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High-harmonic generation (HHG) driven by intense quantum light has recently emerged as a new frontier
in strong-field physics. Yet, the mechanism underlying HHG with nonclassical fields such as bright squeezed
vacuum (BSV) light—characterized by a vanishing mean electric field—remains elusive. In this work, we
develop a fully quantum theory for HHG under arbitrary quantum driving fields. We show that the fluctuation
component of the dipole correlation operator plays a central role in HHG with quantum light and is essential
for BSV-driven HHG. Furthermore, our framework reveals the photon statistics distribution within individual
harmonics and across different harmonics, demonstrating that the statistics inherit the statistical properties of the
driving field. This theory overcomes key limitations of existing approaches and uncovers new quantum features
of HHG in the presence of nonclassical light.
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I. INTRODUCTION

High-harmonic generation (HHG) is a fundamental nonlin-
ear process in intense laser-matter interactions [1–3], widely
used to generate extreme-ultraviolet radiation and attosecond
pulses [4–9]. It has been successfully described by classi-
cal and semiclassical models, such as the three-step model
[10–12] and the strong-field approximation [13], where the
laser field is treated classically.

Recent advances in producing intense squeezed light
[14–22] have enabled the experimental realization of HHG
with quantum light [23–25]. This development challenges
classical-field-based interpretations, especially for bright
squeezed vacuum (BSV) states, where the mean electric
field vanishes. To address this regime, theoretical approaches
based on the Husimi distribution [26–28] have been employed
to represent quantum-light-driven HHG as a superposition
of coherent-state (classical-field) responses [29–34]. These
methods have also been extended to atomic single and dou-
ble ionization under quantum driving fields [35–37]. Despite
these advances, these methods remain semiclassical in na-
ture: The spectra are obtained by averaging over a mixture
of classical fields with varying intensities—particularly after
discarding the off-diagonal terms of the Husimi distribution
[31], which eliminates quantum coherences and thus pre-
vents an accurate characterization of the driving field’s photon
statistics and squeezing properties [38]. Moreover, it remains
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unsettled whether the averaging should be performed incoher-
ently [30,32] or coherently [29,33,34].

To overcome these limitations, we develop a fully quan-
tum (FQ) theory that directly yields the quantum state of the
harmonic modes under arbitrary quantum driving fields. It
connects the HHG spectra and photon statistics of harmonic
modes with the atomic dipole correlation operator. The use of
dipole correlation function—originally introduced in quantum
optics to define emission spectra of driven atomic systems
[39–43] and formalized in the Scully-Lamb-Glauber model
[39,40]—provides a natural foundation for this generaliza-
tion. Our framework is nonrelativistic but includes effects
of radiation reaction perturbatively [44,45]. We validate
the framework by numerically solving the time-dependent
Schrödinger equation for coupled atom-light systems driven
by amplitude-squeezed coherent (ASC), phase-squeezed co-
herent (PSC), and BSV states. Our results demonstrate that
the fluctuation component of the two-time dipole correlation
operator is the key physical quantity governing HHG with
quantum light, particularly for BSV driving. Moreover, the
theory predicts the photon statistics distribution both within
individual harmonics and across different harmonics, uncov-
ering intrinsic quantum correlations in HHG that go beyond
semiclassical descriptions.

II. METHODS

The Hamiltonian of the coupled quantum light-atom
system is Ĥ = ĤA + ĤF + Ĥint, where ĤA is the atomic
Hamiltonian, ĤF = ∑

k ωkâ†
k âk is the Hamiltonian of the

electromagnetic field, and Ĥint = −d̂ · Ê describes atom-field
interaction. The dipole operator is d̂ = d̂ζ with orienta-
tion vector ζ, and the quantized electric field operator is
Ê = ∑

k Êk = i
∑

k ε
(1)
k (âk − â†

k )εk , with εk being the polar-
ization vector and ε

(1)
k = √

ωk/2ε0V being the single-photon
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field amplitude for mode k ≡ {k, σ } (V is the quantization
volume, ε0 is the vacuum permittivity, k is the wave vector,
and σ is the polarization index). We use a one-dimensional
model atom with ĤA = p̂2/2 − 1/

√
x̂2 + ν2, where x̂ and p̂

are the position and momentum operators of the electron. The
soft-core parameter [46] is set to ν2 = 0.67, giving a ground-
state energy of −0.79 a.u., closely matching the ionization
potential of a neon atom.

