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Abstract. We investigate the quantum phase transition (QPT) and dynamics induced by atom-pair tun-
nelling of Bose-Einstein condensates in a symmetric double well under the mean-field approximation. We
find the system undergoes a new QPT towards phase-locking state when atom-pair tunnelling is strong
enough, and the critical point of self-trapping QPT is shifted by atom-pair tunnelling. As for the dynam-
ics, the system displays localized dynamical behaviour: phase-locking motion and self-trapping motion.
We further study the correlation between this localized dynamics and QPT, and find that the area of
the localized trajectories in the phase space can serve as an order parameter for both QPTs. The critical
exponent of this order parameter is also discussed.

1 Introduction

As a widely tunable and well-controlled system [1,2] to
model quantum tunnelling properties [3], Bose-Einstein
condensates (BECs) in a symmetric double-well potential
have attracted much attention both theoretically and ex-
perimentally. The BEC atoms may show highly asymmet-
ric distribution as if most atoms are trapped in one well,
even under a repulsive interaction between the degenerate
atoms. This phenomenon, known as macroscopic quantum
self-trapping [4–8], reveals the novel dynamical properties
of the system.

Recently, direct observation of correlated tunnelling
shows [9,10] that in the strong interaction regime, two
atoms initially lying in either side of a double well will tun-
nel back and forth as a fragmented pair. Since the atom-
pair tunnelling requires interaction of atoms in neighbour-
ing wells that is not included in the two-site Bose-Hubbard
model (TBHM), one should extend the TBHM to incorpo-
rate an atom-pair tunnelling term [11] in the Hamiltonian
to describe this effect.

In this paper, we adopt a Hamiltonian including the
atom-pair tunnelling term to describe BECs in a double-
well potential [11]. In the mean-field approximation, we
obtain the eigenstates and find two quantum phase tran-
sitions (QPTs) to self-trapping and phase-locking states,
respectively. Furthermore, we study the dynamical transi-
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tion from Josephson oscillation to two localized modes of
motion (phase-locking motion and self-trapping motion),
and establish the link between the dynamical transition
and QPT. We find out that the area of both localized
modes of motion in the phase space can be chosen as an
order parameter. The scaling laws corresponding to these
two QPTs are also discussed with this order parameter.

The rest of this paper is organized as follows. In Sec-
tion 2 we present the model and an analysis of QPT in
the mean-field approximation. Then we give a discussion
of dynamical behaviour induced by atom-pair tunnelling
in Section 3. Finally, our summary and conclusions are
given in the last section.

2 Quantum phase transition

Taken the atom-atom interaction between neighbour-
ing wells into account, the many-body second-quantized
Hamiltonian for two weakly coupled BECs trapped in a
symmetric double-well potential is given by [11]

H =
c

2N
(â†â†ââ + b̂†b̂†b̂b̂) − v

2
(â†b̂ + b̂†â) +

2γc

N
â†âb̂†b̂

+
γc

2N
(â†â†b̂b̂ + b̂†b̂†ââ) (1)

where N is the total number of atoms, v is the effec-
tive Josephson coupling constant and c is the on-site
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interaction strength. â†(b̂†) and â(b̂) are the creation and
annihilation operators for a bosonic particle in the ground
state of either well. The change v → −v corresponds to the
unitary transformation â → â, b̂ → −b̂. Therefore, in this
paper we mainly restrict our analysis to the case of v ≥ 0.
The last two terms result from the atom interaction be-
tween neighbouring wells, which is not included in TBHM,
and the last term describes the atom-pair tunnelling. Here,
we employ a factor γ =

∫
dxφ2

a(x)φ2
b(x)/

∫
dxφ4

a(x) to de-
scribe the atom-pair correlation, where φa,b denotes the
localized wavefunctions in either well. γ can be varied
by adjusting the configuration of the double well, and
is supposed to be small, around several percents for the
present experimental technique. For the set-up in the ex-
periment [9], γ is estimated to be 0.02 [11]. For simplicity,
we set γ = 0.02 in most discussion of this paper.

