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Abstract
Loschmidt echo (LE) is a powerful tool for characterizing quantum dynamical properties, yet it
lacks a unified definition in non-Hermitian systems due to their intrinsic biorthogonal structure.
To address this issue, we start with time-independent non-Hermitian quantum systems and
rigorously derive the probability balance equation from the Schrödinger equation. On this
foundational basis, we construct a cross inner product that is consistent with quantum
probability interpretation and computationally convenient. We then extend this theoretical
framework to time-dependent non-Hermitian systems and further derive the corresponding
probability balance equation for such systems. By means of the proposed cross inner product,
we generalize the Hermitian definition of LE to non-Hermitian systems and obtain its analytical
expression in the biorthogonal basis under first-order perturbation theory. We show that the
non-Hermitian LE naturally reduces to the standard Hermitian form in the Hermitian limit,
which verifies the self-consistency and rationality of our framework. We also compare the
proposed cross inner product with the G-inner product for non-Hermitian systems, noting their
differences and consistent Hermitian limit. This work establishes a unified definition of LE for
general non-Hermitian systems, and provides a consistent theoretical tool for investigating
dynamical quantum phase transitions, quantum state stability, and non-equilibrium critical
behaviors in both PT-symmetric and non-PT-symmetric non-Hermitian systems.

Keywords: non-Hermitian system, Loschmidt echo, cross inner product, biorthogonal basis

1. Introduction

There has been a great deal of interest in the study of non-
Hermitian systems [1–5]. The systems with non-Hermitian
terms have been realized in many fields, such as optical
systems [6–9], microwave systems [10, 11], and electronic
systems [12–14]. And recently, non-Hermitian quantum phys-
ics has emerged as a core research direction in condensed
matter physics [15, 16]. In the research on condensed matter
physics, the Loschmidt echo (LE) serves as a key physical
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quantity describing the correlation between the initial quantum
state and the time-evolved state. It is a core tool for uncovering
dynamical quantum phase transitions, quantum state stabil-
ity, and non-equilibrium critical behaviors [17–20]. However,
unlike in Hermitian systems where the LE has a unified
and self-consistent definition, the biorthogonal nature of non-
Hermitian systems has completely disrupted this traditional
framework, resulting in the LE being defined in a fragmented
manner for a long time.

In two recent studies [21, 22], researchers have proposed
their respective definitions of the LE tailored to the specific
properties of non-Hermitian systems, and these definitions all
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stem from clear physical considerations. In [21], they focus
on general non-Hermitian systems with complex eigenvalues
(not restricted by parity-time (PT) symmetry). To address the
issues of complex probabilities and the loss of topological
information caused by the traditional Hermitian inner product,
it introduces the concept of ‘associated state’ and constructs
a biorthogonal LE with automatic normalization through the
biorthogonal inner product. Its core consideration is to ensure
that the definition satisfies the probability interpretation in any
non-Hermitian scenario while fully preserving the biortho-
gonal topological properties. On the other hand, the study of
[22] targets non-Hermitian systems with real eigenvalues in
the PT-symmetric regime. Leveraging the simplified ortho-
gonal relationship between left eigenstates and right eigen-
states, it defines the LE as the product of the inner products
of the initial left (right) ground states and the evolved left
(right) ground states. Its physical consideration is to adapt
to the needs of finite-size scaling analysis and critical expo-
nent extraction, thereby reducing the complexity of numerical
calculations. Although the definitions in both documents can
effectively solve physical problems in specific non-Hermitian
scenarios, they lack a systematic unified framework and hori-
zontal comparison.

