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Coulomb-induced asymmetry on photoelectron momentum distributions
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By numerically solving the time-dependent Schrödinger equation, we study the ionization of helium atoms
with different forms of the atomic potential, including the soft-core potential, the model potential, and the short-
range potential, in orthogonally polarized two-color laser fields. We show that in the case of the long-range
atomic potentials (the soft-core potential and the model potential), the photoelectron momentum distributions
exhibit asymmetric structures, while for the short-range potential, they present nearly symmetric structures.
Besides, the asymmetric structures are sensitive to the specific forms of the atomic potential. We find that the
asymmetric structures are more pronounced for the lower laser intensity and/or the shorter laser wavelength. Our
results may provide a reference for further analytical studies of strong-field ionization of complex atoms and
molecules, where the Coulomb effects are included for quantitative descriptions.
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I. INTRODUCTION

The interaction between isolated atoms or molecules and
intense laser fields has led to highly nonlinear phenom-
ena [1,2], including the above-threshold ionization [3–6],
high-order harmonic generation [6–8], nonsequential double
ionization [9–11], and attosecond physics [12,13]. In terms of
the theoretical aspect, the three-step recollision model [14,15]
and the strong field approximation (SFA) [1,6,16–19] have
extensive records of qualitative or semiquantitative success in
conforming to the experimental results of some phenomena in
strong-field physics. Both in the three-step recollision model
and SFA, ionized electrons can be treated as free particles
moving in the electric field without the Coulomb interaction.
However, the important roles of the Coulomb effects have
been discovered in various phenomena, such as the genera-
tion of the near- or below-threshold harmonics [20–22], the
survival of neutral atoms with creating Rydberg atoms [23],
the attosecond measurement techniques [12,24–27], and the
quantum interference patterns in the photoelectron momen-
tum distributions (PMDs) [28,29].

Very recently, the Coulomb effects on the final PMDs with
a classical or semiclassical trajectory Monte Carlo model
and the SFA theory have been explored in the orthogo-
nally polarized two-color (OTC) laser fields [30–33]. The
OTC laser fields [34], composed of a fundamental laser
field and its phase-locked orthogonally polarized second-
order harmonic field, have been widely used to study the
atomic ionization, since they enable us to control the pho-
toelectron in both time and space [30–41]. For example,

*zhao_yingkui@iapcm.ac.cn
†lbfu@gscaep.ac.cn

the OTC laser fields were exploited to generate a single
attosecond pulse [35,36], switch short and long quantum
trajectories [37], control interference fringes in the photoelec-
tron momentum spectra [31,38,39], probe the time delay of
photoelectron emission [40], and investigate the ionization
time [41].

In this work, by numerically solving the time-dependent
Schrödinger equation (TDSE), we investigate the Coulomb-
induced asymmetry in the PMDs in the polarization direction
of the second-order harmonic laser field for the helium (He)
atoms driven by the OTC laser fields. The Coulomb effects
are fully considered both during and after the ionization pro-
cesses. In addition, it is well known that several specific forms
were proposed for the Coulomb potential of real atoms and
different forms may have different effects on the electron
dynamics. Therefore, here we consider three different forms
of the atomic potential, namely the soft-core potential [42],
the model potential [43], and the short-range potential. In the
case of the long-range atomic potentials (the soft-core and the
model potentials), the PMDs present asymmetric structures,
while for the short-range Coulomb potential, the PMDs ex-
hibit approximately symmetric structures. Also, we show that
the asymmetric structures are sensitive to the specific forms
of the long-range atomic potential. Moreover, the asymmetric
structures are more pronounced at the lower laser intensity
and/or the shorter wavelength.