The total Hamiltonian Ĥ can be separated as Ĥ = Ĥ0 +
V̂ , where Ĥ0 = ĤA + ĤF − d̂ · Ê l includes the interaction
between the atom and the single driving laser mode l
and V̂ = −d̂ · ∑

q �=l Êq accounts for the coupling of the
atom to all nondriving radiation modes. In the interac-
tion picture with respect to Ĥ0, the perturbation operator is
V̂I(t ) = eiĤ0tV̂ e−iĤ0t = −d̂ I(t ) · ∑

q �=l Êq(t ), where the field

operator for mode q evolves as Êq(t ) = iε (1)
q (âqe−iωqt −

â†
qeiωqt )εq and the dipole operator is given by d̂ I(t ) =

Ûl (t, 0)d̂Û †
l (t, 0). Here, Ûl (t, 0) = eiĤl t is the time-evolution

operator associated only with the driving laser mode and
Ĥl = ĤA + ωl â

†
l âl − d̂ · Ê l . In this picture, the wavefunction

of the system |�(t )〉I satisfies the time-dependent Schrödinger
equation:

i
∂|�(t )〉I

∂t
= V̂I(t )|�(t )〉I, (1)

with the formal solution

|�(t )〉I = T̂ e−i
∫ t

0 V̂I (t1 )dt1 |�(0)〉I, (2)

where T̂ denotes the time-ordering operator. The initial state is
taken as |�(0)〉I = |g, φl , 0q〉 ≡ |g〉 ⊗ |φl〉 ⊗ |0q �=l〉, with |g〉
the atomic ground state, |φl〉 the quantum state of the driving
mode, and |0q �=l〉 the vacuum state of all nondriving radiation
modes.

Because the radiation field is much weaker than the strong
driving field, the interaction V̂I(t ) can be treated perturbatively
[47,48]. Retaining terms up to second order in the expansion
(∼O([ε (1)

q ]2)), Eq. (2) reduces to

|�(t )〉I ≈ |g, φl , 0q〉−
∑
q �=l

ε (1)
q

∫ t

0
dt1d̂ I(t1) · εqeiωqt1 |g, φl , 1q〉

−
∑
q �=l

[
ε (1)

q

]2M̂(t,−ωq, ωq)|g, φl , 0q〉

+
√

2
∑
q �=l

[
ε (1)

q

]2M̂(t, ωq, ωq )|g, φl , 2q〉

+
∑

q,p�=l

ε (1)
q ε (1)

p M̂(t, ωq, ωp)|g, φl , 1q, 1p〉, (3)

where M̂(t,±ωm,±ωn) ≡ ∫ t
0 dt1

∫ t1
0 dt2d̂ I(t1) · εmd̂ I(t2) ·

εne±iωmt1 e±iωnt2 . Equation (3) remains a formal solution
because the dipole operator in the interaction picture already
includes the coupling to the driving field. The corresponding
Schrödinger-picture wavefunction is |�(t )〉 = e−iĤ0t |�(t )〉I.
The harmonic yield Y (ωq) (photon number) at frequency ωq

along propagation direction q, evaluated at the end of the

driving pulse (t = te), is given to leading order by

Y (ωq) =
∑

σ

〈�(te)|â†
qâq|�(te)〉

= [
ε (1)

q

]2
∫ te

0
dt1

∫ te

0
dt2e−iωq (t2−t1 )

× 〈g, φl |d̂I(t2)d̂I(t1)|g, φl〉sin2θ. (4)

Here, θ is the angle between the radiation mode propaga-
tion and the dipole direction. For simplicity, we set θ = 90◦
(observation perpendicular to the dipole). Thus, the harmonic
radiation is determined by the two-time correlation of the
dipole operator.

