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The triply charged thorium-229 ion (**°Th3*) has been identified as a promising candidate for the
development of ultraprecise nuclear clocks. In this Letter, we investigate how the electron structure of this
ion, particularly the single valence electron, influences the nucleus through nuclear hyperfine mixing
(NHM)—a phenomenon previously studied almost solely for highly charged ions. We show that NHM
opens electric dipole (E1) transition channels, which can significantly enhance the efficiency of nuclear
isomeric excitation by 2 orders of magnitude. Additionally, NHM accelerates the spontaneous decay rate of
the nuclear isomeric state by 1% to 7%, depending on the specific hyperfine level involved.
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Introduction—The **°Th nucleus has a unique low-lying
isomeric state approximately 8.4 eV above the nuclear
ground state [1-6], and it has been proposed to use the
transition between these two states to construct nuclear
clocks [7] that have certain advantages over atomic clocks
based on electronic transitions [8,9]. Substantial progress
has been made on the properties of this nucleus [10—13] and
on methods of isomeric excitation [14-25]. In particular,
direct optical excitations have been achieved recently by
three groups using >?°Th-doped crystals [26-28].

229Th nuclear clocks may be realized along the following
approaches: (1) crystal nuclear clocks with >2°Th embedded
in crystals [26-31]; (2) ionic nuclear clocks with 22°Th ions
(especially the 2*Th** ion which is convenient for laser
cooling) confined in ion traps [7,32-35]; and (3) internal
conversion nuclear clocks with 2*Th adhered on the
surface of a substrate or in low-bandgap materials [36,37].
Each approach has its pros and cons. The crystal approach
provides a large number of participating >*°Th nuclei (doped
density ~10'® cm™3), but the complex electronic and pho-
nonic environment may limit the accuracy. The ionic
approach provides the cleanest environment with the
highest anticipated accuracy, but the number of trapped
ions is very limited (~100 — 1000) [38]. Therefore it is
extremely challenging to achieve direct optical excitation.
Significant recent progress has been mainly along the crystal
approach [26-28]. Nevertheless, important advances have
also been seen along the ionic approach. For example,
Yamaguchi et al. were able to confine >>Th** ions in a linear
Paul trap for over half an hour and measured the isomeric
lifetime in an isolated environment [13].

The goal of the current Letter is to contribute to the ionic
approach by providing previously unknown and unexpected
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theoretical insights into the 2*Th3* ion. Specifically, we
show effects of nuclear hyperfine mixing (NHM) on this
ionic state. These effects are unexpected because NHM
is believed to be significant mostly for highly charged
ions [39—42], such as 22°Th8%*, 22°Th®7+, 205pp77+ etc. In
contrast, the influence of outer-shell electrons on the nucleus
is much weaker for lowly charged ions such as 2>°Th*+
[43—45] and it is unknown to what degree the ionic nuclear
clock would be affected by NHM. In this Letter, we show
that NHM opens new electric dipole (E1) transition channels
that are otherwise forbidden. These E1 channels facilitate
more efficient isomeric excitation by 2 orders of magnitude
compared to the normal magnetic dipole (M1) transition.
Additionally, we find that the NHM effect decreases the
lifetime of the nuclear isomeric state by 1% to 7%, depend-
ing on the specific hyperfine level involved.

Theory of NHM—In an ion, the electrons generate a
strong electromagnetic field at the site of the nucleus,
causing mixing of nuclear states. This is NHM, which is
also termed “spin mixing in hyperfine fields” in early
literature [46—48]. The total Hamiltonian of a 22°Th3* ion
can be written as H = H, + H, + H.,, where H., H,, H,
are the Hamiltonian for the electrons, for the nucleus,
and for electron-nucleus interaction, respectively. The
229Th3* ion consists of a closed electronic shell and a
single valence electron, and the closed electronic shell does
not have hyperfine interaction with the nucleus, therefore
H. is taken as an effective Hamiltonian that yields correct
fine structures of the valence electron. The noncentral
electron-nucleus interaction H, can be written with elec-
tric (z = E) and magnetic (M) A-order irreducible tensor
operators [49] as

4r (tAv) y (eA—0)
H,, = —1)* M, . 1
0= 3N S CMPINE. (1)
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Here, the nuclear multipole moment operator /\/l[(lm) is
given explicitly as

M) = / Ppa(£)Y,, (0. $)dr, (2)

(Miv) _; . '
M= c(ﬂ+1)/rﬂjn(r) LY, (0,¢)dr, (3)

where Y is the spherical harmonic function, c is the speed
of light, L is the angular momentum operator, and p,, and j,
are the charge and current density operators of the nucleus.

