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Quantum Gr s’aruei:i&mafj\fon-standard
R-matrix for Yang-Baxter Equation®

GE Molin, SUN Changpu’, XUE Kang!
Theoretical Physics Division, Nankal Institute of Mathematics, Tianjin 300071
t also Department of Physics, Northeast Normal University, Changchun 130024

(Received 25 March 1991)

By taking the concept of weight conservation into account, new solutions of
Yang-Baxter equation without spectral parameter are obtained through the
non-standard R-matrix on the tensorial space V2@ V7 (5 # 1/2) in terms
of the irreducible representation of the quantum universal enveloping algebra
SL, (2). The non-standard R-matrix R*/? ! is obtained in an explicit form for
= 1.

PACS: 02.20.+b, 05.50.4q

At present it is recognized that the Yang-Baxter equation(YBE) plays a crucial
role in non-linear physics, such as exactly-solvable models of statistical mechanics,
quantum inverse scattering method and so on.! According to Drinfeld? and Jimbo,® a
typical scheme to obtain the solution of YBE is figured through an example of SU(2)
as follows. '

Consider the quantum universal enveloping algebra (QUEA) SLg (2), which is an
associative algebra over the complex number field C and generated by J;, J_ and Js,
satisfying

U J-] = sl, s, Je] = £2J¢ . (1)

The universal R-matrix R(€ SLy(2) ® SL4(2)) can be constructed in terms of SL,(2)

R =00 S L taneny By g o7y ) (2)
=q Z——[—n]—!—-qz (¢3Js®q 3 J)°,

n=0

f g7
where we have defined that [f] = ‘%—:—-g—l— and [n]! = [n][n — 1] ... [1]. For given
irreducible representations plil of SLg(2) on the spaces vl the j-5' R-matrix R 7' €
End (VU] @ V1)) is given from Eq. (2) as
7 e pll(R) (3)

The Hopf algebraic structure of SL,(2) ensures R’ 7' to satisfy the YBE without
spectral parameter:* S S
R RS RS =R RERDS 0

and the condition of “CP-invariance”:

(r ,-,)ma ™ (r ,->—m; R (5)

mi ma —~m3 —my
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where R f,' is defined on Vil @ V17l @ V1l as
o . ymh ml
Ril .;2 - Z (RJI 12) 1 Emlml ® Emgm'z QIz...... (6)

m; mz2

The j-;' R-matrix constructed from Egs. (2) and (3) in terms of a QUEA is called stan-

dard j-7' R-matrix. Through so-called Yang-Baxterization,’® one obtain the solution
of YBE

R} P ()R} P (u+v) REF(V)=REF (W) RP P (u+v) RE P (v). (7)

It is worth notice that the Kauffman’s diagram technique(KDT)” to directly obtain
7-R matrix RY = RI7'(f = j) has been extended to the case of arbitrary classical
Lie algebra and non-standard j-R matrix or non-standard braid group representations
obtained by this extended KDT can not be covered by standard ones.?

Now, a question rises naturally: Does there exist a non-standard R’ 7 " matrix when
7 # 7'7 We recall that the concept of weight conservation is a key point for calculation
of our extended KDT and proved to be satisfied by the quantum group constructed
R’ 7 matrix.® Non-standard R’ / matrices besides standard ones have been constructed
in terms of quantum group or QUED in Ref.9. Since R’ 7 matrix is a special case of
R} 7' matrix when j = j', we naturally hope to construct R ¥’ matrix (j # ;') through
quantum group or QUED.

