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The exquisite procedure for imaging a molecular orbital with high-order harmonics proposed by Itatani

et al. [Nature (London) 432, 867 (2004)] encounters difficulty when extended to an asymmetric molecule

because the wave function there usually does not have a definite parity. With the observation that the wave

function can be decomposed into a sum of odd and even functions and that the ionization process in

harmonic generation is usually not sensitive to the asymmetry of the molecular potential, we predict that

asymmetric molecular orbital imaging can be implemented through decoding odd-even high-order

harmonics. A generalized tomography procedure is proposed, which has been certified by analytic

deduction and numerical simulation. The above finding greatly extends the molecular tomography

procedure and will further stimulate related experiments.

DOI: 10.1103/PhysRevLett.111.073902 PACS numbers: 42.65.Ky, 32.80.Rm

Introduction.—The tomographic imaging of molecular
orbitals using high-order harmonic generation (HHG),
which provides unprecedented access to the inner work-
ings of molecules [1], is a timely topic and has stimulated
great theoretical and experimental interest recently [2–6].
The molecular tomograph has potential applications in
such fields as chemical reactions [7,8] and in tracing the
electron dynamics in attosecond scales [9–11].

The molecular orbital–tomography procedure was first
proposed by Itatani et al. for N2 [12], and then extended to
other molecules such as CO2 [13]. Recently, much atten-
tion has been paid to the asymmetric molecules of HeH2þ
[14–16], CO [17–20], and HCl [21]. Because asymmetric
molecules are widespread and important in chemical reac-
tions, it is highly desired to probe their structure using
current ultrafast laser facilities. However, the original
orbital–tomography procedure encounters intrinsic diffi-
culty because the wave function there usually does not
have a definite parity [16]. To circumvent the dilemma
thus requires unidirectional HHG recollision in the proce-
dure [14,19], which nevertheless is not easy to manipulate
in practical experiments.

In this Letter, we attempt to overcome the difficulty with
decoding the odd-even high-order harmonics of asymmet-
ric molecules. We show that in the tunneling regime, the
emissions of odd (even) harmonics are closely related to
the gerade (ungerade) component of the asymmetric high-
est occupied molecular orbital (HOMO). This observation
allows us to generalize the orbital–tomography procedure
to asymmetric molecules directly without the requirement
of unidirectional recollision. With the generalized proce-
dure, the asymmetric 5� HOMO of the CO molecule is
reconstructed successfully, as shown in Fig. 1. Our scheme
can be applied to other complicated asymmetric linear
molecules.

Generalized tomography procedure.—Let us first recall
the tomography procedure proposed by Itatani et al. [12]
for symmetric molecules. In the strong-field approximation
(SFA) [22], the HHG intensity can be written as

Sð!; �Þ ¼ N2ð�Þ!4ja½kð!Þ�dð!; �Þj2; (1)

where dð!; �Þ ¼ hc 0ðr; �Þjr̂jkð!Þi is the transition dipole
matrix element between the HOMO of jc 0ðr; �Þi, which
is rotated by the Euler angle �, and the continuum state
jkð!Þi, which is described by a plane wave j exp½ikð!Þx�i
with kð!Þ ¼ ffiffiffiffiffiffiffi

2!
p

. Nð�Þ is the number of ions produced.
a½kð!Þ� is the complex amplitude of the continuum state
jkð!Þi. It can be calibrated by a reference atom with a
similar ionization potential Ip as the molecule (for CO, it is

Kr). That is ja½kð!Þ�j ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
Sað!Þp

!�2jdað!Þj�1. Sað!Þ and
dað!Þ are the harmonic intensity and the dipole of the
reference atom, respectively. Once a½kð!Þ� is determined,

FIG. 1 (color online). Comparison of the exact (a) and the
reconstructed (b) results for the 5� HOMO wave function of the
3D model CO molecule projected in the xoy plane.
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one can obtain the dipole dð!; �Þ of the symmetric mole-
cule using Eq. (1). Because the HOMO of a symmetric
molecule has gerade or ungerade parity, we can use
dgð!; �Þ ¼ ihc g

0ðr; �Þjr̂j sin½kð!Þx�i for gerade cases or

duð!; �Þ ¼ hc u
0ðr; �Þjr̂j cos½kð!Þx�i for ungerade cases.