II. MODEL

In what follows, to explore the Coulomb-induced asym-
metry in the PMDs, we consider two long-range potentials
(the model potential Vmodel and the soft-core potential
Vsoft) and a short-range potential Vshort [see Fig. 1(a)],
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FIG. 1. (a) Three typical forms of the atomic potential [see
Eqs. (1a)–(1c)]: the short-range potential Vshort (dashed black), the
model potential Vmodel (solid red), and the soft-core potential Vsoft

(dash-dotted blue). (b) Schematic diagram of the electric fields
of the OTC laser fields [see Eq. (2)]. Here, the peak intensity is
5 × 1014 W/cm2 and the carrier frequency is 0.057 a.u.. A trape-
zoidal pulse envelope is used with a total duration of 10 optical
cycles of the fundamental field, switched on and off linearly over
two cycles. The total electric field is plotted in green, while the
fundamental field and its second-order harmonic field are shown as
red and blue lines, respectively. (c1) Amplitude of the fundamental
(red) and the second harmonic (blue) fields, and (c2) the correspond-
ing drift momenta caused by the laser fields, px (t ) = −Ax (t ) and
py(t ) = −Ay(t ), within one optical cycle of the fundamental field.
Four subcycles, I, II, III, and IV are marked in (c1).

given by

Vmodel(r) = − Zc + a1e−a2r + a3re−a4r + a5e−a6r

r
, (1a)

Vsoft (r) = − β√
r2 + 0.5

, (1b)

Vshort (r) = − α√
r2 + 0.5

e−0.15r2
. (1c)

For each potential, all parameters are adjusted such that
the eigenenergy of the ground state is −0.9 a.u., which corre-
sponds to the empirical ionization potential of helium. Here,
the parameters of the model potential [Eq. (1a)] are Zc =
1.0, a1 = 1.231, a2 = 0.662, a3 = −1.325, a4 = 1.236, a5 =
−0.231, and a6 = 0.480. For the soft-core potential [Eq. (1b)]
and the short-range potential [Eq. (1c)], the parameters are set
to β = 1.961 and α = 2.405, respectively.

In our simulations, a pair of orthogonally polarized two-
color laser fields composed of an x-polarized fundamental
field and a y-polarized second harmonic field is used [see
Fig. 1(b)]. The electric field of the OTC laser fields can be
described by

�E (t ) = E0 f (t )[sin(ω0t )�ex + ε sin(2ω0t + φ)�ey], (2)

where E0 =
√

I0/(1 + ε2) is the electric field peak amplitude
with I0 as the peak laser intensity, f (t ) is the envelope, ω0

is the carrier frequency of the fundamental laser field, and
�ex and �ey are the unit vectors along the x and y axes, re-
spectively. Here the relative phase of the OTC laser fields
is set to φ = π/2. In our calculations, we use ε = 0.5, such
that the intensity of the second-order harmonic field is much
weaker than that of the fundamental one. As a consequence,
the atomic ionization rate is mainly determined by the funda-
mental field, while the additional second-order harmonic field
mildly controls the dynamics of the electron wave packets in
the two-dimensional polarization plane (xy plane). According
to the three-step recollision model [14,15], without consid-
ering the Coulomb potential, the final momenta of electrons
ionized at t0 can be estimated by �p = − �A(t0), where �A(t ) is
the vector potential of the laser field. Hence, as plotted in
Figs. 1(c1) and 1(c2), photoelectrons ionized at different quar-
ter optical cycles will be launched into different quadrants in
the final PMDs. In other words, photoelectrons ionized in the
first (I) and the third (III) quarters of the same optical cycle are
mapped into the second and the first quadrants with positive
momentum along the y direction (py > 0), while photoelec-
trons ionized in the second (II) and the fourth (IV) quarters
of that optical cycle are mapped into the fourth and the third
quadrants with py < 0. Accordingly, the OTC laser fields can
steer the photoelectron in both time and space, allowing us to
resolve and control the ultrafast electron dynamics, as com-
pared to the case of parallel polarized two-color laser fields,
and the OTC laser fields have been extensively used to probe
and control many fascinating phenomena [30–41].

III. NUMERICAL METHOD

In this work, we solve the three-dimensional TDSE of an
atom with different forms of the atomic potential driven by
the OTC laser fields. The TDSE can be written as (in atomic
units)

i
∂

∂t
	(�r, t ) = Ĥ	(�r, t ) = [Ĥ0 + �r · �E (t )]	(�r, t ), (3)

where Ĥ0 = �p2/2 + V (�r) is the atomic Hamiltonian with V (�r)
as the atomic potential. The TDSE is numerically solved us-
ing the generalized pseudospectral method [44] in spherical
coordinates. The time step is 
t = 0.1 a.u., and the cutoff of
radius and the angular momentum quantum number are set to
Rmax = 200 a.u. and lmax = 179, respectively.

