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Isomeric excitation of 235U by inelastic scattering of low-energy electrons
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The nucleus of 235U has a low-lying isomeric state of energy about 76.7 eV. Excitation cross sections of the
nucleus from the ground state to the isomeric state by inelastic electron scattering are calculated on the level
of the Dirac distorted-wave Born approximation. The cross sections are about six orders of magnitude higher
than known values based on the Dirac plane-wave Born approximation, emphasizing the vital importance of
wave function distortion in the nuclear excitation. In addition, we find that even with low-energy electrons on the
order of 100 eV, relativistic effects are significant without which the excitation cross sections drop by an order
of magnitude.
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I. INTRODUCTION

It has been known since 1957 that the 235U nucleus has
a low-lying isomeric state (denoted 235mU) of energy around
76.7 eV above the nuclear ground state [1–5]. The half-life of
this isomeric state is about 26 min, decaying almost solely via
internal conversion. This isomeric state may be exploited to
control nuclear fission, with the thermal-neutron fission cross
section for 235mU being about 2.5 times higher than that for the
nuclear ground state [6–8]. Proposals have also been made to
exploit this isomeric state for isotope separation [9,10].

Besides these potential applications, 235U has been a partic-
ularly interesting system to study nucleus-electron couplings,
including processes such as nuclear excitation by electron
transition (NEET) [9–12], nuclear excitation by electron cap-
ture (NEEC) [13,14], and electronic bridge (EB) [15–18].
NEET is associated with bound-bound electronic transitions:
The nucleus is excited by the energy released from an elec-
tronic transition between a higher bound state and a lower
bound state. NEEC is associated with free-bound electronic
transitions, and EB is associated with bound-bound electronic
transitions in the presence of a laser field, which compen-
sates the energy mismatch between the nuclear transition and
the electronic transition. The usage of 235U for the study of
nucleus-electron-coupling processes is not surprising, because
235mU is one of the two known nuclear excited states with
energy below 1 keV (the other and the lowest nuclear ex-
cited state being the isomeric state of 229Th, which has an
energy around 8.3 eV [19–23]), and electrons with energies
on the order of 10 to 100 eV can be conveniently produced by
lasers [24–26].

In addition to the above-mentioned processes, there is
another nucleus-electron coupling process, namely, nuclear
excitation by inelastic electron scattering (NEIES) [27–29],
which is associated with free-free electronic transitions. The
nucleus is excited by the energy released from an electronic
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transition between a higher continuum state and a lower con-
tinuum state. The advantage of NEIES compared to other
nucleus-electron coupling processes is that the resonant con-
dition with the nuclear transition can always be fulfilled. In
contrast, the resonant condition is rather difficult to fulfill
especially for NEET or EB processes.

It is somewhat surprising to find that the NEIES process
is largely overlooked in past studies of 235U [30]. Especially
for theory, the best that we can find in the literature is an
estimation based on a Dirac plane-wave (PW) Born approx-
imation, under which the isomeric excitation rate per nucleus
is estimated to be 10−16 s−1 for a plasma with electron den-
sity ne = 1019 cm−3 and temperature T = 100 eV [31]. This
corresponds to an excitation cross section on the order of
10−44 cm2. However, recent studies on 229Th show that special
care must be taken for low-energy electrons, especially for
the usage of the PW Born approximation [32,33]. Indeed, we
show similarly in the current paper that the PW Born approx-
imation is an extremely bad approximation for low electron
energies around 100 eV for 235U. It underestimates the exci-
tation cross section by over 6 orders of magnitude. With the
electron wave functions calculated as Dirac distorted waves
(DWs) in the current paper, we show that the excitation cross
section is on the order of 10−38 to 10−37 cm2. The excitation
rate per nucleus for the same plasma condition given above is
then on the order of 10−10 s−1, comparable to or even larger
than the competing NEEC process, which is calculated to be
on the order of 10−11 s−1 per nucleus [31].

In addition, we find that relativistic effects are significant
even with low-energy electrons on the order of 100 eV. If the
electron wave functions are calculated as Schrödinger DWs,
the obtained nuclear excitation cross section is an order of
magnitude smaller than that obtained with Dirac DWs. This
seems rather unintuitive at first glance and is analyzed by
comparing the corresponding electron wave functions.

