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Abstract

By constructing the g-analogue of the Heisenberg—~Weyl algebra in terms of usual
creation and annihilation operators of boson states in the Fock space, the boson real-
ization method recently suggested!”=*!l is generalized to obtain a class of representa-
tions of quantum group in the Fock space. The ¢g-deformed differential realization of
quantum groups proposed by Alvarez—Gaumé is derived by making use of the boson

realization in this paper.

1. Introduction

Yang-Baxter equation (YBE) plays a key role in the quantum inverse scattering method
and solvable models in statistical mechanics!!). Drinfieldl? and Jimbol®l showed that under-
lying the solutions to the YBE is a new type of mathematical structure, the g—deformation
of Lie algebras, which mathematically is a Hopf algebra and loosely called quantum group,
and to each representation of the quantum group there is a solution to the YBE. Therefore,
it is necessary to study the representations of the quantum group associating with different
physical models.

Recently, Reshetikhinl*! studied the representations of quantum group by general mathe-
matical method and derived the fusion rules for the R-matrices associated with solutions to
the YBE. Alvarez—-Gaume et al. gave the g-deformed differential realization of quantum group
when they studied the relation between rational conformal field theories and quantum groupl5!.
On the basis of Ref. [6], the authors generalized the boson. (-fermion) realization method
used to study the representations of Lie algebras!”8], Lie superalgebras!®® and Kac-Moody
algebras!1®!1l to construct the representations of quantum group (Ap), in the g-deformed
Fock space with non—physical basisl!?l. In this paper, we shall construct the representations

1Present address: Theoretical Physics Division, Nankai Institute of Mathematics, Tianjin 300071, China
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of quantum group in the real physical space—Fock space with (C,), as an example by intro-
ducing the g-analogue of Heisenberg—~Weyl algebra. From the boson realization of quantum
group, Alvarez—Gaume’s g-deformed differential realization of quantum group is derived.

This paper is organized as follows. After constructing the g-analogue of Heisenberg—Weyl
algebra in Sec. II, we turn in Sec. III to study the representations of quantum group by
making use of the boson realization with (C,), as an example. In Sec. IV we shall drive
Alvarez—Gaume’s g—deformed differential realization of quantum group.

The symbol Z* denotes the set of non-negative integers. The symbol € denotes the
complex number field.

II. g—Analogue of the Heisenberg—Weyl Algebra
Corresponding to the 1-state Heisenberg-Weyl algebra X; : {b7,b, I'} satisfying
b, b*)=1, [I,b*]=0, [I,b]=0, (1)
the l-state Fock space 7, is spanned by the non-normalized basis |n)
i =6*"0),  (neZ7),

where |0) is the vacuum state satisfying b|0) = 0. From Eq. (1) it is easy to see that

b*|n) = |n+1), bln) = nln—1). (2)
Now we cot}sider such a pair of operators at and a in 7, such that

afln)=|n+1), aln)=|n]ln-1), (3)

where the definition

N=L=L0,  Geo) “

holds not only for numbers but also for operators in #;. In terms of the expression of vacuum

projective operator
o0

|0} {0] =: e"t : Z

(5)

the operators at and a are expressed as

+

at =bt,

>

,._.
—_—

L

! m=0 m! (6)

b+m+k—1bm+k

a
I

i MS ,'sl,Mg

sls

- From Eqs. (3) and {6) we can check that
aat — g lata=¢", N=0b%p,

(7)
[N, at|=at, [N, a]=—
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which is just the relations used to study the representations of the quantum group SU(2), in
Ref. [6] and SU(n), in Ref. [11] in the g-deformed Fock space. When ¢ — 1, equation (7)
becomes the commutation relations of the usual Heisenberg—Weyl algebra X,. The associative
algebra X,(1) generated by {a,a*, N} that satisfies the relations (7) is called the g-analogue
of the Heisenberg-Weyl algebra ¥;. From Eq. (7) we also have

e Natm = a+n,N_+ nat® ,
atgV =q7l¢Vat,  agV =q¢¥a, (8)
aat" = ql—ulnqua+n—1 + q—na+na .
The above discussions can be naturally extended to the case of the n—state Heisenberg-
Weyl algebra ¥(n) : {b}, b;,I|¢ = 1,2,---,n} with commutation relations

[b;,b;]=]5,~j, [I,b;*’]-"—‘[f,b;]:O. (9)

Its corresponding g-analogue X,(n) is generated by {a},a;, N; = b}b;, It = 1,2,---,n} with
relations

ata; for 1 #3
st - Fa; #7, |
g 'afai+ ¢V fori=gj, (10)
[N.', a;*] = 5,'3'0.;-" y [N,', aj] = —5.‘]'(1,' .

