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Abstract

By ma.k'fng use of the adiabatic approximate method, we derive the spin rotation
formula of a relativistic neutral particle propagating in a slowly changing magnetic
field, which involves the effects of the Berry’s phases. In the non-relativistic limit,

the Berry’s phases result in an additional rotation in OVYV spin rotation.

A few years ago, it was recognized by Berry that, when the Hamiltonian H depends on
time through a set of slowly changing parameters, the quantum dynamics is described by
the instantaneous eigenstates of H, multiplied by an additional geometrical phase factor and
a dynamical onel!l. This geometrical phase is now called Berry’s phase and it has recently
emerged as a universal element in the topological analysis of various problems in quantum
theories!?. However, only non-relativistic cases were mainly involved and the corresponding
Berry’s phases were analysed. In this letter we shall pay attention to the Berry’s phases in
relativistic case.

Our discussion is motivated by the proposal due to Okun, Voloshin and Vysotskii (ovwvyial
for the solar neutrino problem (SNP) and its relativistic generalization by Liul%. Assuming
that the spin of neutrino with magnetic moment is rotated by a constant magnetic field, they
give the SNP a possible solution, but our discussion for the slowly changing magnetic field is
rather general, and suitable for evolution of any neutral particle with spin-1/2 and a magnetic
moment {e.g. a neutron) in an adiabaticaly varying magnetic field.

In a varying magnetic field
B(t) = Bo(sin 8(t) - cos ¢(t), sin 8(t) - sin $(t), cos 6(t)) , (1)

the motion of a neutral particle with spin-1/2 and magnetic moment u is described by the
Dirac equation

(73— m)l$) = — 0" Fuply) (2

By making use of the properties of the Dirac matrices 4*, 6*?,&, 8 and )3, the above equation
can be rewritten as a Schrédinger—type equation

BB,

3
1Y

8tl ) ) (3)
H|B(t))=mB+&- P+ upE-B(t).
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For the particle propagating in the z-direction with momentum p, let |p) = ¢'P*|¢), we then

obtain an effective equation of motion

i214) = HalBEI4) (@

where the effective Hamiltonian is

L a+¢&-B(t)/Bo, bo,
Heg| B(t)] = wo . ;

bo, , a—2a- B(t)/Bo (5)
wo = uBy , a=;’%, b=;p;.

According to the adiabatic approximate method!+5] we first solve the eigen~equation of
H.g|B(t)) for a given arbitrary B(t), and then obtain the instantaneous eigenvectors and the
corresponding eigenvalues respéctively as

1 |
B‘ 1 uz[ﬂ,,\.']e"‘”
Ug. t) = .
oz BN V14 uz]8, X]? + us[h, Ai]? + uglf, A2 usld, A ’ (6)
‘ L ug[f, Xsle® ]

E; = E;(t) = A; -wo = (—1)%[a® + b% + 1 — (—1)1¥/2] . 2(a? + b2 cos? §)2/2]1/2w,

where
L+ 1
i 1-; , for 1=1,3;
[E]' i ‘
7 for 1=2,4,

uzf, A;] = 2sinf(cosd — A;) - (6, \) ,

usl, A] = %[(a+cos€ — X\) +2sin®6 - £(6,X) ,

ualfy As] = %(1 +2(cos 8 — As)(a — cos® — A;) £(6, )] sin ,
F(8,%) = [(a? — A3) + b2 + cos 20 — 2a - cosf] ™1 .

Under the adiabatic conditions(1:5:€l

(g, B(t)]|ux; [ B(E)])

1 7 =1,2,3,41 # ]
E.- &, <1, 57=1L2341#7, (8)

equation (4) has an adiabatic approximate solution

4 T -
HT) = 3 0 exp i [ Bufeha] - explen(T)ue, (5o ©)
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where the additional phases

T T .
W) =i [ (um B Gue B = [ dto, B)dese,
U4(0, /\;)2 + u2(0, /\;)2 (10)
14 u2(0, A.’)2 + 03(9, z\,')2 + u4(0, A,‘)z

A(6,E) = -

are the Berry’s phases. For a cycle evolution E(O) = E(T), when d(t)=constant, we have
#(T) = ¢(0) + 27n and

%(T) = A(9, Ei) - 2xn. . (11)

Here, n is the winding number of the mapping from the parameter space R3 : {B} to the
sphere $2: {B: (4,4)| |B|=1,B € R%}.