In order to eliminate the reflection of the electron wave
packet from the boundary and obtain the wave function in the
momentum space, the coordinate space is split into the inner
and outer regions at a given time ti [45,46]:

	(�r, ti ) = 	in(�r, ti ) + 	out (�r, ti ). (4)

Here the wave functions in the outer and inner
regions are given by 	out (�r, ti ) = Fs(r)	(�r, ti ) and
	in(�r, ti ) = [1 − Fs(r)]	(�r, ti ), respectively, where
Fs(r) = 1/{1 + exp[−(r − Rc)/
]} is a split function
[45,46]. In the simulations, the critical boundary and the
width of the crossover region are set to Rc = 150 a.u. and

 = 5 a.u., respectively.

The wave function in the outer region 	out is propa-
gated analytically under the Coulomb-Volkov Hamiltonian
[32,46–53], which can reduce the computational loads of nu-
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FIG. 2. Photoelectron momentum distributions in the xy polarization plane with pz = 0 at different laser intensities for the soft-core
potential (top row), the model potential (middle row), and the short-range potential (bottom row). The laser wavelength is 800 nm. The
black curves in (a1) and (a3) denote the field-driven photoelectron momenta �p = − �A(t ) within one optical cycle of the fundamental field.
Panels in the column from left to right corresponds to the intensities of 3 × 1014, 5 × 1014, and 6 × 1014 W/cm2, respectively. The tilt angle θ

is the angle between the px axis and the most probable direction of distribution, as marked in panel (a2).

merically tough problems. Specifically, we expand the wave
function in the outer region at time ti in the basis of Coulomb-
Volkov states 	CV

�p (ti ), and the projection coefficients are
given by

C( �p, ti ) =
∫

[	CV
�p (ti )]

∗	out (ti)d
3�r. (5)

Then we propagate 	out from ti to the end of the laser pulse
(t f ) under the Volkov propagator [45]

ÛV (t f , ti ) = exp

{
− i

2

∫ t f

ti

[
�p + �A(t ′)

]2
dt ′

}
. (6)

Accordingly, the photoelectron momentum distributions at t f

can be written as [45]

|�( �p, t f )|2 =
∣∣∣∣∣
∑

i

ÛV (t f , ti )C( �p, ti )

∣∣∣∣∣
2

. (7)

In the case of SFA [1,6,16–19], after the tunneling process,
the electron is treated as a free particle moving in the external
field with neglecting the Coulomb effects. As a consequence,
the dynamics of the ionized electron can be described by the

evolution of the Volkov states propagating under the Volkov
propagator. On the other hand, a modified SFA theory was
proposed to describe the ionized electron by replacing the
Volkov states with Coulomb-Volkov states [54,55]. As noted,
the Coulomb effects are considered in the modified SFA
theory, since Coulomb-Volkov states are instantaneous eigen-
states of the electron interacting with the laser field and the
Coulomb potential. Similarly, the Coulomb effects are also
considered in the outer region in the method presented here.

IV. COULOMB-INDUCED ASYMMETRY ON PMDS

With the help of the numerical method introduced in
Sec. III, we plot the two-dimensional PMDs (pz = 0) of he-
lium atom with different potentials driven by the two-color
fields in Fig. 2. In the case of the soft-core potential [see
Figs. 2(a1)–2(c1)] and the model potential [see Figs. 2(a2)–
2(c2)], the two-dimensional PMDs exhibit butterfly-like
structures with up-down asymmetries. The momentum distri-
butions in these cases have higher probabilities in the lower
half-plane (py < 0) than in the upper half-plane (py > 0). To
explore the effects of the atomic potential on the asymmetric
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structures, for comparison, we plot the results of the short-
range potential Vshort in Figs. 2(a3)–2(c3). Obviously, the
PMDs present the X-shaped structures with nearly up-down
symmetries. In this case, the absolute value of the potential
rapidly decays to 0 [see Fig. 1(a)], such that the dynamics
of the ionized electron is hardly affected by this short-range
potential. Accordingly, the field-driven momenta of photo-
electrons nearly follow the relation �p = − �A(t ) [see black lines
in Fig. 2(a3)], ignoring the effect of the atomic potential,
resulting in the up-down symmetric X-shaped structures in the
PMDs [30,32]. In contrast, the results in the case of the soft-
core potential [see Figs. 2(a1)–2(c1)] and the model potential
[see Figs. 2(a2)–2(c2)] indicate that asymmetric structures
are ascribed to the long-range effect of the atomic potential
on the photoelectron dynamics, which is consistent with the
interpretations based on the results of a classical trajectory
Monte Carlo (CTMC) model [30,31] and the SFA [32]. They
[30–32] suggest that the Coulomb attraction decreases the
contribution of photoelectrons born in the first (I) and the
third (III) quarters of the optical cycle [see Fig. 1(c1)], while
in the second (II) and the fourth (IV) quarters of the optical
cycle, the Coulomb attraction increases the contribution of
photoelectrons by affecting the recollision processes.