For this second-quantized model, if the particle num-
ber is large enough, the system can be well described in
the mean-field approximation [12,13]. In Hamiltonian (1),
H/N is a constant in the limit of large particle num-
ber, and thus the parity effect [14] is not obvious. In
this approximation, operators â and b̂ can be replaced by
two c-numbers a = |a|eiθa and b = |b|eiθb . The quantity
|a|2 + |b|2 is conserved and set to be unity. By introducing
population imbalance s = |b|2 − |a|2 and relative phase
θ = θb − θa, the system can be described by a classical
Hamiltonian [4,5]

H =
λ(1 − 2γ)s2

4
− 1

2

√
1 − s2 cos θ +

γλ

4
(1 − s2) cos 2θ,

(2)
with a constant term ignored, and λ = c/v. Here we have
rescaled the energy with v(> 0). s and θ are a pair of
canonically conjugate variables satisfying
⎧
⎨

⎩

ṡ = −∂H
∂θ = γλ

2 (1 − s2) sin 2θ − 1
2

√
1 − s2 sin θ,

θ̇ = ∂H
∂s = λ(1−2γ)s

2 − γλs
2 cos 2θ + s

2
√

1−s2 cos θ.
(3)

We at first review the case γ = 0. The fixed points, cor-
responding to the eigenstates of the system, can be readily
derived from ṡ = θ̇ = 0, and their solutions (s∗, θ∗) are rel-
evant to the atom-interaction being repulsive or attractive.
If atom-interaction is repulsive (λ > 0), the stable elliptic
fixed point (s∗, θ∗) = (0, 0) is the ground state with energy
−1/2, and the other elliptic fixed point (0, π) is split into
three: a hyperbolic fixed point (0, π) (unstable) and two el-

liptic fixed points (±
√

1 − 1
λ2 , π) when λ exceeds the crit-

ical value λ0 = 1. Here, we denote self-trapping states as
those eigenstates whose corresponding fixed points have a
nonzero population imbalance, i.e. s∗ �= 0. Thus, these two

fixed points (±
√

1 − 1
λ2 , π) correspond to π-phase self-

trapping states. For attractive atom-interaction (λ < 0),
the system at the most attains four fixed points: (0, 0) (el-
liptic), (0, π) (elliptic when |λ| < 1, and hyperbolic when

|λ| > 1), and (±
√

1 − 1
λ2 , 0) (elliptic), among which the

state (0, 0) is the ground states for |λ| < 1, while the zero-

phase self-trapping states (±
√

1 − 1
λ2 , 0) represent doubly

Fig. 1. (Color online) The eigen-energies E (upper panel) and
the relative phase θ as an order parameter (lower panel, with
lines in the corresponding colours) against λ with γ = 0.02.
The solid lines in the lower panel represent the ground states
of the system which undergoes a QPT between degenerate and
non-degenerate state. The arrow I shows where the QPT to
phase-locking state occurs, and the arrow II points out the
self-trapping QPT point.

degenerate ground states for other cases. Therefore there
is a QPT from non-degenerate to degenerate states at crit-
ical atom-interaction strength λ = λ0 = −1 [7].

When γ �= 0, there exist different eigenstates and thus
different QPT points. We show the eigen-energies E and
an order parameter θ in Figure 1. The system always at-
tains fixed points (0, 0) and (0, π), both with increasing
energies with respect to λ. When atom-interaction is re-
pulsive (λ > 0), the state (0, 0) is the ground state with en-
ergy γλ

4 − 1
2 for λ < 1

1−3γ . While λ > 1
1−3γ , two degenerate

π-phase self-trapping states (±
√

1 − 1
λ2(1−3γ)2 , π) emerge

as the highest excited states. Compared with γ = 0, these
two fixed points are shifted by atom-pair tunnelling. If
atom-interaction is even stronger (λ > 1

2γ ), there appear
another two elliptic fixed points (0,± arccos 1

2λγ ), which
do not exist in the case γ = 0. These two states are the
ground states, called phase-locking states with zero pop-
ulation imbalance and tunable relative phase unequal to
0 or π. Therefore, when λ = λp = 1

2γ (marked with I in
Fig. 1), the system undergoes a QPT from non-degenerate
to degenerate states with symmetry breaking in relative
phase. This QPT to phase-locking state was also investi-
gated in [11].