The particle in an initial positive energy state
ipz 1 (]
4(0)) = ¢**[#(0)) = 5 (1u(2)) + lu(4))) - €7 (12)

has a helicity expectation value

H

NE=0) = (om0 Balbemon) = 3 (u(@)B:lu(2)

+Hu(®)|Z:|u(4)) + 2(u(2) B |u(4)) (13)
=3 (-1 .,(k)2+z( ~1)"*u(2);u(e); ,

k 2,41=1

where u(k); is the i-th component of the instantaneous spinor |u(k)) = |ug, (B(t = 0))). This
particle is then evolved into the state at time T

T
|¢(T)) = % exp [ipz - i/(; Eo(t)dt + ‘i’jz(T)]
(|u(2)) + exp[sT(T))}u(4))) ; (14)

T
I(T) = / (Ea(t) — Ea(t))dt +(T) — %2(T)

for the cycle evolution and has the helicity expectation

MT) = ($(T) /5. 19(T))
=’§4Z_:( D+ u(k)? + [il(-l)‘“u(z).--u@);]-cos[ir(T)l- )
AXMT) = A(0) - A(T)=2[§;(~1)‘+1u(2);u(4);]~sin2[%iI‘(T)], (16)

we finally obtain the relativistic spin rotation formula in the slowly changing magnetic field

(L) = %1‘(;’1) , (17)
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where L is the propagating distance of the particle with a velocity v at time T'.

In the non-relativistic limit that p = 0, we have

E; — m+wo, Ey —m—wo;
2sinf(cosf —a—1)
cos 26 + 4asin®(9/2) — 1’
2sinf(cosf —a + 1)
cos 26 + 4asin?®(8/2) — 1

uz(f,A2) — 4(2) = ug(6,A2) — 0,

(18)

ug(ﬂ, A4) — &(4) ) U4(0, A4) -— Q.
Then, the non-relativistic spin rotation formula given from Eq. (17) is
. L L
ﬂ=#Bo-—+A"1(—) )
v v

—42 42 (19)
A'r(%) = gi_{r(l)(% (%) —'72(!:—)) = {\/ﬁ g)(2) + v +(zl(4)} 2mn

which gives the OVV-spin rotation formulal®!

L
Q=uBo- (20)

again for the cases with constant magnetic field due to ¢(t) = 0. The additional rotation angle
is caused by the time—dependence of the magnetic field under adiabatic conditions. We can
regard it as an effect of the Berry’s phase.

When the discussion of this letter is specialized for neutrino, it is shown from Egs. (17)
and (19) that the Berry’s phase has something to do with the SNP. One of the authors even

analysed some relations between Berry’s phase and SNP from the MSW mechanism for solving
the SNPI7-8l]

If the adiabatic conditions (8) do not hold, the high order adiabatic approximate method

suggested by one of the authors can be applied to dealing with the non-adiabatic effects of
the problems in this letter. '

References

{1] M.V. Berry, Proc. R. Soc. Lond. A392(1984)45.

(2] R. Jackiw, Comment. Ato. Mol. Phys. 21(1988)71 and the references therein.
[3] B. Okun et al., Sov. J. Nucl. Phys. 44(1986)440.

[4] J. Liu, Commun. Theor. Phys. 11(1989)239.

(5] C.P. Sun, J. Phys. A21(1988)1595.

[6] C.P. Sun, High Energy Phys. Nucl. Phys. 12(1988)352.

(7] C.P. Sun, Phys. Rev. D38(1988)2908.

8] C.P. Sun, High Energy Phys. Nucl. Phys. 13(1989)403.