Furthermore, the asymmetric structures depend not only on
the long-range potential, but also on its specific forms. As
shown in Figs. 1(a), the model potential has a singularity at
r = 0 a.u. and it changes sharply near the parent ion core,
while the soft-core potential changes quite slowly at r � 0
a.u. In addition, the absolute value of the soft-core potential is
always larger than that of the model potential. This means the
effect of the soft-core potential on the photoelectron dynamics
is always stronger, resulting in the more pronounced asym-
metric structures [see Figs. 2(a1)–2(c1) and 2(a2)–2(c2)].

In addition to the atomic potential, the laser fields act on
the behavior of photoelectrons as well. Figure 2 depicts the
laser intensity dependence of the PMDs for three potentials.
As can be seen from three panels in the same row, with the in-
crease of the laser intensity, the up-down asymmetry becomes
weaker. Specifically, when the laser field is very strong, the
atomic potential is sufficiently small and negligible compared
to it. In this case, the long-range potential can be treated as
a short-range potential, so the butterfly-like structure tends to
the X-shaped structures; that is, the up-down asymmetry is
weak. Furthermore, Fig. 3 shows the PMDs for different laser
wavelengths. The up-down asymmetry becomes weaker for
the longer wavelength (also see the three panels in the middle
column in Fig. 2, corresponding to the case of 800 nm). To
our knowledge, the recollision processes are also sensitive to
the laser intensity and wavelength [56–60]. The dependence
of the laser intensity and wavelength on the Coulomb-induced
asymmetry presented here is similar to the dependence on the
recollision processes.

In the presence of the OTC field, in order to recollide,
electrons must be emitted at an initial transverse velocity vy0 ,
which should offset the drift velocity vd along the polariza-
tion direction of the second harmonic field [56–60], since the
second-order harmonic field tends to pull the electrons away
transversely and resist the recollision. As predicted by the SFA
[18], the initial transverse velocity satisfies a Gaussian distri-
bution with standard deviation σ = (E0/

√
2Ip)1/2, where Ip is

FIG. 3. Photoelectron momentum distributions. The conditions
used are the same as the case shown in the middle column in Fig. 2
except that the wavelengths in the left and right columns are 600 and
1000 nm, respectively.

the ionization potential. Moreover, the drift velocity caused by
the vector potential of the laser field is vd = εE0/2ω0 (atomic
units are used) [14,18]. Hence, the probability of generating
an electron with vy0 � −vd can be estimated by the ratio of vd

to σ ,

R ≡ vd

σ
= εE0γ

1/2

2ω
3/2
0

= εrq(ω0γ )1/2

2
, (8)

where rq = E0/ω
2
0 is the quiver amplitude of the electron in

the laser field and γ = ω0
√

2Ip/E0 is the Keldysh parameter
[1]. As we know, a smaller quiver amplitude rq, which means
that electrons oscillate in a region closer to the parent ion,
makes the recollision processes more susceptible to occur by
the Coulomb attraction. Also, for a smaller Keldysh parameter
γ , the recollision processes are more important. Correspond-
ingly, the probability of recollision processes is higher with a
smaller ratio R. Note that when the laser intensity E0 and the
carrier frequency ω0 vary, there is a competition between the
Keldysh parameter γ and the quiver amplitude rq. However,
the ratio R is overall positively correlated with E0/ω0. There-
fore, with a lower intensity E0 and a higher carrier frequency
ω0, the ratio R is smaller, indicating the recollision process is
more important and up-down asymmetry is more pronounced,
consistent with the results shown in Figs. 2 and 3.
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FIG. 4. Up-down symmetry parameter, η as a function of the
laser intensity for the soft-core potential (dashed blue lines) and
the model potential (solid red lines) with three laser wavelengths:
600 nm (square markers), 800 nm (circle markers), and 1000 nm
(triangle markers).

