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Effects of periodic modulation on the Landau—Zener transition
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Abstract

We study the quantum tunnelling of a two-level crossing system which extends the standard Landau-Zener model with
applying a periodic modulation on its energy sweep. By directly integrating the time evolution operator we obtain the analytic
expressions of tunnelling probability in the cases of high and low modulation frequency limit as well as in weak inter-level
coupling limit. Our formula clarify the conditions for resonance occurrence, with the help of it we can readily manipulate the
system in a desired way, say, to enhance or suppress the tunnelling probability effectively through adjusting the modulation
properly.
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Avoided crossing of energy levels is a universal character for quantum nonintegrable systems where the break of
system’s symmetry leads to the splitting of degenerate energy levels forming a tiny energy gap. Around the avoided
crossing point, the Landau—Zener (LZ) model provides an effective description for the tunnelling dynamics of the
system with assuming that the energy bias of two levels undergoes a linear change with] tibZzemodel is a
rather general and fundamental model in quantum mechanics and has versatile applications in quantum chemistry
[2], collision theory{3], and more recently, in the spin tunnelling of nanomagfgtsBose—Einstein condensates
[5] and quantum computing].

There exist some extensions of the LZ model, including nonlinear LZ m@§leLZ problem with nonlinear
energy sweep (square function of tinj8), LZ model with a fast noise mimic system'’s interaction with environ-
ment[9], to name only a few. On another aspect, there has been growing interest in the population dynamics of
two-level systems under a periodic or quasi-periodic perturbation because of advances in the laser physics and
fabrication techniques of mesoscopic systems. The probability of quantum tunnelling of an electron in a double-
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well potential is shown to be successively controlled by applying a periodic modulation of the relative energy
of the wells[10]. As is mentioned above, the LZ model is a rather general and fundamental model in quantum
mechanics, investigating its response to the external periodic modulation is a topics of great interest. Recently,
Kayanuma and Mizaumotd 1] have discussed this issue. They emphasize on the population dynamics and find
a series of step-like changes on the temporal evolution of level populations with using a transfer-matrix formal-
ism.

In this Letter, we study this problem in a different way, i.e. directly integrating the time evolution operator.
We concentrate on the total tunnelling probability, i.e. the population at final time, which is most concerned in
practical situation. By directly integrating the evolution operator of Hamiltonian describing the LZ model with a
periodic modulation, we are able to obtain the analytical expressions of total tunnelling probability. We find that,
in both low and high frequency limits of periodic modulation the probability takes the same exponential form as
the LZ formula but the energy gap is renormalized by modulation parameters; In the weak inter-level coupling
limit, it takes a sinusoidal-like function predicting some resonance structures. Compared with the transfer-matrix
method[11], our method is rather straight and our result is more concise and shows a better agreement with the
numerical simulations.

We consider a time-dependent external electric figld), applied to the system modulating the energy bias
between two states, denoted [y and|2). The operator for the electric-dipole momentmay be written as
follows provided that the charge distribution|df and|2) is well separated,

i= (1D —12(2). (1)

wheree is the electric charge of the electron ajz\dsqthe vector connecting the two equilibrium points of the
wells. The pgrturbatjon energy is then written-ag - E(t). We consider a case wher&r) is composed of two
componentsE (1) = Eot + E1coswt. The model Hamiltonian then takes the form,

H() =y (111 —12)(2]) + A(11)(2[ + 12)(1]), 2

wherey = %(vt — Acoswt), v=—ed - Eg, A= e - E1. Here the parameter denotes the energy bias between
the two states.

The energy spectra of the system, as a function of the parameatan be readily obtained by diagonalizing the
above Hamiltonian. They show two straight linestef for asymptotic large energy bias, and an avoided crossing
at the origin with the energy gap &. Initially provided the energy bias is negative infinity, the two states is
decoupled and botfi) and|2) are eigenstates. We suppose our particle populates on the lower levé), s&te.
As we increase the energy bias from negative infinity to positive infinity, the particle has probability to tunnel to
upper level due to quantum resonance occurred near avoided crossing point. Clearly the tunnelling process as we
as the total transition probability at final time strongly depends on the way how we change the energy bias. The
most simple way is the linear change with time, which gives the standard LZ model. In our case, we put a periodic
modulation on the linear energy sweep, want to see how the periodic perturbation affects the quantum tunnelling.
Here we mainly consider the total tunnelling probability, for it is most interest in physics.