The Fourier inversion of the dipole dgðuÞ in the molecular
frame is [11]

fgx ðx; yÞ ¼ i
X
�

X
!

sin½kqðr; �Þ�½dgx cos�þ dgy sin��;

fgy ðx; yÞ ¼ i
X
�

X
!

sin½kqðr; �Þ�½dgy cos�� dgx sin��
(2)

for gerade cases and

fux ðx; yÞ ¼
X
�

X
!

cos½kqðr; �Þ�½dux cos�þ duy sin��;

fuy ðx; yÞ ¼
X
�

X
!

cos½kqðr; �Þ�½duy cos�� dux sin��
(3)

for ungerade cases with qðr; �Þ ¼ x cos�þ y sin�. c g
0

and c u
0 are obtained with c g

0 ¼ ðfgx=xþ fgy=yÞ=2 and

c u
0 ¼ ðfux=xþ fuy=yÞ=2.
For an asymmetric molecule, however, the HOMO of

c 0ðrÞ does not have a definite parity. In this case, the
dipole can be deduced from Eq. (1) only when unidirec-
tional HHG recollision is ensured [14]. This requirement
brings additional complexities into practical experiments.
It is well known that the asymmetric wave function can
be divided into gerade and ungerade parts with c 0ðrÞ ¼
c g

0ðrÞ þ c u
0ðrÞ. Here, c gðuÞ

0 ðrÞ ¼ ½c 0ðrÞ � c 0ð�rÞ�=2.
Then the dipole moment of the asymmetric molecule can
be written as dð!; �Þ ¼ dgð!; �Þ þ duð!; �Þ. Accordingly,
Eq. (1) can be rewritten as

Sð!; �Þ ¼ N2ð�Þ!4ja½kð!Þ�½dgð!; �Þ þ duð!; �Þ�j2: (4)

According to the recent simulations for HeH2þ [16],
the emission of odd (even) harmonics is mainly related to
the dipole dg (du). With this observation, we have

Soddð!;�Þ¼Nð�Þ!4ja½kð!Þ�dgð!;�Þj2; !¼ð2nþ1Þ!0;

Sevenð!;�Þ¼Nð�Þ!4ja½kð!Þ�duð!;�Þj2; !¼2n!0:

(5)

Note that in Eq. (5) we have usedNð�Þ to replaceN2ð�Þ [3],
since we are working in the case of a single molecule.
Equation (5) reveals the qualitative relationship between

the dipoles dgðuÞ and spectra SoddðevenÞ.
Equation (5) can also be understood from the SFA [22].

According to the SFA, the product of the ionization diðt0; tÞ
and the recombination drðt0; tÞ dipole moments parallel to
the laser polarization that is along the x direction is
dixdrx ¼hkixjxjc 0ihc 0jxjkrxi¼ dgixd

g
rxþduixd

u
rxþdgixd

u
rxþ

duixd
g
rx with d

gðuÞ
ix ¼ hkixjxjc gðuÞ

0 i, dgðuÞrx ¼ hc gðuÞ
0 jxjkrxi, and

jc 0ðr; �Þi ¼ jc g
0ðr; �Þi þ jc u

0ðr; �Þi. kix � kixðt0; tÞ is the

instantaneous velocity of the electron along the field

direction at the ionization time t0 and krx � krxðt0; tÞ is
that at the recombination time t. Because of the symmetry

of c g
0 and c u

0 , the terms dgðuÞix dgðuÞrx representing that the

electron ionizes from and returns to the same components
of c 0 contribute to odd harmonics, whereas the terms

dgðuÞix duðgÞrx relating to different components contribute to
even ones. As shown in Ref. [16], due to tunneling,
the continuum electron wave packet generated from an
asymmetric molecule is similar to the symmetric one
with the same Ip. These imply that only the ionization

dipole dgix relating to the main component c g
0 of the

asymmetric HOMO (such as the 5� orbital for CO)
contributes significantly to ionization. Accordingly,
only the term dgixd

g
rx (dgixd

u
rx) contributes significantly to

odd (even) harmonics, in agreement with Eq. (5). Since
the main contributions to odd and even harmonics come
from the same ionization dipole dgix, their spectral ampli-
tudes are also similar. One can evaluate the spectral
amplitude of even harmonic 2n!0 using a½kð2n!0Þ�¼
fa½kðð2nþ1Þ!0Þ�þa½kðð2n�1Þ!0Þ�g=2.
Once j dg j and j du j are determined from Eq. (5), and

their signs are judged using the harmonic phase [11,13],
or alternatively, using the interference minimum in the
spectrum [12,14], by virtue of Eqs. (2) and (3) one can
obtain c g