Operator Mé””’ has the same form as MI(ITM, except that
pn and j, in Egs. (2) and (3) are replaced with p, and j,
which are charge and current density operators of the
electron. A total transition operator of the ion is defined as
the sum of the nuclear and electronic transition operators:

M) — _/\/ll(f’l”) + Mér’ll’). The corresponding “reduced”
operators, including Mff’l), /\/lf(:d), M) are also useful in

situations where the magnetic quantum number v is

summed over. The multipole operator N ) in Eq. (1)
has a different form

NER) _ / 1) ()Y, (0, §)Pr, (4)

N.(SMM :é/r—i—lje(r) LY, (0,¢)d’r, (5)

and NV ém) only operates on the electron.

Without H,,, the nucleus and the electron are indepen-
dent from each other and the eigenstates of the system are a
direct product of the nuclear states and the electronic states.
With H.,, hyperfine splitting happens and the energy levels
are determined by the total angular momentum F which is
coupled by the nuclear spin / and the electron angular
momentum J. However, it is to be noted that a total-
angular-momentum state |i) = |I,J;F;) is not exactly the
eigenstate. The rigorous eigenstate can be written as

i)+ :ai|i>+zbij|j>’ (6)

thatis, mixing with state | j) = |/;J;F ;) is possible. Here, the
“+” sign in the subscript denotes an ion eigenstate with
NHM included. Usually a; = 1 and the mixing coefficient
b;j (< 1) can be calculated using perturbation theory as [42]

(—=1)litdHEs L Ji F,
J, I, A

J J

(j|Henli) 4r
b;; ~ =
YTE - E; Z; 2+ 1
A T
LIMENLY T INED |y )

~ o 9

where E;/; is the energy of state |i/j), <I,||M§f”||1i> is
the reduced nuclear transition matrix element, and

(v;J IV, |ly.J,) is the reduced electronic transition matrix
element with y denoting all other electronic quantum
numbers. If I; #I; and b;; # 0, different nuclear states
are mixed and this is NHM.

NHM is closely related to, yet distinct from, the hyper-
fine quenching (HQ) process in atomic physics [50-57].
Both phenomena arise because the true eigenstates of an
ion are hyperfine states, which can involve admixtures of
different components. The essential difference is that HQ
involves a single nuclear state, whereas NHM couples two
(or more) nuclear states, thus enabling control over tran-
sitions between nuclear levels.

Opening of E1 nuclear excitation channels—The spin
and parity of the nuclear ground (isomeric) state is I =
5/2% (I%, = 3/27), so the nuclear transition is of type M1
or E2. The electronic ground state of the >?°Th’* ion is
5fs/, (hyperfine level F' = 3).

NHM opens E1 nuclear excitation channels. For exam-
ple, Fig. 1 shows the transition from the ground state of the
ion, |1,,5fs/,),, to the excited state |I,,,6d5,,),. Let us
write down the expansions of these two states (both for
F =3):

[g.5fs12)+ = |14, 5f5/2) + bill 4. 5f7/2) + ball . 6f52)
+b3|1m,5f5/2>+..., (8)

[, 6d32) = |1y, 6d3)5) + Pi|1,,6ds)2) + Poll, Tds)2)
+ psll,4.6ds ) + ... )

where the values of the mixing coefficients are b; =
1.9x107%, b, =7.0x1078%, by =-2.1x10"7, and
fi=-12x107, f,=-29x 1077, p3 = —-8.6 x 1073,
All the states in the above expansions are for the F =3
hyperfine level. One sees that the ground state is mixed
with a small fraction of the nuclear excited state (the
component with coefficient b;), and the excited state is
mixed with a small portion of the nuclear ground state (the
component with coefficient ;). Then we get a nonzero E1
transition matrix element

+<Im’ 6d3/2|M(E1y) |I_(/’ 5f5/2>+
~ b3(1,,, 6d3,| MEW|L,,. 5f5)5)

+ 31, 6ds )| MEWT, 5F5)0), (10)
where the total transition operator M (1¥) is the sum of the
nuclear and electronic transition operators, as men-
tioned above.

Note that this kind of E1 transition channel is possible
only because of the NHM effect, without which the mixing
coefficients by 53 . or 3. vanish and the above matrix
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FIG. 1. Example E1 transition channels in the >>Th3* ion. The
transition from |7, 5f5,5) , to |I,,,6d5,5) . is an E1 transition with
nuclear excitation opened by NHM. The transition from
[1,,,5f5/2) 4 to|l,,6d5),), is an E1 transition with nuclear decay
opened by NHM. The transition from |1,,,6d5,,) , to |1,,,5f5/2) .
is a purely electronic E'1 decay. The transition between |1,,5f5/2) .
and |1,,,5fs)), is of types M1 and E2.

element vanishes. Without NHM, the transition from
[14.5fs)2) to |I,,,6d5/,) cannot be accomplished directly.
Instead, itis a second-order perturbative process that must go
through an intermediate state, e.g., (Im,6d3/2|/\/l(51”)|1m,
5F5/2) (Lns 552l MWL, 5F5)5).