In view of the above discussion, the present work aims
to establish a unified and physically consistent framework
for the LE in non-Hermitian systems. We start from the
biorthogonal eigenvalue equations, the Schrödinger evolution
equation, and the probability balance condition that govern
non-Hermitian quantum systems. Based on these fundamental
physical requirements, we rigorously derive a proper cross
inner product that is compatible with quantum probability con-
tinuity. With this cross inner product, we further construct a
consistent definition of the LE that follows the definition for
Hermitian systems [17–19], and we calculate its analytical
expression under the biorthogonal perturbation theory. This
approach enables us to unify the previously fragmented defin-
itions of the LE and to lay a solid foundation for the study
of quantum dynamical processes in general non-Hermitian
systems. Additionally, we compare the newly proposed cross
inner product with the G-inner product within the framework
of non-Hermitian systems, emphasizing their differences and
unified behavior at the Hermitian limit.

The rest of the paper is organized as follows. We first
review the properties of Hilbert space for non-Hermitian sys-
tem in section 2. Then we proceed to construct the cross inner
product from the probability continuity equation in section 3.
In section 4, the LE of non-Hermitian system will be obtained
based on the definition of cross inner product. Finally, we give
a conclusion of our paper in section 5.

2. Properties of Hilbert space for non-Hermitian
quantum systems

For non-Hermitian systems, the properties of Hilbert space
have been well studied [23, 24]. In this section, we firstly
review these properties. Consider a non-Hermitian system

with Hamiltonian H, and it then has

H= HR+ iHI, (1)

where

HR =
1
2

(
H+H†) , (2)

HI =
1
2i

(
H−H†) , (3)

are two Hermitian operators. For such non-Hermitian systems,
the orthogonality and completeness properties are described
by the following biorthogonal bases. Generally, the eigenstates
of H and H† are given by

H|En⟩= En|En⟩, ⟨En|H† = E∗
n⟨En|, (4)

H†|Ẽn⟩= E∗
n |Ẽn⟩, ⟨Ẽn|H= En⟨Ẽn|. (5)

The above bases form a biorthogonal set,

⟨Ẽn|Em⟩= δnm, (6)

then the completeness is described by∑
n

|En⟩⟨Ẽn|= I. (7)

Here we have assumed the normalization of the eigenstates.
Let us define εn = ReEn and Γn = ImEn From the eigen

equations above and equations (2) and (3), we can easily get

εn = ReEn = Re⟨Ẽn|H|En⟩, (8)

Γn = ImEn = Im⟨Ẽn|H|En⟩. (9)

3. Probability balance equation and cross inner
product definition for non-Hermitian systems

In the above section we review the properties of Hilbert space
for non-Hermitian systems. We know that Hilbert spaces do
not have a unique inner product, and any mapping satisfying
conjugate symmetry, linearity, and positive definiteness is a
valid inner product. For any physical system, the selection of
an inner product ought to be grounded in its intrinsic physical
meaning. For Hermitian quantum systems, the inner product
is defined so that the squared norm of a state agrees with the
Born rule, i.e. for a state |ψ⟩=

∑
n cn|En⟩, its squared norm is

M= ⟨ψ|ψ⟩=
∑
n

|cn|2. (10)

However, for non-Hermitian systems, from the complete-
ness relation (7) we find that the above expression becomes

⟨ψ|ψ⟩=
∑
n

|cn|2⟨En|En⟩+
∑
m̸=n

c∗mcn⟨Em|En⟩. (11)

This expression thus no longer has a well-defined physical
meaning, as expected.
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In fact, the definition of the inner product is constructed
based on a state and its corresponding state in the dual space.
For a Hermitian system, the dual space of the state space is
simply the space spanned by the complex conjugates of the
states. However, owing to the biorthogonal basis, the dual
space of the state space for a non-Hermitian system is not
merely composed of the conjugate states, but is instead con-
stituted by the dual orthogonal basis [25–28]. A transforma-
tion is thus required between the state space and its dual space
[29] which is denoted asD . Specifically, the transformationD
should be linear and satisfy the following condition,

D : |ϕ⟩ → |ϕ̃⟩, (12)

where |ϕ⟩=
∑

n bn|En⟩ and |ϕ̃⟩=
∑

n bn|Ẽn⟩ . By these con-
siderations, the inner product is defined as follows [29],

(ϕ,ψ) = ⟨ϕ̃|ψ⟩=
∑
n

b∗ncn, (13)

in which |ψ⟩=
∑

n cn|En⟩. It is necessary to point out that the
definition in [21] is identical to this one. Hence, the squared
norm for the state is just

M= ⟨ψ̃|ψ⟩=
∑
n

|cn|2. (14)

This yields the same result as equation (10) with the same
physical meaning, namely the total probability.