We now move to the frequency domain and define the
dipole operator d̂I(ω) ≡ ∫ te

0 dteiωt d̂I(t ). Using the opera-
tor fluctuation decomposition, d̂I(ω) = ∫ te

0 dteiωt [〈d̂I(t )〉Î +

d̂I(t )] ≡ 〈d̂I(ω)〉Î + 
d̂I(ω), with Î denoting the identity
operator, the harmonic yield becomes

Y (ωq) = [
ε (1)

q

]2〈g, φl |d̂I(ωq)†d̂I(ωq)|g, φl〉
= [

ε (1)
q

]2
[〈d̂I(ωq)〉∗〈d̂I(ωq)〉 + 〈
d̂I(ωq)†
d̂I(ωq)〉],

(5)

where the expectation value 〈· · · 〉 = 〈g, φl | · · · |g, φl〉. For
coherent-state driving, the first term in the square brackets
represents the spectral intensity from the dipole expectation
value and gives the dominant HHG signal, as discussed fur-
ther in Sec. IV C and Refs. [49,50]. For a BSV state, where
the mean electric field is zero and thus 〈d̂I(t )〉 and 〈d̂I(ω)〉
vanish, HHG originates entirely from dipole fluctuations. In
practical calculations, we can insert into Eq. (5) a complete
basis

∑
ξ,n |ξ, n〉〈ξ, n| of the coupled atom-field system (|ξ 〉

denoting atomic states and |n〉 denoting field states):

Y (ωq) = [
ε (1)

q

]2 ∑
ξ,n

〈g, φl |d̂I(ωq)†|ξ, n〉〈ξ, n|d̂I(ωq)|g, φl〉.

(6)

In this work, we use the Fock-state basis for the
radiation field. Introducing canonical operators of the
light field, ŷ = (â†

l + âl )/
√

2ωl and p̂y = i
√

ωl/2(â†
l − âl ),

the Hamiltonian Ĥl becomes Ĥl = ĤA + p̂2
y/2 + ωl ŷ2/2 +√

2/ωlε
(1)
l d̂ p̂y, which facilitates efficient numerical propaga-

tion of the coupled state e−iĤl t |g, φl〉 in a two-dimensional
space [51–53]. The intensity of the driving laser is given by
I = cωlN/V = ε0c|E |2/2, where c is the speed of light, N
is the number of photons, and V is the quantization volume.
The effective electric field is |E | = √

2ωlN/ε0V [54,55]. The
results depend primarily on |E |, i.e., on the ratio N/V , rather
than on the absolute value of N . The convergence of this
representation is discussed in Sec. IV D. Nonlinear atomic
responses emerge once |E | is sufficiently strong [56–58]. For
a coherent state with parameter α, the photon number Ncoh =
|α|2. For a BSV state, the photon number depends only on
the squeezing parameter r: Nsqu = sinh2r. For PSC or ASC
states, the total photon number includes both components:
N = Ncoh + Nsqu. A parameter χ = Nsqu/Ncoh can be intro-
duced to characterize the relative contribution of squeezing.
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FIG. 1. (a) Schematic illustration of the field mean (solid line)
and fluctuations (shaded area) for the coherent, ASC, PSC, and
BSV states. (b) HHG spectra of a model Ne atom (Ip = 0.79 a.u.)
obtained with our theory for coherent, BSV, and ASC/PSC light with
χ = 0.01. The driving laser has a wavelength of 800 nm, peak inten-
sity 1014 W/cm2, and duration of 15 cycles. All subsequent results
use the same laser parameters.