If atom-interaction is attractive (λ < 0), there still
exists the self-trapping QPT for γ �= 0. When |λ| <

1
1−3γ , the system only attains two eigenstates (0, 0)
and (0, π), and the state (0, 0) is the ground state.
When |λ| increases to a value greater than 1

1−3γ , the

http://www.epj.org


Eur. Phys. J. D (2012) 66: 97 Page 3 of 6

Fig. 2. Phase diagram as a function of λ and γ. The phase
boundaries are determined by curves λ = − 1

1−3 γ
and λ = 1

2γ
.

emerging states (±
√

1 − 1
λ2(1−3γ)2 , 0) become the doubly-

degenerate ground states with energies decreasing rapidly
with increasing |λ|, and correspond to zero-phase self-
trapping states. As |λ| increases further to exceed 1

2γ ,
there appear two more eigenstates (0,± arccos 1

2λγ ) (ellip-
tic fixed points). However, these two states represent the
highest excited states, and thus the ground states remain
unchanged. Therefore, when λ = λs = − 1

1−3γ , the system
undergoes a QPT to a symmetry breaking phase in popu-
lation imbalance. In Figure 1, we can also see the change
of energy level structures corresponding to the QPT to
self-trapping state at small |λ| region.

The knowledge of eigenstates above enables us to
depict the phase diagram shown in Figure 2. The pa-
rameter space (λ, γ) is divided into three regions: self-
trapping, Josephson, and phase-locking. As γ is usually
small in the experiments of BECs in a double well, phase-
locking states exist only when the atom-interaction is very
strong. For example, in the experiment in [9], γ is approx-
imate to 0.02 [11], and thus one should tune the atom-
interaction strength λ to exceed 25 to observe the phase-
locking states. The relative phase in the phase-locking
state increases or decreases monotonically on the atom-
interaction strength, which suggests a potential way of
phase control.

3 Dynamics

It is well known that in TBHM, when atom-interaction
is strong, the system will display self-trapping mo-
tion. Different from the Josephson oscillation with zero
time-average of both population imbalance and relative
phase, the time-average of population imbalance becomes
nonzero in the self-trapping motion. Specifically, for an ini-
tial condition with s(0) = 1 indicating that all the BEC
atoms are initially lying in one side of a double well, the
population imbalance in self-trapping motion is localized
to oscillate between 0 and 1, leading to a nonzero time-
average of population imbalance, i.e. 〈s〉 �= 0. When atom-
pair tunnelling is taken into consideration, strong atom-

Fig. 3. Relative phase θ (left column) and population im-
balance s (right column) as a function of time t with initial
conditions θ(0) = π/2 and s(0) = 0. γ = 0.02. From top to
bottom, λ takes on 20 (a, e), 49 (b, f), 51 (c, g) and 100 (d, h),
respectively.

interaction would induce new modes of motion similar
to self-trapping motion but localized in relative phase θ.
These modes of motion are called phase-locking motion
shown as an oscillation with the time-average of relative
phase unequal to 0 or π and a zero time-average of popu-
lation imbalance.

In Figure 3 we show the evolution of the relative
phase θ and the population imbalance s for certain ini-
tial conditions θ(0) = π/2 and s(0) = 0 in different atom-
interaction strength λ = 20, 49, 51 and 100, respectively.
Here we suppose γ = 0.02. As can be seen from the fig-
ure, for these initial conditions, the critical value for this
dynamical transition is λc = 50. When λ is far below the
critical value (Figs. 3a, 3e), the relative phase oscillates be-
tween π/2 and −π/2 in a sine-like way. As λ approaches
the critical value, multi-frequency oscillations become ev-
ident for both s and θ (Figs. 3b, 3f). When λ exceeds the
critical value (Figs. 3c–3d, 3g–3h), the motion of relative
phase is restricted in the (0, π) range and the population
imbalance oscillates around zero with a small amplitude.
That is, there emerge the phase-locking modes. The oscil-
lation amplitude of the relative phase decreases with in-
creasing atom-interaction strength, which results into an
increasing time-average of the relative phase.