In quantum mechanics, the squared norm M in
equation (10) is just total probability, and is conserved, which
can be proved from Schrödinger equation. Indeed, one of
the most compelling manifestations of the Born rule and the
choice of inner product in quantum mechanics is the con-
tinuity equation and conservation of probability, which is
fundamentally grounded in the Schrödinger equation. This
point has generally been overlooked in previous discussions
for non-Hermitian systems.

In the following, we will explore the issue of inner product
choice in non-Hermitian systems starting from the evolution
equations.

3.1. Probability balance equation and cross inner product

For the non-Hermitian system with Hamiltonian given in the
above section, its evolution is still satisfied the Schrödinger
equation

i
d
dt
|ψ (t)⟩= H|ψ (t)⟩, (15)

and its complex conjugate is

i
d
dt
⟨ψ (t) |=−⟨ψ (t) |H†. (16)

Because of the completeness property discussed in section 2,
the state of system can be expressed as follows,

|ψ (t)⟩=
∑
n

cn|En⟩, cn = ⟨Ẽn|ψ (t)⟩. (17)

Let us define

Υ=
∑
n

|Ẽn⟩⟨Ẽn|. (18)

By left-multiplying equation (15) byΥ and ⟨ψ(t)| in sequence,
and right-multiplying equation (16) by Υ and |ψ(t)⟩ in
sequence, we obtain the following,

i⟨ψ (t) |Υ
(
d
dt
|ψ (t)⟩

)
= ⟨ψ (t) |ΥH|ψ (t)⟩, (19)

and

i

(
d
dt
⟨ψ (t) |

)
Υ|ψ (t)⟩=−⟨ψ (t) |H†Υ|ψ (t)⟩. (20)

Adding the above two equations and utilizing the biorthonor-
mal relation (6), we arrive at the dynamical relation,

d
dt
⟨ψ (t) |Υ|ψ (t)⟩= i⟨ψ (t)|

(
ΥH−H†Υ

)
|ψ (t)⟩ . (21)

To further simplify the right-hand side, we substitute the
biorthonormal eigenstate expansion and adopt the eigen-
equations of non-Hermitian systems. The two expectation
terms can be explicitly evaluated as

⟨ψ|ΥH|ψ⟩=
∑
m,n,k

c∗mcn⟨Em|Ẽk⟩⟨Ẽk|H|En⟩=
∑
n

|cn|2En,

(22)

⟨ψ|H†Υ|ψ⟩=
∑
m,n,k

c∗mcn⟨Em|H†|Ẽk⟩⟨Ẽk|En⟩=
∑
n

|cn|2E∗
n .

(23)

Substituting the above results and employing the definition
of the decay/gain rate in (9), Γn = Im(En), we obtain the final
evolution equation,

d
dt
⟨ψ (t) |Υ|ψ (t)⟩= 2

∑
n

|cn|2ImEn = 2
∑
n

|cn|2Γn. (24)

The right-hand side of this equation represents the total gain
(loss) rate of the system, which quantifies Γn = ImEn the gain
(loss) strength of the nth eigen-channel.

At the same time, one can easily find

⟨ψ (t) |Υ|ψ (t)⟩=
∑
n

|cn|2 =M. (25)

It is obvious that equation (24) serves as probability continu-
ity equation of non-Hermitian quantum system, andM in (25)
defined above is just the total probability of the non-Hermitian
system. For non-Hermitian systems, the total probability is not
conserved due to the presence of gain (source) and loss (sink),
and this equation should thus be referred to as the probability
balance equation. It is also clear that, when the biorthogonal
characteristics vanish for Hermitian systems, they will natur-
ally revert to the definition of Hermitian systems.