III. RESULTS

A. HHG with different quantum light states

Figure 1(a) schematically illustrates the mean field and
quantum fluctuations of the driving states considered. Fig-
ure 1(b) shows the corresponding HHG spectra for a coherent
state, a BSV state, and ASC/PSC states with χ = 0.01. The
BSV state produces a much broader spectrum (extending
up to 65th harmonic) and an HHG yields several orders of
magnitude higher than the other states. In contrast, the co-
herent and ASC/PSC states generate spectra of comparable
amplitude, with PSC showing a slight extension and ASC a
slight compression relative to the coherent case (up to 35th
harmonic). These differences reflect the distinct fluctuation
properties of the fields. BSV light exhibits much larger peak
electric field fluctuations, which strongly enhance the nonlin-
ear response. As a bunched light source [59], BSV further
amplifies multiphoton channels, leading to both spectral ex-
tension and yield enhancement. PSC light inherits modestly
larger peak-amplitude fluctuations than a coherent state, giv-
ing a weak BSV-like tendency, whereas ASC light shows
suppressed peak-amplitude fluctuations and increased phase
noise, which reduce HHG efficiency.

B. Quantum statistics of high harmonics

The second-order terms in Eq. (3) allow evaluation of
quantum statistical properties of the high-harmonic modes.
For a harmonic mode q, we compute the normally ordered

6.0 × 10-1

6.0 × 104

-6.0 × 104

-6.0 × 10-1

FIG. 2. Expectation value of the normally ordered variance of
the number operator for each harmonic mode under (a) coherent
light and (b) BSV light. Positive, negative, and zero values corre-
spond to super-Poissonian, sub-Poissonian, and Poissonian statistics,
respectively.

variance of the number operator [60–62]:

〈�(te)| : (
N̂q)2 : |�(te)〉
= 〈�(te)|â†

qâ†
qâqâq|�(te)〉 − (〈�(te)|â†

qâq|�(te)〉)2, (7)

which is directly related to 〈M̂†(te)M̂(te)〉 through the
second-order photon-emission amplitudes in Eq. (3). A pos-
itive value indicates super-Poissonian statistics, a negative
value indicates sub-Poissonian statistics, and zero corresponds
to Poissonian statistics.

Figure 2 presents the expectation values of this variance
for coherent and BSV driving light. Under coherent light,
the values fluctuate around zero, with slight positive or neg-
ative deviations. This indicates that high-harmonic generated
by a coherent state remain essentially coherent, with only
minor quantum corrections. In contrast, BSV driving light
yields strictly positive values, markedly enhanced at harmonic
peaks, clearly revealing super-Poissonian statistics. These re-
sults demonstrate that the quantum statistical properties of the
driving light are imprinted onto the generated harmonics.

In addition, we calculate cross-correlation functions to
characterize the statistical relations between two harmonic
modes q and p [60–64]:

Cqp = 〈�(te)|â†
qâ†

pâqâp|�(te)〉
− 〈�(te)|â†

qâq|�(te)〉〈�(te)|â†
pâp|�(te)〉, (8)

which corresponds to the excess coincidence rate in a Han-
bury Brown-Twiss-type measurement [64]. Positive values
(Cqp > 0) indicate intermode photon bunching, negative val-
ues (Cqp < 0) indicate antibunching, and Cqp = 0 corresponds
to uncorrelated modes.

Figure 3 shows the cross-correlation distributions un-
der coherent and BSV driving. Consistent with single-mode
statistics, correlations under coherent light are roughly five
orders of magnitude smaller than under BSV light, indicating
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FIG. 3. Cross-correlation Cqp between harmonic modes (q, p)
for (a) coherent light and (b) BSV light. Positive (negative) val-
ues indicate photon bunching (antibunching). The dashed lines (at
q + p = 10, 26, 42) mark examples of antidiagonal stripe pattern.

that harmonic modes driven by coherent light are largely in-
dependent, whereas BSV driving produces strong intermode
correlations. Even under coherent light, weak correlations
reveal both positive and negative intermode behavior, with
some mode pairs exhibiting bunching and others antibunch-
ing. Under BSV light, correlations are predominantly positive,
reflecting the bunched nature of BSV and resulting in strong
intermode photon bunching. Notably, antidiagonal correlation
stripes tilted at 45◦ emerge, indicating enhanced intermode
bunching when q + p is even (examples are indicated by the
dashed lines at q + p = 10, 26, 42).