0ðx; yÞ and c u
0ðx; yÞ. Then the asymmetric HOMO

c 0ðx; yÞ ¼ c g
0ðx; yÞ þ c u

0ðx; yÞ can be obtained.

Application.—As an illustration, in the following, we
will apply the above procedure to the reconstruction of
the 5� HOMO for the CO molecule.
(i) CO model:—To simulate the dynamics of the CO

molecule in strong laser fields, we use a single-active-
electron model. We assume that the molecular axis is
located in the xoy plane with an angle � to the x axis and
the direction of the electric field EðtÞ is along the x
axis. The Hamiltonian is HðtÞ ¼ p2=2þ VðrÞ þ r � EðtÞ
(in atomic units) with the soft-core potential [23]

VðrÞ ¼ � X
j¼1;2

ðZji � ZjoÞ expð�r2j=�Þ þ Zjoffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�þ r2j

q ; (6)

where Z1 and Z2 are the screened effective nuclear charges
for the O center and the C center, respectively. The indices
i and o denote the inner and outer limits of Z1 and Z2. � and
� are the softening and the screening parameters with
� > 0 and � > 0. rj ¼ r�Rj with R1 and R2 being the

positions of the nuclei that have the coordinates ðx1; y1Þ and
ðx2; y2Þ in the xoy plane. x1=2 ¼ �R1=2 cos�, y1=2 ¼
�R1=2 sin�, R1 ¼ R=ð1þ �Þ, and R2 ¼ �R=ð1þ �Þ
with � ¼ Z1=Z2. R ¼ 2:13 a:u: is the internuclear separa-
tion. Here, following Ref. [23], we use the parameters of
Z1i ¼ 6, Z2i ¼ 4, Z1o ¼ 0:6, and Z2o ¼ 0:4 with � ¼
Z1i=Z2i ¼ Z1o=Z2o for CO. We adjust the other parameters
� and � such that the ionization potential of the lowest
state, corresponding to the 5� symmetry, matches the
CO value of 14 eV. This state, obtained through
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imaginary-time propagation, is chosen as the initial state in
the propagation of the time-dependent Schrödinger equa-

tion (TDSE) of i _�ðtÞ ¼ HðtÞ�ðtÞ. The electric field used
here is EðtÞ ¼ ~exE sin!0t. ~ex is the unit vector along the x
axis. We use a ten-cycle laser pulse, which is linearly
ramped up for three optical cycles and then kept at constant
intensity for seven additional cycles. With the relatively
long pulse, the asymmetric ionization [15] basically plays
no role in HHG. To minimize the multiphoton effect, as in
Ref. [13], we work at the long laser wavelength of � ¼
1500 nm with I ¼ 1� 1014 W=cm2. We solve the TDSE
numerically using the spectral method [24] with 4096 time
steps per optical cycle. In 2D cases, � ¼ 0:5 and � ¼
1:746 with a grid size of 410� 102 a:u: for the x and y
axes are used. In 3D cases, they are � ¼ 0:5 and � ¼ 0:805
with 410� 102� 51 a.u. for the x, y, and z axes. In our
simulations, the 2D reconstruction (see Fig. 4) is similar to
the 3D one in Fig. 1 but shows stronger asymmetry due to
the lower degrees of freedom. Below, we will introduce the
generalized procedure in detail and focus our discussions
on 2D cases for simplicity.