The goal of the current paper is to present and document
calculation results on the isomeric excitation cross section of
235U via inelastic scattering of low-energy electrons, for the
benefit of future studies or analyses in this research area.
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This paper is organized as follows. In Sec. II we outline the
theoretical framework for the calculation. Numerical results
and discussions will be given in Sec. III. A conclusion will
be given in Sec. IV. Atomic units (h̄ = me = e = 1) are used
throughout this paper unless otherwise stated.

II. THEORETICAL FRAMEWORK

The reaction rate of inelastic electron scattering from the
nucleus is given by Fermi’s golden rule

� = 2π | 〈 f | HI |i〉 |2ρ(E f ), (1)

where ρ(E f ) = p f E f /8π3c2 is the density of electron final

states, with p f and E f = c
√

p2
f + c2 being the momentum and

energy of the electron. The state of the whole system is written
as the product of the nuclear state |IM〉 with the quantum
numbers I and M, the electron scattering state |ψ〉, and the
photon number state |n〉:

|i〉 = |IiMi〉 ⊗ |ψi〉 ⊗ |0〉 , (2)

| f 〉 = |I f M f 〉 ⊗ |ψ f 〉 ⊗ |0〉 . (3)

The interaction Hamiltonian HI is given by

HI = −1

c

∫
[Jn(r) + Je(r)]A(r)dτ

+
∫

ρn(r)ρe(r′)
|r − r′| dτdτ ′, (4)

where ρn/e and Jn/e are the charge density and current density
of the nucleus or the electron, respectively, and A(r) is the
vector potential of the radiation field. The transition matrix
element of HI can be written as [29]

〈 f | HI |i〉 =
∑
λμ

4π

2λ + 1
(−1)μ

× [〈ψ f |N E
λμ |ψi〉 〈I f M f |ME

λ,−μ |IiMi〉
− 〈ψ f |NM

λμ |ψi〉 〈I f M f |MM
λ,−μ|IiMi〉

]
, (5)

where N E/M
λμ and ME/M

λμ are electric (E ) or magnetic (M)
multipole transition operators with angular quantum number
λ and magnetic quantum number μ for the electron and for
the nucleus, respectively. They can be written in the following
forms:

N E
λμ = ikλ

is

cλ(2λ − 1)!!

∫
Je(r)∇ × L[hλ(kisr)Yλμ(r̂)]dτ,

NM
λμ = kλ+1

is

cλ(2λ − 1)!!

∫
Je(r)L[hλ(kisr)Yλμ(r̂)]dτ,

ME
λμ = (2λ + 1)!!

c(λ + 1)kλ+1
is

∫
Jn(r)∇ × L[ jλ(kisr)Yλμ(r̂)]dτ,

MM
λμ = −i(2λ + 1)!!

c(λ + 1)kλ
is

∫
Jn(r)L[ jλ(kisr)Yλμ(r̂)]dτ.

In the above formulas, L is the angular momentum oper-
ator, hλ is the spherical Hankel function, jλ is the spherical
Bessel function, and Yλμ is the spherical harmonics. kis =
Eis/c (with Eis = 76.7 eV) is the wave number corresponding

to the nuclear isomeric transition. According to the selection
rule for multipole radiation and parity conservation, the tran-
sition from the nuclear ground state to the isomeric state is
mainly of type E3. Making use of the Wigner-Eckart the-
orem [34], the differential cross-section of nuclear isomeric
excitation can be given as

dσEλ

d	
= 4E f Ei

c4

p f

pi

B(Eλ)

(2λ + 1)3

∑
μ

∣∣ 〈ψ f |N E
λμ |ψi〉

∣∣2
, (6)

where d	 is the solid angle of the scattered electron, and
B(Eλ) ≡ B(Eλ; Ii → I f ) is the reduced transition probability
of the nucleus. For the transition from the ground state to
the isomeric state of 235U, B(E3) = 0.009 W.u. (Weisskopf
units) [18].