IV. DISCUSSIONS

A. Comparison with Husimi-distribution-based methods

We compare the intermode correlations and harmonic
spectra predicted by the fully quantum theory with those ob-
tained from Husimi-distribution-based methods.

1. Brief overview of Husimi-distribution-based methods

We first recall the construction of Husimi-distribution-
based methods, since the correlation and spectral observables
compared below are evaluated using the resulting density
matrix. At the initial moment t = 0, the density matrix of
the system can be expressed as ρ̂(0) = ρ̂A(0) ⊗ ρ̂F(0), with
ρ̂A(0) = |g〉〈g| being the atomic ground state and ρ̂F(0) being
the initial state of the light field. Using the relation between
the generalized Glauber P distribution and the Husimi
Q distribution, P(α, γ ∗) = 1

4π
exp[−|α − γ ∗|2/4]Q[(α +

γ ∗)/2], the field density matrix can be represented
as [28,54]

ρ̂F(0) =
∫

d2αl d
2γl

1

4π
exp

(
−|αl − γ ∗

l |2
4

)

× Q

(
αl + γ ∗

l

2

) |αl〉〈γ ∗
l |

〈γ ∗
l |αl〉 ⊗q �=l |0q〉〈0q|, (9)

where |αl〉 (|γl〉) denotes the coherent state of mode l with
parameter αl (γl ).

The electric-field amplitude Eαl and coherent parameter
αl are related by Eαl = 2ε

(1)
l αl . Substituting this relation

into the exponential factor in Eq. (9) gives, in the free-space

limit ε
(1)
l → 0 (equivalently V → ∞), lim

ε
(1)
l →0(4π )−1

(4|ε (1)
l |2)−1 exp[−|Eαl − Eγl |2/(16|ε (1)

l |2)] = δ2(Eαl − Eγl ),
with Eαl held fixed [29,30]. Thus, Eq. (9) reduces
approximately to

ρ̂F(0) ≈
∫

d2αl Q(αl )|αl〉〈αl | ⊗q �=l |0q〉〈0q|, (10)

and the initial density matrix of the full system is written as
ρ̂(0) = ∫

d2αl Q(αl )|αl〉〈αl | ⊗q �=l |0q〉〈0q| ⊗ |g〉〈g|.
For each diagonal coherent-state component, the elec-

tronic wavefunction is propagated under the classical
field Eαl (t ) = 〈αl |Ê l (t )|αl〉, satisfying i∂t |φαl (t )〉 = [ĤA +
d̂ · Eαl (t )]|φαl (t )〉 [29,30,50]. The radiation field is then ob-
tained from the harmonic response of the atom, γ

αl
k ≈

dαl (ωk ), where dαl (ωk ) = ∫ ∞
0 dτeiωkτ 〈φαl (τ )|d̂|φαl (τ )〉 is the

Fourier transform of the semiclassical dipole driven by the
classical field Eαl (t ). Accordingly, the approximate system
density matrix at time t is

ρ̂(t ) =
∫

d2αl Q(αl )
∣∣φαl (t )

〉〈
φαl (t )

∣∣
⊗ |αl〉〈αl | ⊗q �=l

∣∣γ αl
q

〉〈
γ αl

q

∣∣. (11)

This density matrix is then used to evaluate the cross-
correlation function and HHG spectra within this framework.