The transition from |I,,5fs,5), to |I,,.5fs/), is an
M1/E2 (M1 dominant) process even with the NHM effect.
This is because only states with the same parity can be
mixed. Both of these states have odd parity, so only odd-
parity states can be mixed into each state. There are no
even-parity components that allow an E1 transition, which
requires parity flipping.

More efficient pathway for isomeric excitation—The
reduced M1 transition matrix element  (I,,.5fs/,
[MWMO1,.5F5),), is calculated to be 3.73 x 10~ a.u.,
whereas the reduced FE1 transition matrix element
L. 6d3 | MUEV(|1,,5F5,,), is calculated to be
6.22 x 1078 a.u., which is an order of magnitude higher.
This leads to a nuclear isomeric excitation efficiency 2
orders of magnitude higher.

The excitation energy of the M1 channel is 8.356 eV
(corresponding to a laser wavelength of 148 nm), and the
excitation energy of the E1 channel is 9.497 eV (131 nm),
which is 1.141 eV higher due to the accompanied electronic
transition. In our calculation, the reduced nuclear transition
probabilities are taken to be B(M1,m — g) = 0.0076 W.u.
and B(E2,m — g) = 27 W.u. [58]. The electronic levels
are calculated based on Dirac equations using the GRASP-2K

TABLE 1. Partial electronic states in our calculation.

Odd parity Energy (eV) Even parity Energy (eV)
5fs 0 6ds,, 1.141
5f1 0.536 6ds/> 1.798
P12 7.474 7812 2.869
P32 9.064 8s1/2 14.841
8pin 15.549 Tds ), 14.849
6fs)2 15.791 Tds 15.065
672 15.859 5992 19.772
8p3) 17.354 5912 19.776

package [59], and the levels with energies below 20 eV
relative to the 5f5,, ground state are listed in Table 1. Our
results agree well with existing data [60,61].

The probability of isomeric excitation can be calculated
using the following formula for M1 or E1 transitions:

L FIIMED ) P
Poel) ¥ =355 31

1%, (11)

where F; is the total angular momentum quantum number
of the initial state |i)_, I is the laser intensity, and ¢ is the
time of laser irradiation. The above expression is obtained
using first-order time-dependent perturbation theory and it
is valid for P.,. < 1. Assuming the laser intensity to be
I=1 mW/(:m2 and an excitation time of r =1 s, and
using the reduced M1 and E1 transition matrix elements
given above, we get the isomeric excitation probability to
be 3.2 x 107> for the M1 transition channel by a 148-nm
laser, and 9 x 1073 for the E1 transition channel by a 131-
nm laser.

This 2-orders-of-magnitude enhancement in isomeric
excitation can be helpful in the development of 22°Th3+-
based ionic nuclear clock. The ionic nuclear clock is
expected to achieve the highest precision, however, it is
also extremely challenging to obtain nuclear excitation
signals due to the very limited number of confined ions.
Therefore, it is desirable to obtain 2?*"Th** with as high
efficiency as possible for subsequent spectroscopic inves-
tigations. It is to be emphasize that the isomeric frequency
in the 22°Th** ionic state is different from the frequency
determined in doped crystals [26—28]. In the latter case it is
mostly in the 2*Th** ionic state. Dzuba and Flambaum
estimate that an additional electron can cause a nuclear
transition frequency shift by 0.1-1 GHz [62].

The transition energy of 9.497 eV (131 nm) is close to the
sixth harmonic of Ti:sapphire lasers (800 nm/6 = 133 nm).
It may be generated using nonlinear optical processes by
adding two third harmonic (266 nm) photons (or a four wave
mixing process similar to Refs. [26,27]).

The E1 destination state |I,,.6ds,,), quickly decays
into the |I,,,5fs/,), state via a purely electronic E1
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TABLE II.  E1 decay channels opened by the NHM effect and
the corresponding decay rates. The decay rate shown in each row

is the total rate of the possible final hyperfine levels.

