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Theory of nuclear excitation by inelastic muon scattering
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We develop a fully relativistic theoretical framework for calculating nuclear excitation cross sections induced
by muon beams, covering a broad range of incoming energies from 1 to 1000 MeV. Focusing on experimentally
accessible isotopes, 115In and 90Zr, we calculate excitation cross sections to various nuclear states. To enhance
relevance for potential experiments, we also estimate the effective cross sections for excitation to long-lifetime
isomeric states, suitable for postexcitation detection. Additionally, we compare the excitation cross sections for
μ−, μ+, and electrons, and we assess the impact of muon penetration into the nucleus on these cross sections.
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I. INTRODUCTION

Muons are fundamental particles with wide-ranging appli-
cations, including precision determination of nuclear proper-
ties [1–3], probing local magnetic environments in materials
[4–6], imaging the internal structure of large or dense objects
[7–9], and catalyzing nuclear reactions [10,11]. Consequently,
numerous accelerator facilities worldwide routinely supply
muon beams [12–17]. Recent demonstrations of intense-laser-
based muon sources [18,19] further broaden access to muon
beams.

Beyond static nuclear-structure studies [1–3], muons offer
promising opportunities for active excitation and control of
nuclei [20,21]. For example, nuclear excitation by muon
capture has been shown to be more efficient than its electronic
analog [20], and similar advantages arise in inelastic scat-
tering for the case of 229Th [21]. However, in contrast to the
extensively explored electronic excitation channels [22–42],
nuclear excitation by muons remains largely unexplored.
To date, inelastic muon scattering has been studied only for
229Th, and only at very low energies below 100 eV [21].
For general nuclei, however, excitation occurs at MeV-scale
energies where relativistic effects become essential.

In this work, we present a general relativistic framework
for nuclear excitation via inelastic muon scattering and apply
it to two experimentally accessible nuclei, 115In and 90Zr.
Both isotopes host long-lived isomeric states that allow for
delayed, postexcitation detection. Within this framework, we
calculate excitation cross sections to multiple nuclear levels
and track the subsequent decay cascades feeding the isomeric
state. Results for both μ− and μ+ projectiles are presented
and compared with the corresponding electron-induced cases.
We further evaluate the effect of muon penetration into the
nuclear volume on nuclear excitation cross sections, using
experimentally determined nuclear parameters and comparing
predictions from different theoretical methods [43–45].

*Contact author: xwang@gscaep.ac.cn

The paper is organized as follows. Section II intro-
duces the theoretical framework for calculating muon-induced
nuclear excitations. Section III presents excitation cross sec-
tions for 115In and 90Zr over a broad range of muon energies.
Section IV summarizes the main findings.

II. THEORETICAL FRAMEWORK

A. Muon wave functions

The total electromagnetic interaction between a nucleus
and a muon, expressed in atomic units (me = e = h̄ = 1), is
given by the Hamiltonian [46]

HI =
∫

ρμ(rμ)ρn(rn)

|rμ − rn| drμdrn − 1

c

∫
[Jμ(r) + Jn(r)]

· A(r)dr, (1)

where A(r) is the vector potential of the radiation field, and
ρμ/n and Jμ/n denote the charge and current densities of
the muon or the nucleus, respectively. The Coulomb gauge
∇ · A = 0 is used. In muon scattering, the dominant interac-
tion between the muon and the nuclear center of mass (with
charge Z) is the Coulomb potential eμV (r) = eμZ/r, which
governs the muon’s scattering trajectory. Here eμ = −1 for
μ− and +1 for μ+. The residual interaction between the muon
and the internal nuclear degrees of freedom induces nuclear
excitation, as discussed below.

The muon wave function φ(r) satisfies the Dirac equation

[−icα · ∇ + βmμc2 + eμV (r)]φ(r) = Eφ(r), (2)

where α and β are the standard 4 × 4 Dirac matrices, c is the
speed of light, mμ = 206.77 is the muon mass in atomic units,
and E is the eigenenergy. For continuum states (E > 0), the
solutions can be written in spherical coordinates as

|kηm〉 = 1

r

(
Pkη(r)�ηm(θ, ϕ)

iQkη(r)�−ηm(θ, ϕ)

)
, (3)

where k is the wave number, m is the magnetic quantum
number, and η = (l − j)(2 j + 1) follows the usual definitions
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of the orbital angular momentum l and the total angular mo-
mentum j.