2. Correlation signatures

The characteristic antidiagonal stripe patterns in Fig. 3(b)
can be traced to the dipole correlation function de-
rived from the fully quantum treatment, expressed as
Cqp ∝ ∑

ξ,n |〈ξ, n|M̂(te, ωq, ωp)|g, φl〉|2. Since the harmon-
ics generated by the quantum driving field are of odd
order, the dipole operator can be approximated as d̂I(t ) ≡∑

h∈odd d̂I(hωl )e−ihωl t . Substituting this form into the operator
M̂(te, ωq, ωp), we obtain

〈ξ, n|M̂(te, ωq, ωp)|g, φl〉

∝
[

sinc

(
As + Bh

2
te

)
ei

As+Bh
2 te − sinc

(
As

2
te

)
ei As

2 te

]
te
Bh

,

(12)

where As = ωq − sωl and Bh = ωp − hωl , with h, s ∈ odd.
Because of the sinc function, pronounced tilted stripes in Cqp

appear at conditions satisfying As + Bh = 0, corresponding to
even values of q + p.

For comparison, applying the definition Cqp =
Tr[ρ̂(te)â†

qâ†
pâqâp] − Tr[ρ̂(te)â†

qâq]Tr[ρ̂(te)â†
pâp] to the

Husimi-distribution-based density matrix obtained in Eq. (11)
gives

CHusimi
qp =

∫
d2αl Q(αl )

∣∣dαl (ωq)
∣∣2∣∣dαl (ωp)

∣∣2

−
( ∫

d2αl Q(αl )
∣∣dαl (ωq)

∣∣2
)

×
( ∫

d2αl Q(αl )
∣∣dαl (ωp)

∣∣2
)

. (13)

These distinctive stripe features therefore cannot be repro-
duced by Eq. (13), which effectively treats the harmonic
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FIG. 4. (a) Cross-correlation Cqp between harmonic modes (q, p)
for BSV light calculated via Husimi-distribution-based methods.
(b) Comparison of the HHG spectra obtained from the FQ theory
and Husimi-distribution-based methods for BSV light and PSC light
with χ = 0.01, where ICS and CS denote incoherent summation and
coherent summation of semiclassical spectra, respectively.

modes of quantum light as classical probabilistic mixtures,
as shown in Fig. 4(a). Moreover, when the driving field is
coherent light, Q(αl ) = δ(αl − ᾱl ), Eq. (13) gives CHusimi

qp =
0 because these methods treat harmonics as a multimode
coherent state without intermode correlations. This sharply
contrasts with the FQ theory [Fig. 3(a)], which preserves all
coherence of the driving field and predicts weak positive and
negative correlations for coherent states, entirely missed by
Husimi-distribution-based methods.

3. High-harmonic spectra

The two-time correlation function shows that the HHG
signal driven by quantum light contains two distinct contri-
butions: the dipole expectation term and the dipole fluctuation
term, as indicated in Eq. (5). Consequently, the HHG spectrum
obtained within the fully quantum framework is derived self-
consistently from first principles.

In contrast, methods based on the Husimi distribution can
produce different spectra depending on how the summation
over field states in Eq. (11) is performed—namely, through
incoherent summation (ICS) or coherent summation (CS). For
ICS, the harmonic yield in mode q is given by

YICS(ωq) = Tr[ρ̂(te)â†
qâq] =

∫
d2αl Q(αl )|dαl (ωq)|2. (14)

For CS, the harmonic yield takes the form

YCS(ωq) =
∣∣∣∣
∫ te

0
dτ eiωqτ Tr[ρ̂(τ )d̂]

∣∣∣∣
2

=
∣∣∣∣
∫

d2αl Q(αl )dαl (ωq)

∣∣∣∣
2

. (15)

This ambiguity originates from extending the semiclassi-
cal prescription for calculating HHG spectra—namely, taking
the Fourier transform of the laser-driven atomic dipole while
implicitly excluding the radiation-field Hilbert space—to the
case of quantum driving fields. In strong-field processes
driven by classical coherent light, this approach has been
widely adopted and successfully reproduces experimental

HHG spectra. However, the two expressions in Eqs. (14)
and (15) are generally not equivalent. They become identical
only in the coherent-state limit, where Q(αl ) = δ(αl − ᾱl ). As
shown in Fig. 4(b), CS and ICS yield substantially different
results: Even for PSC light with weak squeezing, CS predicts
pronounced spectral suppression relative to ICS. Furthermore,
CS cannot be applied to BSV light because the dipole contri-
bution vanishes under coherent summation.

