of the even and odd integers that A; can take are
(ayp £ o(a;p))/2 and (a;p F o(cjp))/2 respectively. Accordingly, we have

.1 1 :
ny =ni - 5(ap +o(ap)) +nfy - (@i —o(ep)) (7)

with the conditions n¢ = 1 and ny = 0. Now, from Eq. (7) one can obtain nit by induction
and prove the theorem without any difficulty.

Before concluding this short paper, let us take Cy(2) as an example. In this special case,
equation (3) becomes '

X{ =-aaz, Xy =afef, Hi=-(M+N:+1),

X =fet’, Xp=-pied, M= (Ma+j).

Taking a; = az = 1 and p = 3, from Eq. (6) we get the following two representations of C, (2)-
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a). 5—dimensional representations on Q3 (1, 1, 3):
Xt =—Ej3— [2]2E35; X{ = E3 + Ess,
Hy = —(E11 + 3E23 + 3E33 + 3E44 + 5E55) ,
XF =27 (Ba1 + Bss), X5 =—E13 - Eys,

1
Hy = §(E11 + 5E32 + 3E3s + Egq + 5E5s) .

b). 4-dimensional representations on Q5 (1, 1, 3):
Xit = —[2]E1s - [2]E24, X{ = E31 + Ey2,
H, = —(2E,; + 2E3; + 4E33 +4E,,),
X$=[2]""Bs2, X;=-Eas,

1
H; = 5(3E11 + E23 + 5E33 + 3E44) .

Here, E,j is a matrix defined by (E,)i; = 636].
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