The radial functions satisfy the coupled equations

dP

dr
= −η

r
P + mμc2 + E − eμV

c
Q,

dQ

dr
= mμc2 − E + eμV

c
P + η

r
Q, (4)

while the angular component is given by

�ηm(θ, φ) =
∑

s=±1/2

〈
1

2
, l, s, m − s| jm

〉
Yl,m−s(θ, φ)χs, (5)

with χs being the Pauli spinors and 〈· · · | · · · 〉 the
Clebsch-Gordan coefficients. The continuum eigenstates
|kηm〉 are normalized on the wave-number scale in our
calculations.

The initial and final muon states before and after scattering
are described by distorted waves (DW), |φi〉 = |kisi〉(+) and
|φ f 〉 = |k f s f 〉(−). Using partial-wave expansion, these states
can be written as

|ks〉(±) = 4π

k

√
E + mμc2

2E

∑
ηm

exp (±idEη )

× [�†
ηm(θk, ϕk )χs]|kηm〉, (6)

where dEη is the scattering phase shift [47]. For the numer-
ical solution of the Dirac equation, we employ the publicly
available RADIAL code [48]. Although originally designed for
electron wave functions, it can be used for both positive and
negative muons by simply replacing the electron mass and
charge in Eq. (4).

B. Nuclear wave functions

In this work, we do not compute the many-body nu-
clear wave functions (denoted |ψ〉) for several reasons. (i)
As shown below, all necessary nuclear-structure informa-
tion enters our formulation through the reduced transition
probabilities B(T λ). (ii) Accurate many-body calculations
for medium-to-heavy nuclei—such as the 115In and 90Zr
isotopes considered here [49–51]—remain computationally
demanding and lie beyond the scope of this study. (iii) A
practical and widely adopted approach in Coulomb-excitation
theory is to use experimentally measured B(T λ) values when-
ever available [28,31,46,52]. We follow this standard strategy
here.

C. Eigenmodes of the electromagnetic field

There are two classes of electromagnetic-wave eigenmodes
in a spherical cavity of radius R: the electric (E -type) and
magnetic (M-type) modes. Each mode is labeled by the an-
gular momentum quantum number λ, the magnetic quantum
number ν, and the wave number κ . Their vector potentials
are

A(Eλ, ν, κ ) =
√

8πc2

λ(λ + 1)R
∇ × L[ jλ(κr)Yλν (θ, φ)] (7)

and

A(Mλ, ν, κ ) = i

√
8πc2K2

λ(λ + 1)R
L[ jλ(κr)Yλν (θ, φ)], (8)

where L is the angular momentum operator and jλ is the λ-
order spherical Bessel function.

The quantized field A can be expanded as

A =
∑
λνκ

[a(Eλ, ν, κ )A(Eλ, ν, κ ) + a(Mλ, ν, κ )A(Mλ, ν, κ )

+ H.c.], (9)

where the annihilation operation a satisfies

ME〈n′|a|n〉 =
√

n

2κc
δn,n′+1 (10)

in the Fock representation.

D. Nuclear excitation

As mentioned above, the interaction potential responsible
for nuclear excitation is Hμn = HI − eμV . The initial and final
states of the system are written as |i〉 = |φi〉 ⊗ |ψi〉 ⊗ |0〉 and
| f 〉 = |φ f 〉 ⊗ |ψ f 〉 ⊗ |0〉, respectively. We use |φ〉 to denote
the muon state, |ψ〉 the nuclear state, and |0〉 the vacuum state
of the radiation field. The transition matrix element is given to
the second order as

Tf i ≈ 〈 f |Hμn|i〉 +
∑

g

〈 f |Hμn|g〉〈g|Hμn|i〉
Ei − Eg

, (11)

where |g〉 = |φg〉 ⊗ |ψg〉 ⊗ |1〉 are one-photon intermediate
states, and Ei and Eg are the energies of the corresponding
states.