Initial level

Final levels

Decay rate (s™')

|1ma5(J;;/i>Y) |Ig}:6i5/02,>1 2 42 %1077
L. 5(11;5/35 |Ig’(2d3:/2;,+2) 3.0 x 1076
1 5(?5/35 |1!1’7(;l/i>§) 59% 1078
|1m’5(J;5/i>E) |Ig%6i5/12’>5’ 3 2.7 %1077
|Ima5(J;;/i>§) |Ig}?6i3/12,>5, 3 8.1 x 107
7, 5(1;75/35) |Ig’(?22§’+3) 3.6 x 1077
I 5({;/;);) |Ig%615/22’>§’ N 3.5% 107
L, 5({?5/3;) |If}v6i3/22,>§, N 8.5 % 1076
205 5(J;5/i>§) |1g’(;s223jr3) 6.5x 1077
|Imv5(J;:5/i>2) |Ig}:615/32,>1 5 6.8 x 1077
1 5(};5/32) |Ig’(?vd12§,+4) 6.3 x 1077
1 5(}25/32) 1y, 7(;1/33) 12 x 1077

spontaneous-emission process (Fig. 1). The lifetime of the
former state is calculated to be 36.3 ps. The lifetime of the
latter state is on the order of 10° s. The possibility of
population inversion exists between the |7,,,5f5,,) . state
and the |1,,5f5),), state, if the E1 pumping rate is higher
than the decaying rate of the |I,,,5fs),), state. For
example, with the laser parameters mentioned above
(131 nm, 1 mW/cm?), the pumping rate has already
reached 9 x 1073, which is higher than the decay rate of
the |1,,5fs/,), state. We would present more elaborated
results on this point in a separate publication.
Accelerated decay of the isomeric state—Not only new
E1 nuclear excitation channels are opened by the NHM
effect, new E1 decay channels are also opened that modify
the decay rate (lifetime) of the isomeric state, hence the
stability of the potential ionic nuclear clock. For example,
Fig. 1 shows the opened E1 decay channel from
|1,.5fs5)2)+ to |I,,6d5,,),. In Table II we list all the
opened E1 decay channels for each of the hyperfine level
(F=1,2,3,4)of the |1,,,5f5),) ., state. The decay rate is
calculated using the following formula [40,42,56]

167k>

m|+<f||M<El>||i>+|2, (12)

L(li) = 1)) =

where F; is the total angular momentum quantum number
of the initial state, and k is wave number of the emitted
photon.

The decay rate of the bare nucleus is 1.36 x 10™* s7!
using the B(M1) value given earlier. For each hyperfine
level, the newly opened E1 decay channels result in an
additional decay rate. For the F = 1 level, the total addi-
tional E1 decay rate amounts to 3.5 x 107% s=! (summing
the first three rows of Table II), which is 2.6% of the decay
rate of the bare nucleus. For the F' = 2 level, the additional
E1 decay rate is 8.7 x 1070 s~!, which is 6.4% of the decay
rate of the bare nucleus. For the F = 3 level, the additional
E1 decay rate is 9.5 x 107%s~!, which is 7% of the decay
rate of the bare nucleus. For the F = 4 level, the additional
E1 decay rate is 1.43 x 107® s™!, which is 1.1% of the
decay rate of the bare nucleus. This additional E1 decay
rate leads to a broadening of the isomeric linewidth, hence a
decrease of the stability of the potential ionic nuclear clock.
We see that the F' = 4 hyperfine level is the least affected
one by the NHM effect.

Although the values of B(M1) and B(E2) remain
uncertain in the literature (B(M1) = 0.005-0.048 W.u.,
B(E2) = 17.55-42.9 W.u.) [20,58,63,64], the uncertain-
ties mainly affect the magnitude of the decay rate. By
contrast, the fractional change in the decay rate is largely
insensitive to these uncertainties. With the ranges quoted
above, the fractional change for the F =1 level varies
between 2.5%-2.7%, while the fractional changes for the
other three levels remain essentially unchanged.

We note that an electronic bridge (EB) approach has
previously been used to predict the accelerated decay of the
isomeric state, yielding results of the same order of
magnitude [65]. However, that work did not provide
hyperfine-level-resolved predictions. This omission arises
because the EB approach is formulated using product states
of the nucleus and electrons, which are not true eigenstates
of the >Th** ion. The correct eigenstates are total angular
momentum states that include hyperfine mixing. Without
using these proper eigenstates, one cannot obtain hyper-
fine-level-resolved predictions or accurately determine the
corresponding transition types and rates.

Conclusion—Understanding the role of the electrons is
important for the development of the 2?°Th nuclear clocks,
which, after all, are not built on the bare nucleus. In this
Letter, we show how the electrons, in particular the single
valence electron, would affect the ionic nuclear clock based
on 22Th3* ions. The NHM effect opens E1 transition
channels accompanied by nuclear isomeric excitation or
decay. On the one hand, the E1 channels accelerate decay
of the nuclear isomeric state, hence broadening the line-
width and decreasing the stability of the ionic nuclear
clock. Depending on the hyperfine level involved, the
change in the decay rate is between 1% to 7%. On the
other hand, the E1 channels can also facilitate more
efficient nuclear isomeric excitation. Under the same laser
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intensity, a 131-nm laser is 2-orders-of-magnitude more
efficient in producing the isomeric state than a 148-nm
laser. We believe that these new theoretical insights are
important for the development of the ionic nuclear clock.
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