For the state vector given by (we put= 1 throughout this Letter)

[ (1)) = C1.(t) exp{—ivt? /4 + i (A/2w) sinwt }|1) + Ca(t) explivt?/4 — i (A/20) sinwt }|2), ©)
the Schrédinger equation is written as

d (C c

i (é) = [X()ox + Y (1)oy] <c§> , (4)

whereo, ando, are the Pauli matrices, arid(r) andY (¢) are defined as

A A
X)) =A COS(%IZ - Siﬂwt), Y(t)=—A sin(%t2 -= Sina)t>. (5)

w w
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The solution of the above equations can be expressed formally with the help of time evolution operator,

Ci) _ 1
(Cz(t))_U(t)<0>’ (6a)

whereU (¢) is the time evolution operator, taking following form,

00 t 1 th-1
U=y (i) / dn / dry-+- f dty Hp (1) HF (t2) - HE (t), (6b)
n=0 —00 —00
in which
0 ei(vtz/Z—A/a)sinwt)
HF(t)=X(t)UX+Y(t)Oy=A(e—i(vtz/Z—A/wSinwt) 0 ) (7)

SinceHp (¢) is a 2x 2 off-diagonal matrix, only even multiple times &fz(¢) in the expansion of Eq6) give
nonzero contribution t@'1 (co). With using the formula of the ordinary Bessel functidn
o
exp(kizsinwt) = Y Ju(Z) exp(inet), (8)
n=—0oo
we can rewrite the expression 6f(co) as,

ad 120 qvjo2 2
cl<oo>—2 (—a%/v)" Z Z Z Ty (AJ©) Iy (AJ@) - Ty, (Afew)e’ 2 Zim Doy
= mi1=—00 my=—00 mo,=—00

-1

. n ;
/dl‘]_/dl‘z / dtzneil%Zf:l(il)l(ljimjw/ﬁ)z. 9)

Here C1(+00) is the tunnelling probability denoting the possibility of an particle tunneled to the upper level at
the final time. Sometimes, what we concern is the probability of the particle remaining in the lower level, namely,
transition probability, given by,

2
P=1-|Ci(c0)|". (10)

If the periodic perturbation is absent, one can obtain the Landau—Zener formula
P =1—exp(—27A%/v) (11)

by directly integrating the Eq9) using the variable transformati¢h?], like x; =11, x, =11+ Z;’;ll(tzjﬂ —12;),
Yp =12p —I2p-1.

With the periodic modulation, generally it is not possible to derive an explicit analytic expression from the
complicated integrations EQ). However, in some limit cases we can successively integratéOexplicitly and
obtain an explicit analytic expressions for the quantum transition.

The first case we consider is the so-called high frequency limitdi/a <« 1. In this case, the linear sweep
of the energy bias undergoes a high frequency modulation. From our intuition the high-frequency field can be
averaged over because its change is fast compared with the linear sweep term. With this fact in mind, we only keep
the dominating term (zero-order term) in the expansion of the Bessel function, abandoning higher-order terms.
Then, Eq(9) can be immediately integrated out like what we do in the linear sweep case,

P=1—exp(—27A"%/v), (12)
where the effective energy gay = Jo(A/w)A.
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The second case we consider is that periodic field changes much slower than the linear sweepipg/i.ex,
0. In this case approximately we can ignore the related terms in the exponents of the integ@gtiand then
make the integration of E¢9) directly, we obtain

> 1 > 1,2 2 2 > 1,2 2 2
C - A Jm A izmw/v —e _ AZ Jm A izma)/v
1(00) = Zn —m A% /v) m;m (Ajw)e xp(—m A%/v) m:z_oo (AJw)e
(13)
and the final tunnelling probability that the system resides ) atr — oo is,
P=1—|C1(00)|* = 1— exp(—27 A'?/v), (14)
where
l S ilmzwz/v
N=Al Y Ju(Ajw)e'? . (15)
m=—0o0

In the above two cases, we see that the final tunnelling probability can be expressed in the same form as the
famous Landau—Zener formula, except that the energy gap is renormalized by the periodic modulation. The effec-
tive energy gap always shrinks compared to the original gap, providing more opportunity for an particle to tunnel
to upper level. It leads to the monotonic decrease of the transition probability with increasing the scaled amplitude
of periodic perturbation. To check the validity of our formula, we make numerical simulations by directly solving
the Schrédinger Eq4), using the Runge—Kutta forth and fifth order integration method. The results are plotted
Fig. 1, where we see our analytic results are in a very good agreement with numerical results for a wide range of
parameters. As a comparison we also plot the results calculated from the transfer-matrix fh&ffrothe same
figure, which shows a big deviation in the case of relatively smad and relatively large coupling. The reason is
that the assumption in the transfer-matrix method that successive crossing events are coherent but independent «
each other breaks down in this case, moreover the role of the level crossing is not clear in their g@johicte
that in applying the transfer-matrix method to calculate the final tunnelling probability we have iterate®a 2
matrix (i.e. transfer-matrix) even up to 100 times to get a converged result. It is obviously much time consuming
compared to our concise formula4).