When ¢ — 1 (or ¢ = ¢?/2,k — 0), X,(n) becomes the usual Heisenberg-Weyl algebra ¥(n).
The relations (8) can also be extended to the ¥,(n).

The relations (7), (8) and (10) will be used to study the representations of the quantum
group with (C,); as an example in Sec. III and derive the Alvarez—-Gaumé’s g-deformed
differential realization of quantum group in Sec. IV.

III. Quantum Group and Its Representations With (C,), as an
Example '

Let L be a classical Lie algebra with Chevalley basis {hq4,,€4q,]t = 1,2,---, | =rankL, a;
is the simple roots of L} satisfying the Lie product

[ham)huj] = 0 )
[ham: e:taj] =tAmjetaq; , (11)
[eam’c—a,‘] =bmjham

where A;;’s are the matrix elements of Cartan matrix of L. Its g-deformation Lg, or quantum
group L, associated with L, is an associative algebra generated by {Ea;,éiai} satisfying

-

(Ram, ha,] =0,

m

[;l-a,,. y é‘:i:aj] = :tAmjé:taj ) (12)

[aam )Aa—a,-] = 6mj[ilam] )
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and the relation
n;
> (-1 [ o } a; " ewa ) e, (exa )™ T =0,
) ] (13)
1 # 3, =ranklL
with g; = gl@»®i)/2 n. =1 — (a;,a;)/(e, a;), where ( , ) is the scalar product of roots.

The boson realization of quantum group L, is mapping T of L, onto the operator algebra
A on the Fock space, which satisfies

(T(ha,), T(ha,)]=0,
[T(ham) s T(exa,)] = £Am;T(Exa,)

‘{T(éﬂm) ) T(é—u,)] = 6"11'[T(;"um)] )
i=T(2), V2 € {ha,, u} -

(14)

The boson realization of L, generated by {E(,,,éi‘,ih = 1,2,---,1} can be regarded as a
subalgebra of 4.

For the classical Lie algebra C,, with Chevalley basis
haj = Ejj - Ej-f-l,j+1 - En+j,n+j + Eu+j+1,n+j+1 y
(j = 1)2:""1"'— 1) ’

hu‘n = En.n - E2u.2n )

eaj = Lji+1 — En+,7'+l,u+j ) (] = 1,2,_' e,n - 1) , (15)
€—a; = Lj+1,5 — En+j,n+j+l ) (.7 =12,---,n— 1) ,
Ca, = Ln2n ;s

Cea, = E2n,n )

where (E;;) is a 2n X 2n matrix with matrix element (E;;)x = 8ix6;1, we can give a boson
realization of quantum group (C,), as

ila_,- =Nj—NJ'+1—N"+J'+N.n+j+1, (]_—_— 1,2,..."1_1),

ha, = Nn — N2y,
é"‘j = a;-af'f'l - a:+j+1an+.1' ’ (.7. =12,---,n~ 1) ’ (16)
€a; = a;-{-laj - a:+ja"+1'+1 ) (G=12-,n-1),

2 — at
€a, = Qp G2n ,

— qt
€—an = Q2n0n ,

that satisfies the relations (14) with the Cartan matrix (A;;) of C,, on the Fock Space Fzn.
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On the Fock space 7, of 2n boson states with basis
|Ka) = 67165 30,0, 0) (17)
by defining the action of (C,), on %,
P(z)u) = zlu),  Vze(Ch)y, |u) € F2n, ' (18)
we obtain a representation I' of (C,), on %, as

F(;Lun)'Ki

(
( I‘(;""j)]Ki> = (KJ' - KJ'+1 - Kn-f—j + Kn+J'+1)|Ki) )
) (Kn - K?u)lKi) s

)

T(8a;)|Ki) = [Kj41 ]| Ki + 65 = 8ij+1)

—[Knt5 )| Ki + Sintse1 = bints)