In the process of electron inelastic scattering, the electron
in the initial and final channels are both continuum states.
Dirac DWs are used to describe the electron with momentum
p, total energy E , direction v = p/p, and spin ν [35]:

ψ (±)
pν = 4π

√
E + c2

2E

×
∑
jlm

[	∗
jlm(v)χν]e±iδ jl

(
g jl (r)	 jlm(r̂)

−i f jl ′ (r)	 jl ′m(r̂)

)
, (7)

where δ jl is the total phase shift of the corresponding partial
wave. The electron in the initial (final) state takes the +
(−) sign. g jl (r) and f jl (r) are radial wave functions for the
upper and lower component, respectively. l ′ = 2 j − l . 	 jlm

are spherical spinors given by

	 jlm(r̂) =
∑

ν=±1/2

〈l, 1/2, m − ν, ν| j, m〉Yl,m−ν (r̂)χν, (8)

where the spinor χν has the two components

χ1/2 = (1, 0)T , χ−1/2 = (0, 1)T . (9)

The scattering electron feels the potentials from both the
nucleus and the atomic electron cloud. These potentials can
be determined by first determining the corresponding charge
distributions. The distribution of the protons is given by the
Fermi distribution [36]

ρp(r) = ρ0

exp[(r − Rn)/z] + 1
, (10)

where Rn = 1.07A1/3
N fm with AN = 235 being the nuclear

mass number, z = 0.546 fm, and ρ0 is a constant determined
by normalization. The density of the atomic electron cloud,
denoted ρel(r), is calculated by a Dirac-Hartree-Fock-Slater
self-consistent method [37,38]. The potential energies are then
calculated by

Vnuc(r) = −
∫

ρp(r′)
|r − r′|dτ ′, (11)

Vel(r) =
∫

ρel(r′)
|r − r′|dτ ′. (12)

The total potential is V (r) = Vnuc(r) + Vel(r). Figure 1 shows,
for example, rV (r), rVnuc(r), and rVel(r) for the neutral 235U
atom.
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FIG. 1. Black solid curve: The total potential energy felt by the
scattering electron from the neutral 235U atom. The red dash-dotted
curve shows the potential from the nucleus and the blue dashed curve
shows the potential from the electron cloud. Note that the vertical
axis gives rV (r) and the horizontal axis is in logarithmic scale.

With the potential V (r), the radial wave functions g jl (r)
and f jl (r) in Eq. (7) can be obtained by numerically solving
the corresponding time-independent Dirac equation. In the
current work the electron radial wave functions are calculated
using the code RADIAL [39]. Substituting Eq. (7) into Eq. (6),
averaging over the initial states and summing over the final
states, and integrating over the electron solid angle, one ob-
tains the total nuclear excitation cross section

σEλ = 8π2

c4

Ei + c2

p3
i

E f + c2

p f
k2λ+2

is B(Eλ)

×
∑

li, ji,l f , j f

(2li + 1)(2l f + 1)(2 ji + 1)(2 j f + 1)

[(2λ + 1)!!]2

×
(

l f li λ

0 0 0

)2{ li λ l f

j f
1
2 ji

}2∣∣REλ
f i

∣∣2
. (13)

The six-component expressions in the parentheses and the
curly brackets are the Wigner 3- j and 6- j symbols, respec-
tively. The radial matrix element REλ

f i is calculated as

REλ
f i =

∫ ∞

0

{
[gi(r)g f (r) + fi(r) f f (r)]hλ(kisr)r2

− [gi(r)g f (r) + fi(r) f f (r)]hλ−1(kisr)
kisr3

λ

+ [ f f (r)gi(r) − g f (r) fi(r)]hλ(kisr)kisr
3

}
dr. (14)

Note that the first line in the integral is much larger than
the second and the third lines due to the relative strength
between the large and the small components of the radial
wave functions and the relative strength between hλ(kisr) and
hλ−1(kisr).
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FIG. 2. Isomeric excitation cross sections of 235U by electron
inelastic scattering, for several atomic or ionic states as labeled. The
excitation energy threshold of 235mU is 76.7 eV.

III. RESULTS AND DISCUSSIONS

A. Isomeric excitation cross sections

Figure 2 shows the nuclear isomeric excitation cross sec-
tions by electron inelastic scattering for various atomic or
ionic states of 235U, from the neutral atom to the bare nucleus.
We are mainly concerned here with low electron energies
below 200 eV, which are most relevant to experiments using
laser-generated plasmas [9,10,31,40–42].

One can see from Fig. 2 that the cross sections are on the
order of 10−38 to 10−37 cm2, and the differences between
ionic states are not essential: The bare nucleus (U92+) leads
to excitation cross sections about 3 to 4 times higher than the
neutral atom (U0). The cross sections show an overall decrease
with the increase of electron energy, except for a suppression
near the threshold energy of 76.7 eV shown in the U0 and the
U1+ cases.