(ii) HHG spectra:—Some typical spectra emitted along
the laser polarization for the model CO molecule are
presented in the first row of Fig. 2. For comparison, we
have plotted the odd and even harmonics using solid and
dotted curves, respectively. Moreover, the harmonic yields
at the angle � have been divided by the ionization yields
Nð�Þ, which are evaluated using Nð�Þ ¼ 1� h�ðtÞ j �ðtÞi
at the end of the pulse. In our simulations, the yields
decrease as the angle � increases andNð� ¼ 0�Þ is 2 orders
of magnitude higher than Nð� ¼ 90�Þ.

These HHG spectra in Fig. 2 present two main character-
istics: (1) the odd spectra show a broad hollow, the position
of which shifts towards higher harmonic orders with the
increase of the angle, as indicated by the dashed arrows.
(2) The even spectra are comparable with the odd ones only

in the hollow region. They decrease as the angle increases
and disappear at � ¼ 90� (not shown here).
A deep insight into the relation between structure and

HHG can be obtained as we further compare the odd versus
even HHG spectra to the relevant dipoles dg versus du.
As shown in the second row of Fig. 2, the behaviors of the
dipole curves of dg and du, obtained with the exact 5�
wave function c 0 (TDSE initial state) and using the expre-
ssions shown just above Eq. (2), agree with the correspond-
ing odd versus even spectra. For every case of angle � in
Fig. 2, one can see the broad hollow with a sharp minimum
arising from intramolecular interference [16,25] in the dg

(solid) curve, as in the odd spectrum. When lower than the
solid one on the whole, the du (dashed) curve manifests
itself in the hollow region.
The close relation between the relevant dipoles and

spectra can also be seen in Fig. 3. For two different angles,
the dg curves in the lower panels show a clear intersection
[4]. The minima in the two curves are located at either side
of this intersection point. This intersection phenomenon
can also be found in the corresponding spectra in the higher
panels, as indicated by the dashed arrows. Around the
intersection, the relative yields of harmonics at two differ-
ent angles change sign. These comparisons support our
previous analyses. They tell us that odd (even) harmonics
are mainly related to the gerade (ungerade) component of
the asymmetric HOMO.
(iii) Reconstructed HOMO:—Using the generalized

procedure, we have reconstructed the gerade c g
0ðx; yÞ and

ungerade c u
0ðx; yÞ components of the 5� wave function

c 0ðx; yÞ. In this reconstruction, (1) the molecular dipoles
j dg j and j du j are extracted from the ionization and HHG
data calculated between 0� and 90� with a step of4� ¼ 5�
using Eq. (5). The dipoles at other angles are extrapolated
by imposing the assumed symmetry related to the 5�
orbital to be imaged [11]. (2) A reference atom, which is

FIG. 2 (color online). Odd (even) harmonic spectra (a)–(c)
versus the relevant dipoles j~ex � dgðuÞð!; �Þj2 (d)–(f) of the 2D
model CO molecule for different orientation angles �.

FIG. 3 (color online). Comparison of odd harmonic spectra
(a)–(c) and the relevant dipoles j~ex � dgð!; �Þj2 (d)–(f) of the 2D
model CO molecule for different orientation angles �.
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modeled still using the potential Eq. (6) and is initially in
an eigenstate with 2s symmetry, has been used instead of
the Kr atom with a 4p valence orbital. Since at present we
have inadequate knowledge of the effective potential work-
ing for Kr. (3) Only the contribution of the harmonics
parallel to the laser polarization is considered [11,14].
Our further simulations show that the inclusion of the
perpendicular harmonics in the present case does not
improve the agreement between the reconstructed and the
exact results on the whole. (4) Because the harmonic phase
for asymmetric molecules is easily subject to the Stark
effect [20], we use the interference minimum to identify
the sign of the dipole [12]. Specifically, the minimum in the
broad hollow of the odd spectrum, as seen in Fig. 2, can be
used to judge the sign of the dg dipole [25]. The even
spectra do not show a broad hollow and differ mainly at a
vertical scaling factor for different angles. These imply that
the du dipole does not change sign in the spectral region
explored here. In some cases, the minimum cannot be
easily read directly from the spectrum. However, it can
be identified as we compare the spectrum at angle �1 to that
at �2. The minimum basically corresponds to the harmonic
order at which the relative yields of harmonics at �1 and �2
go through their maximum, as shown in Fig. 3.