T(é-a,)|K:) = [KG)|K; + 6 541 — 6i5)
—(Knyij+1]|Ki + 8inay— bintit1)

L(24,)Ki) = [K2n]|Ki + 6in — 6i20)

(T(8-a,)|Ki) = [Kn]|Ki + 820 — 6in) -

2n

Bécause the value Z k; doesn’t change in the representation {19) under the action of ', every
=1
non-negative integer K € Z% defines an invariant subspace %, (K)

FanlK): (RS k= K k€ 24},

=1 (20)
. (K +2n—1)!
dim%n (K) = “Fian = 1)1
and 7, is decomposed into the direct sum of invariant subspaces 72, (K)
Fon =) @Fu(K). (21)
K

The representation (19) subduces on every %2,(K) a finite dimensional irreducible representa- .
tion I¥), In the limit ¢ — 1, the representation I'Xlbecomes a symmetrized representation
of Lie algebra C,, labeled by the Yang diagram

When n = 1, on the Fock space #; with basis
|y, k2) = bF*163%20,0) , (k1,kz € 2, (22)
the representation of quantum group (Ci),, namely SU(2),, is obtained as
P(J3)[k1kz) = %(’Cl = k2)lk1k2) ,
T(J4)|kiks) = [k2]lky +1,k2 — 1), (23)
T(J-)|kik2) = [ky]lky — 1,k + 1),
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where Jy = &,,, J- = é_,,, J3 = hy, /2. On the invariant subspace #,(K) with basis

.ﬁ(K)Z{lkl,kQ)Ikl'f'kz:K, kl,k2€z+}, ( )
24
dimA(K)=K+1,

the representation (23) subduces a (K +1)-dimensional irreducible representation. By defining
the angular momentum basis ||7, m)

|.7. +m, .7 — m)

g, m) = Tl (Ip]!=[p][p—1]~

where j = K/2 =0,1/2,1,3/2,---, m = —3,—7 + 1,---,7 — 1,7, the representation rlXl on
#1(K) is rewritten as :

1), pe Z7), (25)

PUL)ls,m =V Fmllizm+1] [l5m+£1),
L(J3)|l5, m) = mllj,m

This is just the Jimbo’s standard finite dimensional irreducible representations, which becomes

(26)

the standard irreducible representations of Lie algebra SU(2) in the limit ¢ — 1.

It should be pointed out that we don’t use the relation (13) in constructing the above
representations. For the concrete problems to construct the solution to YBE, the relation (13)

can be realized by selecting the concrete representations.

IV. From the Boson Realization to ¢—Deformed Differential
Realization

In this section we shall give a method to obtain the Alvarez-Gaumé’s g-deformed differ-

ential realization of quantum group from the boson realization.

To keep the discussion as simple as possible, we shall first consider the Bargmann space
B(!) with l-variable!'®}, which is the space of complex analytic functions f(z) with simple

variable z. The basis for B(l) can be chosen as the monomials u(n)
u(n) = z", neZt. (27)

In fact, for any complex analytic function f(z) in the region about the point 2 = A, we have

(o]

f(z) =Z (N2,

{n] n—k
() = Z . (29

f[ﬂl(,\) 'f;.(z _f(/\z))"“dz

where C is any closed curve about the point A. (See Appendix A).
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It is well-known that the basic operators ¥ and b on the Fock space correspond respectively
to the basis operators z and 3/8z on the Bargmann space B(l) because of the following
equation

zu(n) = u(n+1),
, (29)
—a—;u(n) =nu{n-1).
What is the correspondence on the Bargmann space B{l) of the operators a* and a on #7 It
isjobvinus that the operators a* should correspond to the-operator 2z in B(l) because of the

equation a¥ = b*. The operator D, that corresponds to 3/3z should obviously be defined as.
D,u(n) = [nju(n - 1) . (30)

Then we have

gz = A = (g2 = )"
(g—-q7')z '

Dufe- B = (31

From Eq. (31) it follows that

flgz) = f(3™'2)
D.flz) = —F———, 32
2 (9-97%)z 52)
which is just the g—analogue of differential operator 8/9z given by Alvarez-Gaumé et al. In
the limit ¢ — I, it is easy to see that the operator D, becomes the usual differential operator
3/3z by using the L’ Hospital rule.
D, is virtually an integral operator and can be expressed as

1 .
D.1(s) = 3 § K(0)1(8)de, (53
where the integral kernel is

1
(E-qz)(6—q712)

K(z,¢) = (34)

(For the detail please see Appendix B).