In general, the muon and nuclear degrees of freedom are
entangled in Tf i, making it difficult to evaluate integrals of the
form

F =
∫

φi(rμ)φ f (rμ)ψi(rn)ψ f (rn)

|rn − rμ| drndrμ (12)

without an explicit representation of the nuclear wave function
ψ . However, in many situations—particularly when the muon
energy is low—the spatial overlap between the muon and the
nucleus is negligible. That is, for essentially any position r,
either φ(r) ≈ 0 or ψ (r) ≈ 0. Under this condition, the muon
and nuclear coordinates can be effectively disentangled in the
denominator, and the T -matrix element simplifies to the form
given below:

Tf i ≈ 4π
∑
λν

[〈φ f |N (Eλ, ν, q)|φi〉〈ψ f |M(Eλ,−ν, q)|ψi〉

− 〈φ f |N (Mλ, ν, q)|φi〉〈ψ f |M(Mλ,−ν, q)|ψi〉]

× (−1)ν

2λ + 1
. (13)
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Here, multipole operators

N (Eλ, ν, q) = iqλ

cλ(2λ − 1)!!

×
∫

Jμ(r) · ∇ × L
[
h(1)

λ (qr)Yλν (θ, ϕ)
]
dr,

M(Eλ, ν, q) = (2λ + 1)!!

cqλ+1(λ + 1)

×
∫

Jn(r) · ∇ × L[ jλ(qr)Yλν (θ, ϕ)]dr,

N (Mλ, ν, q) = qλ

cλ(2λ − 1)!!

×
∫

Jμ(r) · L
[
h(1)

λ (qr)Yλν (θ, ϕ)
]
dr,

M(Mλ, ν, q) = −i(2λ + 1)!!

cqλ+1(λ + 1)

×
∫

Jn(r) · L[ jλ(qr)Yλν (θ, ϕ)]dr (14)

are introduced, where h(1)
λ is the λ-order spherical Hankel

function of the first kind and q = (Ei − E f )/c is the wave
number of the virtual photon. In addition, since qr � 1 holds
inside the nucleus, the asymptotic form [53]

jλ(qr) ≈ (qr)λ

(2λ + 1)!!
(15)

is available to match the reduced nuclear T λ-transition prob-
ability (T = E , M) as

B(T λ, i → f ) ≈
∑
νM f

|〈Nf If M f |M(T λ, ν, q)|NiIiMi〉|2.

(16)

Assuming the incoming direction ki is along the z axis, the
differential cross section for nuclear excitation is

dσi f

d�
= EiE f k f

8π2c4ki

∑
sis f

|Tf i|2, (17)

after averaging over the muon spin si and summing over s f

[34]. The total cross section is

σi f = 8π2 (E f + mμc2)(Ei + mμc2)

k f k3
i

∑
T λ

q2λ+2

[(2λ + 1)!!]2

· B(T λ, i → f )CT λ
i f . (18)

For Eλ terms,

CEλ
i f =

∑
ηiη f

(2 ji + 1)(2 j f + 1)(2li + 1)(2l f + 1)

×
(

li λ l f

0 0 0

)2{
li λ l f

j f 1/2 ji

}2∣∣REλ
i f

∣∣2
(19)

�
f

�
i

�
f

�
i

virtual photon

decay

�
m

FIG. 1. Illustration of generating a nuclear isomeric state ψm.
The nucleus is excited from ψi to ψ f by exchanging a virtual photon
with the muon, the state of which changes from φi to φ f . Then the
nucleus rapidly decays into the isomeric state ψm directly or through
intermediate states.

and

REλ
i f =

∫ {
h(1)

λ (qr)[Pi(r)Pf (r) + Qi(r)Q f (r)]

+ h(1)
λ−1(qr)

λ
[(ηi − η f + λ)Pf (r)Qi(r)

+ (ηi − η f − λ)Pi(r)Q f (r)]

}
dr. (20)

For Mλ terms, the parameter l ′
i = 2 ji − li is used:

CMλ
i f =

∑
ηiη f

(2 ji + 1)(2 j f + 1)(2l ′
i + 1)(2l f + 1)

×
(

l ′
i λ l f

0 0 0

)2{
l ′
i λ l f

j f 1/2 ji

}2∣∣RMλ
i f

∣∣2
(21)

and

RMλ
i f = ηi + η f

λ

∫
h(1)

λ (qr)[Pi(r)Q f (r) + Qi(r)Pf (r)]dr.