Similar threshold suppression behavior is also seen in the
neutral-atom case of 229Th [32,33]. This suppression is due
to detailed distortion of the electron wave function by the po-
tential V (r). A simple (or simplistic) understanding would be
that for low-energy electrons close to the excitation threshold,
penetrating through the electron cloud of a neutral atom is
more difficult than penetrating through that of an ion, which
has less electrons (hence weaker repulsions).

B. Effect of wave function distortion

If we put the potential energy V (r) = 0, then the electron
wave function of Eq. (7) reduces to the Dirac PW |ψ〉 =
|u〉 eikr with

|u〉 =
√

E + c2

2E

(
χν

cσ̂ p̂
E+c2 χν

)
, (15)

where σ̂ is the Pauli operator.
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FIG. 3. (a) Nuclear excitation cross section calculated with Dirac
PWs, in comparison to that with Dirac DWs (for the neutral atom).
(b) The upper components of the radial wave functions g(r) for
P1/2 → D5/2. The kinetic energy of the incident electron is assumed
to be 100 eV. Red (gray) curves are for DWs and black curves are
for PWs.

The excitation cross section obtained with Dirac PWs is
shown in Fig. 3(a), in comparison to that obtained with Dirac
DWs. Only the neutral-atom case is shown for the DWs.
One can see that the cross section for PWs has magnitudes
around 10−45 to 10−44 cm2, about 6 to 7 orders of magnitude
lower than that for DWs. Therefore wave function distortion
has an extremely large effect on the excitation cross section.
This discrepancy disqualifies the estimations using PWs [31],
although they are most convenient.

The differences in the cross section between PWs and DWs
originate, of course, from wave function distortion by the
potential V (r). The electron wave functions are distorted such
that more population is concentrated in the region that is most
efficient for nuclear excitation. This region turns out to be
0.01 a.u. < r < 0.1 a.u. from a closer analysis of Eq. (14).
Figure 3(b) shows the (large components of) the radial wave

functions that are involved in the P1/2 → D5/2 partial-wave
transition for the DW case and for the PW case, with an initial
electron energy of 100 eV. One sees that the DWs have much
higher amplitudes than PWs in the efficient region for excita-
tion. This difference in the electron wave functions leads to the
dramatic differences in the nuclear excitation cross section.

C. Relativistic effect

Even with low electron energies, relativistic effects cannot
be neglected for 235U due to the high nuclear charge of Z =
92. This point can be demonstrated by calculating the isomeric
excitation cross section using Schrödinger DWs:

ψ
(±)
k = 1

k

√
2

π

∑
lm

ile±iδl gl (r)Y ∗
lm(k̂)Ylm(r̂), (16)

where δl is the total phase shift of the corresponding partial
wave. The total excitation cross section for electric multipole
transitions is given by

σEλ = 64π2

(2λ + 1)2

1

k3
i k f

B(Eλ)

×
∑
li l f

(2li + 1)(2l f + 1)

(
l f li λ

0 0 0

)2∣∣GEλ
f i

∣∣2
, (17)

where the radial matrix element GEλ
f i is calculated as

GEλ
f i =

∫ ∞

0

gl f (r)gli (r)

rλ−1
dr. (18)

In Fig. 4(a), we show the comparison of excitation cross
sections from Dirac DWs and from Schrödinger DWs, for
the neutral 235U atom. (Comparisons of other ionic states
give similar results.) It can be seen that the cross section for
the Schrödinger case is about an order of magnitude lower
than that for the Dirac case, telling the importance of rel-
ativistic effects. Note that the small structure shown in the
Schrödinger case around 80 eV is due to comparable contri-
butions from two major channels. The partial-wave transition
P → D drops, whereas the D → P transition rises, leading to
the small structure in the total cross section.

Similarly, the difference between the Dirac case and the
Schrödinger case originates from the difference in the wave
functions, especially in the efficient region of 0.01 a.u. <

r < 0.1 a.u. As shown in Fig. 4(b), the amplitudes of the
Schrödinger wave functions are smaller than those of the
Dirac wave functions in this region. Furthermore, the main
partial-wave contributions to the cross section in the Dirac
case are D3/2 → P1/2, D3/2 → P3/2, D5/2 → P1/2, and the cor-
responding inverse processes. However, in the Schrödinger
case, the six channels reduce to two channels (P → D and
D → P) due to the neglect of the electron spin. The reduction
in the number of channels also leads to a lower excitation
cross section in the Schrödinger case.