Above discussions can be extended to the Bargmann space B(n) with n-variables spanned
by
{uli) = 2425 - 20| i€ ZF}. (35)

The operator D;; that corresponds to the operator a; on the Fock space 7,,. is defined as

D, u(ix) = [ij]ulix — &;) (36)
- Flok = Bisg = 1)25) = Flzk = Bes(a™ = 1)2;)
2k — Okj(q = 1)25) — flae — bks(g” " = 1)25

D, = , 37

,f(zk) (q—q‘l)Zj ( )

where f(zx) = f(z1,22,--,2n) is a complex analytic function in B(n). D, is Alvarez-

Gaumé’s g-analogue of the differential operator /3z;. Then we have the corresponding
relations between a}, a; (1 = 1,2,---,n) in the Fock space 7, and z;, D,, (1 =1,2,---,n) in

the Bargmann space B(n)

af ez, a<+<>D,, (i=12-,r). (38)
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The corresponding relation (38) implies that one can immediately obtain the g-deformed
differential realization of quantum group from a boson realization by replacing respectively
the operators a}, a; in the boson realization of quantum group by 2; and D,,, which is the
g—deformed differential realization given by Alvarez-Gaumaé.

For example, the g-deformed differential realization of quantum group (C,), that corre-
sponds to the boson realization (16) is obtained as

i 2] a . 3 + a
L = By —— = 2 —— — z . N
a; ] az,- J+1 8z,-+1 n+j azn+j n+3+1 azn+j+l ’
(.7 =12, ;n) ’

- 3 o]
hay = 2n e — Z2p e

an = 2n 9z, 22n EY
. . (39)
Ca; = ZJ'D2j+1 - zn+j+1Dzn+,- ) (.7 =12,---,n— 1) ’
E—a,- = zj+1Dz,~ - zn+J'Dzn+j+1 ) (.7 =12, ,n~ 1) ’

~

€a, = anzg.. ’

Cean, = z2nDzn ’

when n = 1, we obtain the g-deformed differential realization of quantum group SU(2), as

J+ =21D37 y
J. =22Dz| ’
1 d a
Jy= |z — — 20—
8 2[z13z1 Z2322 !

where Ji = €14, J3 = hy /2. On the subspace of Bargmann space 8(2) with basis

J+m _g-m
|j,m>=\/—.”i?_._,, |
7+ m]s —m]! (40)
. 1 .. .
J=01§:1,"'1 m=—])—]+1)"'s.7)

we can obtain the finite dimensional irreducible representations as

Jeljym) =V —-mllj+m+1] |m+£1),

J3l7,m) = mlj,m) .

Appendix A: Derivation of Eq. (28)

Because the function f(2) is analytic in the region about the point z = A, we have
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. 2. flnl
fe)= Y oWy

n!

ARG n
:; n! Z n—k)'lc‘ (=)t

"; n f["]: ;)( )n k (Al)
- k
_.;k_n (n— k) -

£ (A) (=)=

= Z Z (n - k)t 2

k=0On=k

where the following equation

> Z F(n, k)= > > F(n,k) (A2)

n=0k=0 k=0n=k

is used. Equation (A1) can also be expressed as

flz) =D ax(r)2*,

k=0 3 i (A3)
n A "n-—

ax (/\) Z f ( )( '])c‘ ,

n=k
where f[/()) can be expressed in an integral form
() = f _ 1) g,
R =558 (e =) (A4)

which is just Eq. (28).

Appendix B: Derivation of Eqgs. (33) and (34)

From Eq. (32) we have

D.f(z)= m[f(qz) — f(g™'2)
R S O U G { (S RS f(E)
T (g-g7Y)z [2771',%0 (¢- qz)d'S 27t f (¢ —q12) f] (BY)

1 1 1
B Eﬁf ((E -qz)(¢g—q7 1)z B (6—q712)(q— q‘l)z)f(é.)df !

where C is an arbitrary closed curve about the point z. Equation (B1) can also be expressed

in the form

D.1(e) = 5= § Kln€)1(E)de, (B2a)

1
(€-g2)(€—g7t2) "

K(z,¢) = (B2b)

which is just Eqgs. (33) and (34).
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