The reconstructions, shown in Figs. 4(d) and 4(e), are
comparable with the exact ones showing 3�g and 2�u

symmetries in Figs. 4(a) and 4(b), especially for the gerade
component 3�g c

g
0ðx; yÞ. For the ungerade component 2�u

c u
0ðx; yÞ, the two central lobes near the y axis are striking in

Fig. 4(e), as they have small amplitudes in Fig. 4(b). This
disagreement arises from the orbital nodes of 2�u c u

0ðx; yÞ
at x ¼ 0, which will induce numerical singularities in the
length-form tomography procedure. To avoid a similar
numerical question in orbital reconstruction with 1�u

symmetry, Haessler et al. [11] used the velocity form of
the dipole. But for 3�g symmetry, their simulations also

show that the length-form dipole works better. Here, we
need to evaluate 5� c 0 using c 0 ¼ c g

0 þ c u
0 . For con-

sistency, we work with the length-form dipole in all cases
and treat this singularity simply through evaluating
c u

0ðx; yÞ at x2 þ y2 � 0.
The total reconstructed wave function c 0 is presented in

Fig. 4(f). It holds the main characteristic of the exact one
(TDSE initial state) in Fig. 4(c), which shows three main
lobes with alternating signs and weights, separated by two
nodal surfaces passing through each nucleus. The remain-
ing deviation is that the separations between these three
lobes are somewhat larger in Fig. 4(f) than in Fig. 4(c).
This can arise from the inaccurate position of the interfer-
ence minimum read from the HHG data in this reconstruc-
tion. The minimum can be influenced by the contributions
from other HHG channels that are not included in Eq. (5).
This deviation can also arise from the orbital nodes of 2�u

c u
0ðx; yÞ, as discussed above.

(iv) Orientation and Coulomb effects:—Above, for sim-
plicity, we have introduced the generalized procedure with
the assumption of perfect orientation as well as continuum
states described using plane waves (PW). For the case of
incomplete orientation, our extended simulations show that
when the degree of orientation hcos�i is close to 0.25
(assuming perfect alignment), the asymmetry of the 5�
orbital can still be read from the reconstruction using the
proposed procedure (see the Supplemental Material [26]).
We also extend to take into account the parent ion

field in the recombination process using Coulomb waves
(CW) instead of PW [11]. The results are shown in
Figs. 4(g)–4(i), which are similar to the plane-wave-based
ones in Figs. 4(d)–4(f), especially for the gerade compo-
nent and the total wave function (see the Supplemental
Material [26]). The CW result in Fig. 4(h) for the ungerade
component shows a smaller amplitude for the two central
lobes near the y axis but a somewhat larger size compared
to the PW result in Fig. 4(e). The latter phenomenon was
also observed in Ref. [11] for reconstructing the �u orbital
and is expected to be related to the orbital nodes of �u

symmetry. As discussed in Ref. [27], the precision of the
reconstruction is mainly limited by the accessible HHG
spectral region. We thus expect that with the use of a
long laser wavelength (1500 nm) and accordingly a
broad accessible HHG spectral range (0:6�!�3:2a:u:,
the influence of the Coulomb effect will not be so
remarkable here.
In summary, we have investigated the HOMO recon-

struction for the asymmetric molecule CO using a gener-
alized HHG tomography procedure. Our procedure is
applicable to other asymmetric linear molecules. For com-
plicated top molecules, due to the absence of cylindrical
symmetry, retrieving a complete tomographic image
in principle requires probing the molecule from all

FIG. 4 (color online). Comparison of the exact results (left
column), the reconstructions with plane waves (middle column),
and Coulomb waves (right column) for c g

0 (first row), c u
0

(second row), and c 0 (third row) of 5� wave function of the
2D model CO molecule.
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orientations. Since asymmetric molecules are active in
many chemical processes, our results have important
implications for probing the structure and dynamics of
asymmetric molecules in ultrafast processes.

Very recently, Frumker and co-workers reported their
experimental results for orienting the polar molecule CO
in an intense pulse [28]. One would therefore expect to
achieve orbital tomography of asymmetric molecules in
experiments with the proposed procedure.

This work was supported by CAEP Foundation Project
No. 2011B0102031, NFRP Grant No. 2013CB834100,
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