The comparison above demonstrates two important points.
First, the ICS approach is in closer agreement with the fully
quantum treatment than the CS approach. Second, although
ICS reproduces the high-harmonic spectrum reasonably well,
it fails to capture the essential correlation properties encoded
in the photon statistics.

B. Origin of the differences

The differences discussed above can be traced to the
sequence of approximations underlying Husimi-distribution-
based approaches [29,30].

First, the quantum state of the driving field is expanded
in the coherent-state basis through the generalized Glauber P
representation, as expressed in Eq. (9). This transformation is
formally exact and introduces no approximation.

Second, in the free-space limit, the off-diagonal compo-
nents of the distribution are neglected because each individual
contribution becomes exponentially suppressed. This approx-
imation leads to Eq. (10), where only diagonal coherent-state
components weighted by the Husimi distribution Q(αl ) are
retained. Since the off-diagonal terms encode the quantum co-
herence of the driving field, their omission effectively converts
the field into a diagonal statistical mixture. Furthermore, while
each discarded off-diagonal contribution is individually small,
the collective effect of the infinitely many neglected terms is
not explicitly evaluated within this diagonal approximation.
In practical implementations, the free-space limit is often
employed further to simplify the original two-dimensional
integral over coherent-state parameters into a one-dimensional
integral over an effective field amplitude [29,30].

Third, the strong-field response associated with each di-
agonal coherent-state component is evaluated by retaining
only its classical-field contribution. In this treatment, each
coherent-state component acts effectively as a classical driv-
ing field, while the corresponding quantum corrections are
assumed to be small and are therefore omitted. Their cumu-
lative contribution over the full distribution is consequently
neglected. Moreover, for each diagonal component, the emit-
ted radiation modes are assumed to remain in coherent states,
such that the total radiation field is represented as a tensor
product of single-mode coherent states, and atom-field en-
tanglement within that component is not explicitly retained.
Together, these assumptions lead to the approximate density
matrix given in Eq. (11).

Fourth, the results obtained from these classical-field
calculations are recombined according to the diagonal dis-
tribution derived in the second step. For HHG, however, this
final recombination introduces an ambiguity in the construc-
tion of the spectrum, leading to the ICS expression in Eq. (14)
and the CS expression in Eq. (15).
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Taken together, this sequence of approximations provides
a practical framework for describing HHG driven by quantum
light and effectively reduces the problem to averaging clas-
sical strong-field dynamics over intensity fluctuations. At the
same time, it clarifies the origin of the discrepancies relative to
the fully quantum treatment discussed above. In this sense, the
fully quantum theory provides a first-principles benchmark
for assessing the range of validity of these approximations
and for identifying genuinely quantum features that remain
inaccessible within such approximate descriptions [38].

C. The semiclassical limit

The fully quantum expression in Eq. (5) reduces to
the semiclassical description of HHG when the quantum
driving-field operator Ê(t ) is replaced by a classical field
Ecl(t ), corresponding to the usual strong-field treatment of
coherent-state driving in which field fluctuations are ne-
glected. In this case, the dipole operator in the time domain is
d̂ sc

I (t ) = T̂ ei
∫ t

0 dt1[ĤA−d̂·Ecl (t1 )]d̂ T̂ e−i
∫ t

0 dt1[ĤA−d̂·Ecl (t1 )], and in the
frequency domain d̂ sc

I (ω) ≡ ∫ te
0 dt d̂ sc

I (t )eiωt . The harmonic
yield then takes the form

Y sc(ω) = ∣∣〈g|d̂ sc
I (ω)|g〉∣∣2 + 〈g|d̂ sc

I (ω)|g〉∗〈g|
d̂ sc
I (ω)|g〉

+ 〈g|d̂ sc
I (ω)|g〉〈g|
d̂ sc

I (ω)|g〉∗ + ∣∣〈g|
d̂ sc
I (ω)|g〉∣∣2

= ∣∣〈g|d̂ sc
I (ω)|g〉∣∣2

, (16)

where, for simplicity, only the contributions in which the
electron recombines to the ground state are included. The
above derivation has used the property 〈g|
d̂ sc

I (ω)|g〉 = 0.
This limit shows that the present formulation is self-consistent
and contains the conventional HHG description as a special
case.