(22)

E. Production of isomers

Direct excitation from the initial nuclear state |ψi〉 to the
isomeric state |ψm〉 is typically very inefficient, owing to the
large angular-momentum difference between them—precisely
the reason for the isomer’s long lifetime. Instead, the isomeric
state is populated through indirect pathways, as illustrated in
Fig. 1: the nucleus is first excited to a higher-lying state |ψ f 〉,
which then decays rapidly into the isomer, either directly or
through one or more intermediate levels.

The effective isomeric excitation cross section from |ψi〉 to
|ψm〉 is therefore

σim =
∑

σi f b f gbgh . . . blm, (23)
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TABLE I. Reduced nuclear transition probability B(T λ, i → f )
of 115In and 90Zr in Weisskopf units from the ground state |ψi〉 to
excited states |ψ f 〉. All nuclear energy levels E are given in keV.

115In 90Zr

E f T λ B(T λ, i → f ) E f T λ B(T λ, i → f )

934 M1 3.76 × 10−4 2748 E3 56
941 E2 0.792 4229 E2 0.47
1078 E2 6.66 4681 E2 0.49
1449 E2 4.5 4701 E2 0.084
1449 M1 1.9 × 10−4 4824 E2 0.155
1464 E2 1.36 5437 E2 0.185
1464 M1 0.04 5591 E2 0.405
1486 E2 2
1486 M1 6.4 × 10−3

where the sum runs over all decay chains of the form

|ψ f 〉 → |ψg〉 → |ψh〉 → · · · → |ψl〉 → |ψm〉. (24)

Here, each b denotes a branching ratio; for example, b f g is the
fraction of decays from |ψ f 〉 that proceeds directly to |ψg〉.

III. RESULTS AND DISCUSSIONS

A. Nuclear excitation cross sections

We illustrate our approach using 115In and 90Zr, both of
which are stable nuclei and experimentally accessible. 115In
has an isomeric state at 336 keV with a half-life of 4 h, and
90Zr has an isomeric state at 2319 keV with a half-life of
0.8 s. All other excited states included in our calculations have
half-lives shorter than 0.1 ns. The reduced nuclear transition
probability B (Table I) and the branching ratios b (Table II) are
taken from the Nuclear Structure and Decay Databases [54].

The cross sections for direct nuclear excitation to vari-
ous excited states are shown in Fig. 2 for (a) 115In and (b)
90Zr. For 115In, the cross sections are quite similar for most
final states, ranging from 10−28 to 10−27 cm2 over a broad

TABLE II. Branching ratios bf g of 115In and 90Zr from state |ψ f 〉
to state |ψg〉.

115In 90Zr

E f Eg b f g E f Eg b f g

597 336 1.00 2739 2319 1.00
829 336 0.92 2748 2319 5.0 × 10−3

829 597 8.4 × 10−2 3077 2319 2.4 × 10−2

934 829 2.2 × 10−3 3077 2739 8.2 × 10−3

941 597 0.10 3077 2748 6.1 × 10−2

1078 597 0.16 4229 2748 0.34
1078 941 1.0 × 10−2 4681 2748 0.50
1449 934 5.0 × 10−3 4701 2748 0.40
1449 941 1.3 × 10−2 4824 3077 6.4 × 10−2

1449 1078 4.0 × 10−4 5437 2748 0.61
1464 1078 5.8 × 10−2 5591 2748 0.18
1486 941 3.8 × 10−2
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FIG. 2. Cross sections for nuclear excitation of (a) 115In and
(b) 90Zr by muon scattering, showing transitions to various nuclear
states labeled by their excitation energies (in keV). The dashed black
curve in each panel indicates the effective excitation cross section to
the 336-keV isomeric state of 115In and the 2319-keV isomeric state
of 90Zr, respectively.

muon energy range from 2 to 1000 MeV. An exception is the
934-keV excited state, whose cross section is 4 to 5 orders of
magnitude smaller. This is due to the fact that the transition to
the 934-keV state is predominantly of the M1 type, which is
less efficient than E2 transitions in muon excitation [21]. For
other excited states, E2 transitions are the dominant channels.

For 90Zr, the cross sections are generally on the order of
10−30 to 10−29 cm2, with the exception of the more efficient
2748-keV state. The transition to this state is of the E3 type,
which is more efficient than the E2 transitions to other states,
particularly at higher muon energies.