By a proof similar to that for R? 7 matrix, we easily observe that the standard R’ / '
matrix (5 # j') still satisfies weight conservation. Now, we consider the case that j or
7' = 1/2. It follows from Eq.(4) that the R’ /2 matrix and the RY/? 7 matrix satisfy

1/2 1/2 ,1/25 p1/2 5 125 51/23 o1/21/2
R1/ 2/ Rl/ !JiRZ/ZJ‘l R2/ ;Rl/ éRl/ z/ H (8‘3)

R:/z ; R}/Z ;/z R; ;/z Ri ;/z 1/2 1/2 R1/2 5 ’ (8- 1)

CHEC GO 8-

The “CP-invariance” requires that Eqgs. (8-a) and (8-c) are equivalent. Let
RV2i = RY?I L AV gil2r 12 +AY2 pl21/2 — gY*1/2

be a solution of Eq. (4) where RV B 12 and B/* '/? are standard. Then,
Ei/z ;/2 ( Al i Rl/z j +R1/2 j A1/2 j +A1/2 j A1/'2;

/25 A1 1/2 1/2 , 1/2 1/2

(Az' ;A1/2::,5 1/” R/ i+ 2/ H aY* f,) 1/ 2/

)

(9)
1/2 7 =1/2 12 =5 1/2 . =1/2 § =1/21/2 5 1/2 1/2 5 =1/21/2 .4 1/2
L IR R L s W
A} "Ry J+§J Ry 3 1/ ;*‘A';s/ R/ a3

Using the explicit matrix elements of the irreducible representation p¥! of SL,(2)1°

(b1 i)):’ - (b. Tl m 1]) 1/252;1 : (,,[J')(Js)):, =2m's® ,  (10)
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the standard R/ 7 matrix and A1/2 7 are explicitly written as

BT o /2 eV (Ta)enlil () i (1-g73)" {qp‘%] COMPULIE A
n=0 (11)

g 1. 1)} i),

and

A = i’jAkpll/zl(J_)p[I/’l(J+)®(plﬂw—))"(pm(m)"

k=0

25 -
+3 Bl @ (M02)) 7 (1)) (12)

k=1

+ i Colt(J.) @ (p[il(J+))" (pli](J_))k_l ,

k=1

respectively. Equation (9) determines the coefficients Ag, Bx and Ci (k = 1,2,...,27).

For example, when 7 =1,

(A1/2 1):’;,{ m'g = 5_1/2 _1/2 (A05m25m2 (AO +[ ]Al)smnsm'z (AO + i2}A1
+[2)2 Ag) 67767 + 67767, ((By + [2)Ba) (2126028
+ V28765 + 674073 ((Cr + [2]C2)[2] /287287

+ [2Ci558mE)
(13)
where the coefficients are determined to be two sets:
A=¢Q-9), AA=[2" ¢ -¢HQ~-9), A4=[*1-¢Q@-9,
Cr=Cr=0, Bi=[2"V2 (g, ~ {(1- ¢} - ¢ ), Ba=a. -,
4,9, = q—lQ(l - q—2)(q2 - q—2) ’

(14)
and -
Ao=Q—-¢7', Ar=[] 1(q—l)( *1)‘, Az=(1-g)(Q@+1),
By = [2]” 1/2{(1—q N -, B=[27,, (15)
CI = [2] 1/2QQ 1 C —[2]3’/2QQ ’ qz = ~q61 )

where Q, ¢,,Q and §, are arbitrary complex parameters. Equations (14) and (15) define
two non-standard R ’ matrices respectively
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g -
1gq, \
R1/2 1 = 0 q— Q 16
( ) q—l, qz H] ( )
0 ¢'Q
! Q |
- ] -
14,
12 1077y — 0Q
R (II) = q 0 ) (17)
4 9Q
I Q |
When . 12 .
Q=¢, a=0={1-aN-aH}", (18)

non-standard R/? ! matrix R/2 }(I) is reduced to the standard one R'* ! and thus
RY/2 (1) can be regarded as a three-parameter deformation of the standard R-matrix.

Finally, it is pointed out that there is no braid group representation corresponding
to the R 7' matrix when j # ;' and the non-standard R’ 7' matrices can also be
Yang-Baxterized by our general scheme.®
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