It is necessary to point out that the total probability of
the non-Hermitian system discussed above cannot be simply
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regarded as a probability in the conventional quantum mech-
anical sense due to its incorporation of the system’s intrinsic
gain and loss. Instead, its physical essence corresponds to the
total effective population of quantum states coupled with the
intrinsic gain and loss of the non-Hermitian system, whose
core physical meaning is to quantitatively characterize the
overall evolution intensity of quantum states and the open
dynamical features dominated by gain and loss in such systems
[30, 31]. Nevertheless, for the convenience of physical discus-
sion and consistent terminology with existing non-Hermitian
literatures, we still adopt the term ‘probability’ to refer to this
effective state weight in the following text.

Considering the above discussion, we can propose a defini-
tion of inner product, denoted as cross inner product here, that
is self-consistent with equation (25) as follows,

(ϕ,ψ) = ⟨ϕ|Υ|ψ⟩=
∑
n

b∗ncn, (26)

in which |ϕ⟩=
∑

n bn|En⟩ and |ψ⟩=
∑

n cn|En⟩.
We find that the definition of the cross inner product actu-

ally introduces the following transformation,

Υ : Υ|ψ⟩= |ψ̃⟩ , (27)

where |ψ̃⟩=
∑

n cn|Ẽn⟩. Then one has

⟨ϕ̃|ψ⟩= ⟨ϕ|ψ̃⟩. (28)

Comparing with (13), one can find for biorthogonal system,
the inner product has two equivalent definitions. Υ acts as a
bridge connecting the state space and its dual space in non-
Hermitian systems, which not only connects them to the prob-
ability continuity equation but also simplifies the calculation.

Notably, the above definition of the cross inner product
bears a formal analogy to the chiral axial vector current in
relativistic quantum field theory. The latter is defined as Jµ =
ψγµγ5ψ , where ψ denotes the Dirac field,ψ = ψ†γ0 is the
Dirac adjoint, and γµ are the Gammamatrices. Since γ0γ0 = I
(the identity operator), the corresponding axial charge density
reads ρ= J0 = ψ†γ5ψ. A key feature of such chiral/axial vec-
tor systems is the non-conservation of the total axial charge,
which arises from the chiral anomaly. In this formal analogy,
the metric operatorΥ introduced in this work plays a role ana-
logous to the γ5 matrix in the axial current construction.

3.2. Probability balance equation for time-dependent system

The above discussion is restricted to time-independent non-
Hermitian systems. In this section, we derive the probability
continuity equation for time-dependent systems. For a time-
dependent non-Hermitian Hamiltonian H(t), we employ the
instantaneous biorthogonal eigenbasis {|En(t)⟩, |Ẽn(t)⟩} satis-
fying H(t)|En(t)⟩= En(t)|En(t)⟩, ⟨Ẽn(t)|H= En(t)⟨Ẽn(t)|. At
this time, Υ(t) =

∑
n |Ẽn(t)⟩⟨Ẽn(t)|. Then, the time derivat-

ive of the probabilityM(t) = ⟨ψ(t)|Υ(t)|ψ(t)⟩ still derives dir-
ectly from the Schrödinger equation and its adjoint. Using the

product rule and the explicit time dependence of the metric
operator Υ(t), one obtains

dM(t)
dt

= i⟨ψ|
(
ΥH−H†Υ

)
|ψ⟩+ ⟨ψ|∂Υ(t)

∂t
|ψ⟩. (29)

The first term accounts for the non-Hermitian part of the
dynamics. To express the second term in a form suitable for
analysis, we have

⟨ψ|∂Υ(t)
∂t

|ψ⟩=
∑
n

(
⟨ψ| ˙̃En⟩cn+ c∗n⟨

˙̃En|ψ⟩
)
. (30)