D. Numerical convergence

Our calculation explicitly incorporates the degrees of
freedom of the driving field. For strong fields, the asso-
ciated Hilbert space can become extremely large. As dis-
cussed in Sec. II, the driving-field intensity is I = ε0c|E |2/2
with the effective electric field amplitude |E | = 2ε (1)

√
N =√

2ωlN/ε0V . Therefore, the numerical results depend primar-
ily on the ratio N/V instead of the absolute photon number
N . We find that the numerical results converge rapidly as N
increases while N/V is held fixed, as shown in Fig. 5. In
practice, a driving-field basis of about 104 states is sufficient
to obtain a converged HHG spectrum. Similar strategies have
been employed in related works [31,56–58].

The calculations are carried out on a two-dimensional
Cartesian spatial grid. For the electronic coordinate, the simu-
lation box extends from xmin = −100 a.u. to xmax = 100 a.u.,
with a grid spacing of dx = 0.1 a.u. The driving-field mode,
with an average photon number of n = 104, is represented
on a spatial domain spanning from ymin = −1190 a.u. to
ymax = 1190 a.u., using a grid spacing of dy = 0.03 a.u. For
a smaller average photon number of n = 5 × 103, the box can
be reduced to ymin = −640 a.u. to ymax = 640 a.u., with a grid
spacing of dy = 0.06 a.u. The time evolution is performed
with a time step of dt = 0.02 a.u. In addition, the number

FIG. 5. Numerical convergence of HHG spectra for different av-
erage photon numbers N while keeping the effective field amplitude
|E | = √

2ωl N/ε0V fixed. Spectra are vertically offset for clarity.

of basis vectors used to represent the driving-field mode—
expanded in the Fock-state basis—depends on the specific
quantum state of the field. For coherent states and ASC0.01,
the required upper limit of basis vectors exceeds 1.3 times
the average photon number; for PSC0.01, it exceeds twice the
average photon number; and for BSV, it exceeds 12 times the
average photon number.

E. Further remarks

Finally, we note that the interaction of intense quantum
light with matter still raises many open questions. Our re-
sults suggest that HHG inherits key quantum properties of
the driving field. This implies that for fields such as ASC,
PSC, or even BSV, the emitted radiation should be revis-
ited to determine whether the relative phases among different
harmonic frequencies become more ordered or more irreg-
ular. Such studies are essential both for clarifying whether
quantum-light-driven HHG can enable the generation of
shorter attosecond pulses—or pulses with distinct quantum
characteristics—and for achieving a proper characterization
of the emitted radiation. Advancing these directions will
be crucial for developing a comprehensive understanding of
quantum HHG and promises to open new opportunities in
ultrafast and quantum science.

V. CONCLUSION

We have developed a fully quantum, self-consistent the-
oretical framework for HHG driven by quantum light.
Crucially, the theory shows that HHG persists even when the
driving field has vanishing mean amplitude (e.g., BSV light),
originating from correlations of dipole fluctuations rather than
a nonzero dipole expectation value. The harmonic spectrum
is thus directly linked to the dipole-correlation observable
〈d̂I(ω)†d̂I(ω)〉, providing a fundamental explanation of HHG
under quantum driving fields.

Beyond reproducing HHG spectra across ASC, PSC, and
BSV states, the framework reveals how the quantum statistics
of the driving field are imprinted onto the harmonic modes.
In particular, BSV light generates super-Poissonian statistics
in individual harmonics and strong intermode photon bunch-
ing, opening new possibilities for engineering cross-frequency
quantum correlations. More broadly, these results extend the
understanding of quantum light-matter interactions, offering
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predictive accuracy and analytical clarity that go beyond semi-
classical approaches.
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