D. Cross section with higher energies

Seeing the dramatic difference between the excitation cross
sections from Dirac PWs and Dirac DWs, it is curious to know
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FIG. 4. (a) Excitation cross sections calculated using
Schrödinger DWs and Dirac DWs, for the neutral-atom case.
The blue dashed lines show the two major partial-wave channels
for the Schrödinger case. (b) Comparison of relevant radial wave
functions. The initial energy of the electron is 100 eV. For the
Dirac case, the radial wave functions correspond to the P1/2 → D5/2

transition, and for the Schrödinger case, the radial wave functions
correspond to the P → D transition.

when the PWs would be good approximations. So we extend
the comparison in Fig. 3(a) to a much wider energy range, as
shown in Fig. 5. Note that the purpose here is more to fulfill
the curiosity, so excitations to higher nuclear levels are not
taken into account.

One sees from Fig. 5 that as the electron energy increases,
the PW cross section increases monotonically, whereas the
DW cross section first decreases (ignoring the small increase
just above the threshold) and then increases, with a turning
point around 50 keV. The discrepancy between the PW cross
section and the DW cross section shrinks with the increase of
the electron energy. This is what would be expected, because
as the electron becomes faster, the ion-core potential becomes
relatively less essential. This tendency being correct, however,
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FIG. 5. Same as Fig. 3(a), but in a much larger energy range.

we see that only with very high energies, approaching the
order of 1 GeV (109 eV), does the PW cross sections agree
closely with the DW cross sections.

E. Further remarks

(i) The excitation cross section of 10−38 cm2 is small
due to the transition type of E3. Yet the excitation may
still be detectable. In a laser-generated plasma environment
with electron density ne = 1019 cm−3 and temperature T =
100 eV, we can calculate the excitation rate per nucleus
to be λ = ne〈σve〉 ≈ 10−10 s−1. The number of excited nu-
clei is then Nexc = λNt with N being the total number of
nuclei and t being the excitation time duration. For exam-
ple, the number of nuclei in 1 gram of 235U is N = 2.56 ×
1021. If the total excitation time t = 1 s, the number of
excited nuclei is Nexc ≈ 2.56 × 1011 via inelastic electron
scattering.

(ii) More efficient excitation from the ground state to the
isomeric state may be achieved indirectly via higher excited
states. There are several excited states that connect with the
ground state by E2/M1, or even E1, transitions, which may
facilitate more efficient population pumping from the ground
state. For example, there is a 46.1-keV excited state con-
necting with the ground state by E2/M1 transitions and a
51.7-keV excited state connecting with the ground state by
E1 transition [43]. Electrons with energies on the order of
100 keV or even higher can also be generated by intense laser
pulses [44].

(iii) Our calculations are on the level of the Dirac-Hartree-
Fock-Slater self-consistent-field method, which partially takes
into account of electron correlations. More sophisticated
methods with fuller inclusion of electron correlations [45]
may be performed, however, we suspect that the effects
of the additional electron correlations are not substantial be-
cause the nuclear excitation cross section is rather insensitive
to the ion charge state, as shown in Fig. 2. The difference
in the excitation cross section between the bare nucleus
and the neutral atom is only about 3 times. Were electron
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correlations to have a big effect on nuclear excitation, there
would be a much more sensitive dependency on the ion charge
state.

IV. CONCLUSION

The low-lying nuclear isomeric state of 235U has at-
tracted continuous research attention due to its potential
applications as well as intriguing nucleus-electron coupling
processes of physical interest. In this paper we focus on
one of the nucleus-electron coupling processes, namely,
nuclear excitation by inelastic electron scattering. We re-
port calculations of the isomeric excitation cross section on
the level of the Dirac distorted-wave Born approximation.
We find that the excitation cross sections are over 6 or-
ders of magnitude larger than the previously known values
based on the Dirac plane-wave Born approximation. This

nucleus-electron coupling process, therefore, has largely been
underestimated.

Detailed analyses are made on factors that affect the ex-
citation cross section, including wave function distortion by
the ion-core potential and relativistic effects. We find that
wave function distortion plays a crucial role in affecting the
nuclear excitation cross section, resulting in the large discrep-
ancy between distorted-wave cross sections and plane-wave
cross sections. Besides, somewhat unexpectedly, relativistic
effects are found to be rather important even with low electron
energies. Our results should be useful for future experiments
or theoretical analyses in this research area.
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