This dynamical transition can be well understood
with the help of the phase space of the classical
Hamiltonian (2). In Figure 4a we plot the phase-space
trajectories and classical energy profiles with γ = 0.02 in
different atom-interaction strength λ = 20, 50, and 100.
The black dots denote the fixed points. The energy pro-
files suggest that the relative phase θ can be regarded as a
spatial coordinate of a quasi-particle in a potential. Note
that the local extremes of this potential correspond to the
fixed points. That is, when this potential changes from a
single well into a symmetric double well, it gives rise to
a symmetry breaking of the system, and the correspond-
ing fixed point occurs a bifurcation, which signifies the
QPT at λ = λp. This critical value λ = λp is always less
than the dynamical transition point λc (to be evaluated
below) in absolute magnitude, since the latter depends
on the initial energy of the quasi-particle as well as the
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Fig. 4. (Color online) The phase-space trajectories (upper
panels) and the energy profiles (lower panels, with the lines
in the corresponding colours) of classical Hamiltonian (2) for
γ = 0.02. The black dots denote the fixed points. (a) The atom-
interaction strength λ = 20, 50, 100 from left to right. The red
lines are the trajectories with initial conditions s(0) = 0 and
θ(0) = π

2
. (b) The atom-interaction strength λ = −0.5, −1.182,

−1.482 from left to right. The red lines are the trajectories with
initial conditions s(0) = 0.6 and θ(0) = 0.

configurational change of the potential. It is clear that
the dynamical transition occurs at the moment when the
energy H(0, π

2 ) = −λγ
4 of the trajectory with these initial

conditions s(0) = 0 and θ(0) = π
2 equals the separatrix

H = H(0, 0) = − 1
2 + λγ

4 . If the energy of the trajectory
with certain initial conditions is less than the potential
barrier height H(0, 0), the relative phase is localized to os-
cillate only in one side of θ = 0, i.e., phase-locking motion
happens. Thus, when λ > 0, for given initial conditions
s(0) and θ(0), the phase-locking motion occurs when

H0 = H(s(0), θ(0)) < H(0, 0), (4)

and the critical parameter is

λc =
2(
√

1 − s2(0) cos θ(0) − 1)
(1 − 2γ)s2(0) + γ(1 − s2(0)) cos 2θ(0) − γ

. (5)

For comparison, we also plot in Figure 4b the phase trajec-
tories and energy profiles for attractive atom-interaction
(λ < 0). The atom-interaction strength takes on −0.5,
−1.182, and −1.482, respectively, and γ = 0.02. Follow-
ing a similar analysis, we can draw the conclusion that
the same condition in (4) along with the limitation λ < 0
leads to the self-trapping motion [7,15].

On the other hand, with λ and γ remaining constant,
equation (4) determines the critical trajectories with en-
ergy Hc = H(0, 0), shown as thick lines in Figure 4, inside
which the system undergoes phase-locking motion or self-
trapping motion. Let us denote A as the area enclosed by

Fig. 5. (Color online) The area A of localized modes and its
contour projection on the (λ, γ) parameter space.

the critical trajectory, namely for phase-locking motion,

A = 2
∫ θc

−θc

s(θ)dθ, (6)

with

s(θ) =

[

1−
(

− cos θ

λ(1− 2γ− γ cos 2θ)

+

√
λ(1−3γ)+2

λ(1−2γ−γ cos 2θ)
+

cos2 θ

λ2(1−2γ−γ cos 2θ)2

)2
⎤

⎦

1/2

,

and θc = arccos( 1
λγ −1) is the critical relative phase when

s = 0.
For self-trapping motion,

A = 2
∫ sc

−sc

θ(s)ds, (7)

with

θ(s) = arccos
1 −√−2γλ2(1 − γ)s2 + (2γλ − 1)2

2γλ
√

1 − s2
, (8)

and sc =
√

1 − (1 + 2
λ(1−3γ) )

2 is the critical population
imbalance when θ = 0. Note that the variable A in equa-
tions (6) and (7) is indeed the classical action of the tra-
jectory.