Further expanding

⟨ψ| ˙̃En⟩=
∑
m

c∗m⟨Em|
˙̃En⟩, ⟨ ˙̃En|ψ⟩=

∑
m

cm⟨ ˙̃En|Em⟩, (31)

and relabeling indices in the second sum, we arrive at the com-
pact expression

⟨ψ|∂Υ(t)
∂t

|ψ⟩=
∑
m,n

c∗mcn
(
⟨Em| ˙̃En⟩+ ⟨ ˙̃Em|En⟩

)
. (32)

Combining the above equations with the decomposition of
the first term in the biorthogonal basis, i.e.

i⟨ψ|
(
ΥH−H†Υ

)
|ψ⟩= 2

∑
n

Γn|cn|2, (33)

the total probability evolution reads

dM(t)
dt

= 2
∑
n

Γn|cn|2 + 2
∑
m,n

Re(c∗mcnAmñ) , (34)

in which

Amñ = ⟨Em| ˙̃En⟩. (35)

Equation (34) provides a basis-dependent but explicit expres-
sion for the rate of change of M(t) in a time-dependent
non-Hermitian system, highlighting the contributions from
both the imaginary parts of the eigenvalues and the tem-
poral variation of the instantaneous eigenbasis which is just
related to the 1-form (Berry connection) of non-Hermitian
system [26, 28, 32].

4. LE of non-Hermitian quantum system

The LE, also called quantum fidelity in specific contexts, is
a pivotal quantity in quantum physics for quantifying per-
turbation sensitivity of quantum dynamics and evolution irre-
versibility. Rooted in the Loschmidt–Boltzmann debate on
microscopic-macroscopic reversibility tension, it is widely
used in quantum chaos, quantum information, and many-body
physics, essential for probing quantum state stability theor-
etically and practically [18, 19]. The LE denotes the prob-
ability of a quantum system reverting to its initial state after
‘forward-backward’ evolution: forward under an unperturbed
Hamiltonian, backward under a perturbed one. Let Ĥ denote
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the unperturbed Hamiltonian and Ĥ ′ = Ĥ+ V̂ represent the
perturbed Hamiltonian, where V̂ is a small perturbation. For
a quantum system with initial state |ψ0⟩, the time evolution
for Ĥ is

|ψ (t)⟩=
∑
n

dne
−iEnt|En⟩, dn = ⟨En|ψ0⟩, (36)

and for Ĥ ′ is

|ψV (t)⟩=
∑
n

d ′
ne

−iE ′
n t|E ′

n⟩, d ′
n = ⟨E ′

n|ψ0⟩. (37)

The definition of the LE, for a Hermitian quantum system,
is then given by the squared modulus of the overlap between
the above states. Mathematically, this is expressed as,

L(t) =
∣∣⟨ψV (t) |ψ (t)⟩

∣∣2 . (38)

By employing the perturbation approach and omitting
higher-order terms, we arrive at (after some algebra)

L(t) =

∣∣∣∣∣∑
n

|dn|2 +∑
m̸=n

Vmn
En−Em

(d∗ndm)

eiVnnt

+
∑
n,m ̸=n

Vmn
En−Em

d∗mdne
i(En+Vnn−Em)t

∣∣∣∣∣
2

, (39)

where Vmn = ⟨Em|V|En⟩. Comparing eiVnnt and ei(En+Vnn−Em)t,
the latter is a rapidly oscillating term, and thus the trend of
the LE is dominated primarily by the term corresponding to
eiVnnt. It can be seen from the above equation that if no degen-
eracy occurs in the system energy levels, the first perturbation

terms can be neglected, so that L(t) =
∣∣∑

n |dn|2eiVnnt
∣∣2 [18].

However, if degeneracy occurs, for example, during a phase
transition, critical behavior will arise [19].