To identify the degree of the up-down symmetry, we intro-
duce a parameter

η =
∫

py>0,pz=0 |�( �p, t f )|2d3 �p∫
py<0,pz=0 |�( �p, t f )|2d3 �p . (9)

Here, η = 1 corresponds to the up-down symmetric structures
in the PMDs, and η > 1 and η < 1 represent the higher prob-
abilities in the upper (py > 0) and lower (py < 0) half-planes
in the PMDs, respectively.

Figure 4 depicts the up-down symmetry parameter η as
a function of the laser intensity for the soft-core poten-
tial and the model potential with three laser wavelengths,
namely 600 nm (square markers), 800 nm (circle markers),
and 1000 nm (triangle markers). Here we only consider the
cases of the long-range potential, since η in the case of the
short-range potential is approximately 1 (see Figs. 2 and 3).

The up-down symmetry parameter, η is always lower than
1, which means the laser parameters used here prefer to induce
the photoelectrons with py < 0. Under the same laser param-
eters, for the model potential (see the solid red lines in Fig. 4),
the degrees of up-down symmetry are always greater than that
of the soft-core one (see the dashed blue lines in Fig. 4). Also,
η is greater with the increase of the laser intensity and the
wavelength. The results show that the behavior of the up-down
symmetry parameter is well described by R. To further explore
the insight physics of the effects of the atomic potentials on
the PMDs, we plot the dependence of ellipticity ε on the tilt
angle θ in Fig. 5. Here θ is the angle between the px axis
and the most probable direction of distribution, as marked
in Fig. 2 (a2). If the Coulomb effect is not included, θ is
approximately given by

θ ≈
∣∣∣∣arctan

(
py

px

)∣∣∣∣ ≈
∣∣∣∣arctan

[−Ay(t0)

−Ax(t0)

]∣∣∣∣
= |arctan[ε sin(ω0t0)]|. (10)

Considering that the electrons are most likely to be ionized
at the peak of the external field [sin(ω0t0) = ±1] [2], θ can
thus be estimated by arctan(ε) with ignoring the Coulomb
potential. As shown in Fig. 5, among the three potentials

FIG. 5. Tilt angle θ as a function of the laser ellipticity ε for three
atomic potentials: the soft-core potential (blue circle), the model po-
tential (red square), and the short-range potential (black triangle). For
comparison, the pink hexagon line is the prediction given by Eq. (10).
The laser intensity is 5 × 1014 W/cm2 and the laser wavelength is
800 nm.

used here, the tilt angle θ for the short-range potential has
the smallest deviation from the prediction given by Eq. (10),
while for the soft-core potential, it has the largest deviations.
Note that even the short-range potential, θ still differs from the
angle predicted by the Eq. (10), which implies that the short-
range potential may play an important role in the ionization
processes.

V. CONCLUSION

In summary, we have investigated the Coulomb-induced
up-down asymmetry in PMDs of helium atoms driven by
a pair of orthogonally polarized two-color laser fields. In
our simulations, during and after the ionization processes,
the effects of the atomic potential are fully considered. By
comparing the results of the long-range and the short-range
potentials, we find that the up-down asymmetric structures
in PMDs is dominated by long-range effect of the potential.
Also, we show that the forms of the long-range atomic po-
tential play an important role in the asymmetric structures
by comparing the calculations of the model potential and the
soft-core potential. Furthermore, the asymmetric structures
become more pronounced for the lower laser intensity and/or
the shorter laser wavelength. We also study the dependence
of the ellipticity of the OTC laser fields on the up-down
asymmetry and find that the atomic potential affects the dy-
namics of electrons during the ionization process as well. Our
results may provide a reference for further analytical studies
of strong-field ionization of complex atoms and molecules,
where the Coulomb effects are included for quantitative de-
scriptions.
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