For Josephson region, i.e., there is no localized modes,
then A = 0 since sc = 0. Indeed, the variable A represents
the area of localized modes in the phase-space. In Figure 5
we plot A and its contour projection as a function of λ
and γ. The (λ, γ) space is divided into three regions: two
nonzero-valued regions separated by a zero-valued region,
and the separatrices are the same as the phase boundaries
in Figure 2.

In this way, these three dynamical regions are consis-
tent with those regions in the phase diagram. We can seek
for an understanding from the trajectories in the phase
space in Figure 4. When λ < λp, there only exist closed
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Fig. 6. The area A of localized modes as a function of λ shown
as a good order parameter. The area A undergoes two transi-
tions from zero to nonzero values symbolizing two QPTs. To
show this behavior clearer, we plot the line for γ = 0.1 besides
the previously used γ = 0.02.

trajectories around fixed points (0, 0). The area of local-
ized modes is zero, i.e., A = 0. Then on crossing λp, the
fixed point bifurcation is accompanied by the central point
change of a portion of trajectories, and thus the area A
of localized modes changes from zero to nonzero value. To
show this property clear, we plot A as a function of λ for
the cases γ = 0.02 and 0.1 in Figure 6 for example. This
variable undergoes two transitions from zero to nonzero
values at λ = 1

2γ and − 1
1−3γ corresponding to the two

QPTs, which suggests the quantity A can be chosen as an
order parameter.

For a quantity playing the role of an order param-
eter, its scaling behaviour in the vicinity of the critical
point is of interest, which is characterized by critical expo-
nents [16]. For instance, if we expand the previously men-
tioned order parameter θ in the vicinity of critical point
λp, then we will find that it scales like θ ∝ |λ−λp|β , where
the critical exponent β = 1/2 for λ → λ+

p , and β = 0
for λ → λ−

p . Similarly, it can be easily obtained that the
order parameter s for the self-trapping QPT scales like
s ∝ |λ − λs|β , where β = 1/2 for λ → λ−

s and β = 0
for λ → λ+

s . This same critical exponent again suggests
the connection of the two QPTs. As for the proposed or-
der parameter A, we assume it also has similar scaling
behaviour, i.e. A ∝ |λ − λp,s|α in both the vicinities of
λp and λs. To evaluate the critical exponent α, we nu-
merically calculate the integral in (6) in the vicinity of
the critical point λp and that in (7) in the vicinity of the
critical point λs. In Figure 7 we show the area A as a
function of (λ−λp,s)/λp,s for various γ in the logarithmic
scale, and they are shown as straight lines with the same
slope 3/2 for both λ → λ+

p and λ → λ−
s for different val-

ues of γ. It suggests that in the vicinity of critical points
the area A indeed scales like A ∝ |λ − λp,s|α, where the
critical exponent α = 3/2 is independent of γ in both the
phase-locking and self-trapping regime. This order param-
eter can then be regarded as universal, and phase-locking
and self-trapping phase transition may be classified into
the same class of phase transition.

Fig. 7. (Color online) The area A of localized modes versus λ
with various γ. For both phase-locking motion (upper panel)
and self-trapping motion (lower panel), the critical component
α = 3/2 for different values of γ.

4 Conclusion

In conclusion, by the model Hamiltonian including the
atom-pair tunnelling term, we investigate the effect of
atom-pair tunnelling on the phase transition and dynam-
ics of BECs in a symmetric double-well potential in the
mean-field approximation. We find that atom-pair tun-
nelling results in a phase transition towards the phase-
locking state, and shifts the phase transition point of self-
trapping. The system also exhibits new localized mode of
motion, i.e. phase-locking motion, which along with the
Josephson motion and self-trapping motion divides the
parameter space into three dynamical regions. We make
a connection between these regions and different phases
in the phase diagram. In two of these three dynamical re-
gions, the system displays localized modes of motion. We
find that the area of localized modes is indeed the classical
action and turns out to be a candidate for the order pa-
rameter. Since the action is related to the Landau-Zener
tunneling rate [17], the newly proposed order parameter
is likely to be experimentally measurable. With this pa-
rameter, we discuss the scaling behavior of the two phase
transitions, and find out that they have the same critical
exponent, which suggests that these two phase transitions
may be regarded in the same class.
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