The system discussed above is Hermitian. For a non-
Hermitian system, according to the definition of the cross inner
product given in equation (26), the LE should be given by the
following expression,

L(t) =
∣∣⟨ψV (t) |Υ|ψ (t)⟩

∣∣2 . (40)

With the perturbative results retained to first order for a non-
Hermitian system [23], and replacing dn = ⟨Ẽn|ψ0⟩ and d ′

n =
⟨Ẽ ′

n|ψ0⟩ respectively, we have

|E ′
n⟩= |En⟩+

∑
m ̸=n

Vm̃n
En−Em

|Em⟩, (41)

|Ẽ ′
n⟩= |Ẽn⟩+

∑
m ̸=n

V†
mñ

E∗
n −E∗

m
|Ẽm⟩, (42)

E ′
n = En+Vñn, (43)

d ′
n = dn+

∑
m ̸=n

(
V†
mñ

)∗

En−Em
dm. (44)

Here, Vm̃n = ⟨Ẽm|V|En⟩ and V†
mñ = ⟨Em|V†|Ẽn⟩. Then to the

first order, we can obtain the LE for non-Hermitian system
as follows,

L(t) =

∣∣∣∣∣
∑

n

|dn|2 +
∑
n,m ̸=n

V†
mñ

E∗
n −E∗

m
d∗mdn

eiV
∗
ñnte2Γnt

+
∑
n,m ̸=n

V∗
m̃n

E∗
n −E∗

m
d∗ndme

i(E∗
n +V

∗
nñ−Em)t

∣∣∣∣∣
2

. (45)

If no degeneracy occurs in the system energy levels, the first
perturbation terms can be neglected, so that,

L(t) =

∣∣∣∣∣∑
n

|dn|2eiV
∗
ñnte2Γnt

∣∣∣∣∣
2

. (46)

Compared with Hermitian systems [18], the LE of non-
Hermitian systems is found to additionally contain decay
terms for each energy channel. It is quite interesting that the
LE of non-Hermitian systems obtained under the cross inner
product naturally reduces to the Hermitian case. This also
demonstrates the rationality of the cross inner product from
this perspective.

Wewould like to point out that the LE defined here does not
actually lie in the range [0,1], as it incorporates the gain and
loss inherent to non-Hermitian systems. If such gain and loss
behavior dominates, which may obscure some subtle dynam-
ical behaviors, or if this variation is not the focus of the
research, it is necessary to introduce a normalized LE, namely,

LN (t) =

∣∣⟨ψV (t) |Υ|ψ (t)⟩
∣∣2

⟨ψV (t) |Υ|ψV (t)⟩⟨ψ (t) |Υ|ψ (t)⟩
. (47)

The normalization also constitutes a standard approach in the
study of non-Hermitian systems.

The concept of the LE has recently been extended by
researchers to the study of dynamical phase transitions and
other related issues. Defined as the fidelity between the
evolved and initial states in these works [21, 33], the LE should
be expressed as follows in this sense,

L(t) = |⟨ψ (0) |Υ|ψ (t)⟩|2 , (48)

and the normalized LE is correspondingly given by,

LN (t) =
|⟨ψ (0) |Υ|ψ (t)⟩|2

⟨ψ (0) |Υ|ψ (0)⟩⟨ψ (t) |Υ|ψ (t)⟩
. (49)

Compared with the automatically normalized LE in [21] and
the PT-symmetric LE in [22], the above normalized LE is
applicable to general non-Hermitian systems and retains the
dynamical information of gain (loss) more directly.

5
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5. Comparison with the G-inner product of
non-Hermitian formalisms

The cross inner product proposed in this work addresses the
fundamental challenge of biorthogonal state spaces in non-
Hermitian quantum mechanics, a problem also tackled by the
widely used G-inner product (e.g. Ju et al [34], Tzeng et al
[35]). While both frameworks share the core goal of construct-
ing a physically meaningful inner product for non-Hermitian
systems, they diverge substantially in motivation and deriva-
tion logic, constraint requirements, and targeted applications.