Now we consider the case that the inter-level coupling is very weald j.¢/v — 0. In this case we neglect the
time-order operator and suppose that the Hamiltodaat successive times is commutative, we can approximately
get the state vector at— oo,

<C1(OO)) 1A E (Far+Toy) (0)’ (16)

C2(00)

2.2

=Y sz(A/a))cos<2mvw —%), Z zm(A/w)S|n<2mvw —%) 17)

m=—00 n=—00

The final transition probabilityP that the particle resides iﬁ att — oo, is then given by

). (18)

This analytic expression shows that, the total transition probability is modulated by the periodic perturbation
through two scaled parameters, namelyw and?/v. It is a periodic function about the dimensionless para-
meterw?/v, i.e. P(w?/v + ) = P(w?/v). Moreover, in the following three resonance cases, the expressions of
transition probability take extreme simple forms:

e¢]

A - 2m20?
> ()
w

m=—0o0

2w A2
v

P =sir?

A% %24 72) :sin2<

v
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Fig. 1. The final tunnelling probabilities versus the dimensionless Fig. 2. The final tunnelling probabilities versus the dimension-

amplitudeA /w for different A /\/v with the modulation frequency less amplitudeA/w for different frequencies (ay?/v = =,

w//v = 0.2. The solid line is the predication of the E(L4), (b) w2/v = 7/2, (€) w2/v = n/4 and (d)w?/v = 1.695. Here
dashed line is the result from transfer-matrix metfibt] showing A/y/v =0.1. The solid line shows the results of §G8), and the
a big deviation for relatively smallt /w and relatively large cou- square dots do the numerical results of E. The dashed line is

pling, and the circle dots are the numerical results. From the top to from transfer-matri11] showing small discrepancy.
bottom, the four line correspond v //v =1, 05, 0.3, and 01,
respectively.

(1) Forw?/v=nn (n=0,1,2...), we haveP = sir? /2 A2 /v, which means that the final tunnelling proba-
bility keeps constant with changing the perturbation parametey, i.e., the external periodic perturbation does not
affect the tunnelling probability no matter how strong it is. On the other hand, one can notice thanfvhes 1
the expansion of our expression is approximately equivalent to that of the Landau—Zener formula in the first-order
approximatior{1]. The above prediction has been have confirmed by our numerical results as sheégui{a).

(2) Forw?/v = (n+1/2)x, we haveP = sir’(y/2r A2/vcos2), which means that the final transition prob-
ability is oscillatory between 0 and €ix/27 A2/v with increasingA/w. When A/w = (m + 1/2)7, the final
transition probability is zero, meaning that the particle is localized at its initial statnd the quantum transition
is completely suppressed. Whenw = mx, the final transition probability is sfn/2z A2/v, which is the same
as the case ab?/v = nxr. This result is also verified by our numerical simulation as showfign 2(b), in which
we take the parameters to bé/v = /2 andA //v = 0.1.

(3) Forw?/v = (n + 1/4)m, we haveP = sinz(\/nAZ/v(1+ cog %), which means that the final transition

probability is oscillatory between sin/7 A2/v and sirf /27 A2/v with changing the dimensionless amplitude
A/w. When A/w = (m + 1/2)x, the final transition probability is stn/7 A2/v. When A/w = mn, the final
transition probability is sifiy/27 A2/v, sharing the same value as the case®fv = nxr. The result is also in
agreement with our numerical simulation as showfim 2(c), in which we take the parameters tod®/v = /4
andA//v=0.1,

In the above three resonance cases, the transition probability either keeps consistent or tends to be suppresse
by the periodic perturbation, compared to the standard LZ formula. The strongest suppression doealE=at
(m + 1/2) in case (b), where the transition can be completely suppressed.

To see how the periodic modulation enhance the transition, we should choose the parameters away from the reso-
nance regimes. IRig. 2(d) we plot the dimensionless amplitud¢w dependence of the final transition probability,
with the parameters?/v = 1.695, A /,/v = 0.1. It shows a maximum enhancement on the transition probability
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occurred atA /w = 37, where the total transition probability is five times larger than the prediction of the standard
LZ formula. Our theoretical results are also confirmed by numerical simulations.

In conclusions, we study a modified LZ model analytically where the transition probability is shown to be
modulated by the periodic perturbation through two scaled parameters, natyielyand w?/v. We find that,
in the low and high frequency limit of the modulation, the transition probability is always suppressed, com-
pared to the standard LZ formula. Whereas, in the weak inter-level coupling case, we observe an interesting
resonance phenomenon: We find that the transition probability is suppressed in the resonance regimes (i.e
w?/v =nm, (n + 1/2)x, (n + 1/4)7) and enhanced only in the off-resonance regime, more effectively at some
discrete values ol /w, i.e. (nm, (n + 1/2)7). Our results extend the famous LZ formula and applicable in future’s
practical physical systems.
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