The efficiency of nuclear transition types is influenced
by several factors. The reduced transition probability B(T λ)
is clearly a key factor, as it is proportional to the cross
sections and largely determines the distinct behavior of the

054610-4



THEORY OF NUCLEAR EXCITATION BY INELASTIC … PHYSICAL REVIEW C 113, 054610 (2026)

934-keV state of 115In and the 2748-keV state of 90Zr. In
addition, the contribution of higher-order transition types
is often significant, especially at high energies. For exam-
ple, the E3-type cross section for 90Zr to the 2748-keV
state increases with incoming kinetic energy. While the E2-
type cross sections also increase with incident energy above
100 MeV, their rates remain notably lower. In fact, under
extreme relativistic conditions, the cross section follows the
relation σi f ∝ k2λ−2

i according to Eq. (27), which is based
on the Dirac plane-wave Born approximation (PWBA). This
relationship is also observed in high-energy electron scatter-
ing, where calculation results are essentially unaffected by the
approximation [31,32].

In this work, we include only the nuclear excited states
listed in Tables I and II. While there are additional excited
states at higher energies, we do not include them in our
calculations due to the lack of data for the reduced transi-
tion probabilities B and the branching ratios b. Consequently,
the effective cross sections presented for the isomeric states
should be regarded as lower limits, with the true values likely
being higher.

B. Cross sections for μ−, μ+, and electrons

In Fig. 3, we show the effective isomeric excitation cross
section (to the 336-keV isomeric state of 115In and the
2319-keV isomeric state of 90Zr), as given in Eq. (23), for
μ−, μ+, and electrons. We observe that the cross section for
μ− is higher than that for μ+ and electrons. At low energies
(on the order of 1–10 MeV), the difference between μ− and
electrons is roughly 4 orders of magnitude. At higher energies,
approaching 103 MeV, the cross sections for all three particles
converge to similar values.

These results are consistent with expectations. Muons are
generally more likely to induce nuclear excitation due to
their greater rest mass. However, this difference becomes
negligible under extreme relativistic conditions. Specifically,
μ− shares many similarities with electron scattering [31,32],
while μ+ behaves similarly to other positively charged parti-
cles in Coulomb excitation [55,56]. Additionally, the nuclear
excitation efficiency of μ− is higher than that of μ+, since the
positive charge of μ+makes it more difficult to approach the
nucleus due to electrostatic repulsion.

C. Estimating the influence of muon penetration

As mentioned, Eq. (13) and the subsequent formulas are
based on the approximation that the overlap between the
muon wave function and the nuclear wave function is negli-
gible, meaning that the muon’s penetration into the nucleus
is ignored. In this section, we evaluate the validity of this
approximation and examine how much the nuclear excitation
is affected by the muon’s penetration into the nuclear volume.

If the muon wave function is described by the Dirac DWs,
we are unaware of a rigorous general method to perform
the integration as given in Eq. (12) without the non-overlap
approximation. However, if the muon wave functions can be
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FIG. 3. Effective cross sections of isomer generation for (a) 115In
to the 336-keV state and (b) 90Zr to the 2319-keV state. Black
dashed, blue solid, and red solid lines represent the results of μ−,
μ+, and electrons, respectively.

approximated as Dirac PWs,

�k = uk exp(ik · r) = exp(ik · r)

4π

√
E + mμc2

πE

(
χs

cσ ·k
E+mμc2 χs

)
,

(25)

then the integration of Eq. (12) can be performed without the
non-overlap approximation as [46]

F =
∫ u†

f ui exp(iK · rμ)ψ∗
f (rn)ψi(rn)

|rn − rμ| drμdrn

= 16π2

K2

∑
lm

ilu†
f ui(−1)mYlm(θK , ϕK )

×
∫

ψ∗
f (rn)ψi(rn) jl (Krn)Y ∗

lm(θn, ϕn)drn, (26)
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where K = ki − k f . The Eλ-type cross section has the form

σi f = 8π2(λ + 1)B(Eλ, i → f )

λc2k2
i [(2λ + 1)!!]2

×
∫ π

0
K2λ

(
VT + λ

λ + 1
VL

)
sin θdθ, (27)

where θ denotes the angle between ki and k f ,

VT = kik f

K2
(
k2

i + k2
f − q2

) − 2(ki · K)(k f · K)