The G-inner product is rooted in the geometric interpreta-
tion of Hilbert spaces for non-Hermitian systems. Ju et al [34]
introduce the metric operator G to ensure the covariant deriv-
ative consistency of the Schrödinger equation, since G’s time
evolution constrained by the dynamic equation:

∂tG= i
(
GH−H†G

)
. (50)

The G-inner product then is defined as

⟨ψ (t) |ψ (t)⟩G = ⟨ψ (t) |G|ψ (t)⟩. (51)

This is derived to preserve the norm of quantum states over
time (i.e. probability conservation), i.e.

d
dt
⟨ψ (t) |ψ (t)⟩G = 0, (52)

making theG-inner product a ‘constructed metric’ tailored for
theoretical self-consistency.

The strict constraints of G, adherence to the dynamic
equation ∂tG= i(GH−H†G) [34], it turns out that G is time-
dependent in the general case, even for a time-independent
Hamiltonian H. Notably, G can be time-independent under
specific conditions—e.g. time-independent Hamiltonians in
the PT-unbroken phase or pseudo-Hermitian systems, where
GH= H†G reduces the dynamic equation to ∂tG= 0 [34, 36].
Even in this time-independent limit,Gmust satisfy the pseudo-
Hermitian constraint to maintain consistency with quantum
information principles, imposing non-trivial restrictions on its
form.

The Υ operator in our framework inherits Hermiticity and
positive definiteness inherently, as a projection operator com-
posed of left eigenstates. For time-independent Hamiltonians,
Υ is strictly time-invariant. For time-dependent Hamiltonians,
its variation is directly tied to the Berry connection of the
instantaneous biorthogonal eigenbasis [26, 28], with no inde-
pendent dynamic constraints to solve. This simplicity avoids
the computational complexity of determining G (e.g. solving
the dynamic equation or verifying pseudo-Hermiticity).

Both frameworks maintain consistency with Hermitian
quantum mechanics when the non-Hermitian term vanishes.
For the G-inner product, G degenerates to the identity mat-
rix, as left and right eigenstates become equivalent. For our
cross inner product, Υ also reduces to identity matrix due to
the equivalence of left and right eigenstates. This consistency
verifies the validity of both formalisms and ensures a smooth
transition between Hermitian and non-Hermitian regimes.

6. Conclusion

In summary, we have systematically addressed the problem of
fragmented definitions for the LE in non-Hermitian quantum
systems. Starting directly from the Schrödinger equation
and biorthogonal eigenstate properties, we rigorously derive
the probability balance equation for non-Hermitian systems.
Based on the probability balance equation and completeness
relations, we construct a physically consistent cross inner
product, which is linked to the D transformation [29] between
the state space and its dual space and offers high computational
convenience.

Using this cross inner product, we extend the standard
Hermitian LE to non-Hermitian systems and derive its analyt-
ical expression under first order perturbation theory adapted
to biorthogonal bases. The resulting non-Hermitian LE natur-
ally includes decay terms from each energy channel, which
are absent in Hermitian systems. In the Hermitian limit, both
the cross inner product and the non-Hermitian LE reduce to
the standard quantum mechanical forms, verifying their self
consistency and rationality.

This work establishes a unified framework for defining and
calculating the LE in general non-Hermitian systems, provid-
ing a reliable theoretical foundation for studying dynam-
ical quantum phase transitions, quantum state stability, and
non-equilibrium critical behaviors in both PT-symmetric and
non-PT-symmetric non-Hermitian systems. The cross inner
product derived from fundamental physical principles can be
widely extended to various non-Hermitian models. Future
research may further explore its applications in realistic phys-
ical systems, the geometric properties of non-Hermitian sys-
tems, higher order perturbation corrections, and finite-size
scaling behaviors of the non-Hermitian LE.

We have compared the proposed cross inner product with
theG-inner product in non-Hermitian systems, clarifying their
differences and consistent behavior in the Hermitian limit.
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