K2(K2 − q2)2
,

VL = kik f

2k2
i + 2k2

f + 4m2
μc2 − q2 − K2

K4
. (28)

We can also accommodate muon penetration with the
eikonal expansion [57]. Assuming the nuclear charge is evenly
distributed in a sphere with radius R, we define an effective
energy

Ē = E + 3Z

2R
(29)

and an effective momentum

k̄ =
√

Ē2

c2
− m2

μc2 (30)

for the muon. The wave function in Eq. (25) becomes

�k = k̄

k
uk exp(ik̄ · r), (31)

which is known as the effective momentum approximation
(EMA) [58]. Similarly, in the so-called modified effective mo-
mentum approximation (MEMA) [59–61], the wave function
is written as

�k =
√

k̄Ē

kE
uk exp(ik̄ · r). (32)

Similar to the above case using Dirac PWs, we can use
these wave functions to derive the nuclear excitation cross
sections without applying the non-overlap approximation.
Specifically,

σi f = 8π2k̄2
i k̄2

f (λ + 1)B(Eλ, i → f )

λc2k4
i k2

f [(2λ + 1)!!]2

×
∫ π

0
K̄2λ

(
V̄T + λ

λ + 1
V̄L

)
sin θdθ (33)

for EMA, and

σi f = 8π2k̄ik̄ f ĒiĒ f (λ + 1)B(Eλ, i → f )

λc2k3
i k f EiE f [(2λ + 1)!!]2

×
∫ π

0
K̄2λ

(
V̄T + λ

λ + 1
V̄L

)
sin θdθ (34)

for MEMA, where K̄ = k̄i − k̄ f and

V̄T = kik f

K̄2
(
k2

i + k2
f − q2

) − 2(ki · K̄)(k f · K̄)

K̄2(K̄2 − q2)2
,

V̄L = kik f

2k2
i + 2k2

f + 4m2
μc2 − q2 − K2

K̄4
. (35)
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FIG. 4. Cross sections of nuclear excitation to the 1078-keV state
of 115In by muon scattering with two different classes of methods.
Method 1 is introduced in Sec. II, where Eq. (18) is used in calcu-
lation and the penetration effect is absent. Method 2 uses Eqs. (27),
(33), and (34), which take into account the muon penetration starting
from different forms of wave functions.

Figure 4 compares the nuclear excitation cross sections to
the 1078-keV state of 115In using two different classes of
methods. Method 1 is based on the non-overlap approximation
whereas method 2 is not. The nuclear radius is taken to be
4.6 fm [62]. The red curve with square symbols [also shown in
Fig. 2(a)] represents the DWBA method with the non-overlap
approximation (DWBA, method 1). The solid blue curve
corresponds to the PWBA method with the non-overlap
approximation, obtained by setting V (r) = 0 in the DW
method (PWBA, method 1). It is evident that these two curves
agree at high energies, but the PW method underestimates the
cross section by approximately an order of magnitude at low
energies.

The other three curves are obtained without using the non-
overlap approximation (i.e., Method 2), and muon penetration
is taken into account as explained earlier. These three curves
are obtained with Dirac PWs, the EMA, and the MEMA
wave functions, respectively. We see that these three curves
converge at high energies to cross-section values that are two
or three times higher than the converged values from method
1, indicating that the difference arises from the penetration
effect. At low energies, the penetration effect is expected to
be small, as can be seen from the comparison between the
two PWBA curves. The three curves from method 2 show
relatively large differences at low energies, presumably due
to the diverse theoretical approximations. Similar to previous
reports, MEMA tends to be closer to PWs and EMA tends to
be higher, overestimating the cross section [59].

IV. CONCLUSION

In this paper, we present a relativistic theoretical frame-
work for calculating nuclear excitation induced by muon
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beams, applicable across a wide range of muon energies
from 1 to 1000 MeV. To make the framework more rele-
vant to potential experiments, we focus on experimentally
accessible isotopes, 115In and 90Zr, and calculate the effec-
tive cross sections for excitation to long-lifetime isomeric
states, which are suitable for postexcitation detection. We
also compare the excitation cross sections for μ−, μ+, and
electrons. Additionally, we assess the impact of muon pene-
tration into the nucleus on the nuclear excitation cross section,
finding that it remains within a factor of 2 to 3 below
1 GeV.
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