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We develop a coherent-squeezed-state expansion for the ground state of the quantum phase transition in the
quantum Rabi model. The wave function undergoes a transition from a localized state in the normal phase
to a two-peaks delocalized state in the super-radiant phase. Interestingly, the two displaced wave packets are
squeezed in the momentum space, and overlap strongly to form a correlated state. We develop a superposition of
coherent-squeezed states to describe the phase transition correctly, which includes the higher-order excitations
at the critical value. The corresponding ground-state energy and the average photon number are in agreement
with numerical ones, exhibiting an improvement over previous coherent-state expansions. Moreover, our method
successfully captures the reduced quantum fluctuations in momentum variable in the phase transition.
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I. INTRODUCTION

Quantum Rabi model (QRM) describes the interactions
of a two-level atom with a single mode of the quantized
electromagnetic field (EMF) [1]. It has a wide application in
cavity QED [2,3] and circuit QED [4-9] to simulate the strong
coupling of the two-level systems and the EMF. Recently, an
emergence of quantum phase transition is found in the QRM
when a ratio of the atomic transition frequency A to the field
frequency w approaches infinity, A/@w — oo [10-12]. In this
limit, the system undergoes a super-radiant phase transition
(SPT), which is the same type of the SPT associated with
collective behavior in the Dicke model in the thermodynamics
limit [13—17]. There are ongoing efforts on the critical proper-
ties, the scaling exponents, and the universality to understand
the SPT in the quantum Rabi model. However, the nature
of the wave function has received little attention due to the
strong-correlated physics of the quantum phase transition.

The complexity of the wave function comes from the ab-
sence of the closed-form basis sets since the excitation number
is not conserved. The need for an exact solution is especially
amplified in understanding the phase transition. For the super-
radiant phase, higher-order excitations for the multiphoton
process is required even in this linear one-photon coupling
system, which induces the effective nonlinear interactions. In
previous studies, one can find the higher-order terms should
be considered in the expansion of the exact solution with
complicated transcendental functions [18-20]. The previous
coherent-state (CS) approaches [21-26] with only the dis-
placement transformation is not sufficient to describe the
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effective nonlinear effects for a strong coupling. The unknown
squeeze effects, which usually occur in two-photon nonlinear
coupling systems [27-29], are expected to play a crucial role
in the one-photon QRM for the higher-order excitations. As
an improvement, a coherent-squeezed-state (CSS) approach
has been proposed to capture the additional squeezing effects
[30-34], which are neglected in the CS basis. The other
difficulty of the wave-function ansatz is the emergence of
strong correlation physics in the critical coupling regime. As
the coupling strength increases, it was found that the ground
state of the QRM was a superposition of a set of correlated
polaron states [35-37]. It means that higher-order expansions
of the wave function are required in the phase transition.
It is worthwhile to discuss possible extensions of the CSS
technique in describing the ground state of the system through
the phase transition.

Here we explore an expansion of the CSS to capture
the displacement and squeezing deformations of the wave
function in the phase transition. Using the Wigner function,
the wave function is found to be localized with one peak
in the normal phase, and then appears as two peaks with
two different displacements to form a delocalized state in
the super-radiant phase. Around the critical regime, the wave
packets are squeezed in the momentum space and become
strongly correlated. Fortunately, the strong-correlated state is
well described by the superposition of two coherent-squeezed
states. The corresponding ground-state energy and mean pho-
tons agree well with the numerical results for the isotropic and
anisotropic coupling cases, while the CS expansions shows
a dramatic deviation in the critical regime. Moreover, the
quantum fluctuation in the momentum variable is observed by
our method.

The paper is organized in the following manner. In Sec. II,
we calculate the Wigner function of the wave function
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numerically. In Sec. III, we develop the CSS expansions to
study the ground-state energy and mean photons in the phase
transition, and compare to CS expansions. In Sec. V, we study
the first-order phase transition of the anisotropic Rabi model
by our exact solution. We conclude the paper with a brief
discussion.

II. DELOCALIZATION PHASE TRANSITION

The generalized Rabi model describes a two-level atom
coupled to a bosonic field with different coupling strengths of
the rotating-wave (RW) and counting-rotating-wave (CRW)
interactions, which has a wide application in cold atom exper-
iments [38—41]. The isotropic and anisotropic quantum Rabi
Hamiltonian is

A
H = EO'Z +wad'a+ g(aTa_ +aocy)+gr(a’oy +ao_), (1)

where A is the transition frequency of a two-level atom, and
w is the frequency of the bosonic field (setting w = 1). Here
oi(i =x,y,7) are the Pauli matrices, a'(a) is the creation
(annihilation) operator of the boson, and g is the coupling
strength, and the relative weight between the RW and CRW
interactions is adjusted by the parameter 7. For instance, the
isotropic Rabi model corresponds to v = 1. Due to the CRW
interactions, the total excitation number N = a'a + 0,/2 +
1/2 is not conserved and the photon subspace is not closed,
rendering a complication of the exact solution in closed form.

The quantum Rabi model has a discrete Z, symmetry
associated with parity operator P = ¢V . The parity operator
satisfies [H, P] = 0 and possesses two eigenvalues p = +1
depending on whether the number of quanta is even or odd.
The Hilbert space is split in two unconnected subspaces or
parity chain, such as |g)|0) < |e)|1) <> |g)|2) <> - - - foreven
parity p = +1, and |e)|0) <> |g)|1) <> |e)|2) <> --- for even
parity p = —1. The eigenstate of the system is a superposition
of the states in each parity chain. As the coupling strength
increases, the ground state includes higher-order states in the
parity chain with more photons’ excitation, resulting in the
increasing of the mean number of photons. In the infinite limit
A/w — 00, there occurs the super-radiant phase transition
with the symmetry broken at the critical coupling strength
ge = v/Aw/(1+ 1) [10,11]. In this paper, we explore the
ground state with the parity symmetry to study critical phe-
nomenons in the scaling limit of A/w = 100.

It is interesting to explore the essential feature of the
wave function associated with the quantum phase tran-
sition. Specifically, in the position and momentum (x, p)
representation with the operators x = (a¥ + a)/v/2w and
p =i/w/2(a" — a), one can observe the distinguished de-
formations and the symmetry of the wave function in the
normal and super-radiant phase. The ground state obtained
from numerical diagonalization is of the form

Nee

o) =Y In(ear|T) + cu 1), )

where c,+ are coefficients, and N, is the truncated boson
number in the Fock space up to 30. |1) and ||) are the
eigenstates of o, giving [1) = (—| 1) + | 1))/+/2 and |}) =
am+1d)/ V2. The position representation of the Fock
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FIG. 1. Wave function of the oscillator states ¢, (dashed line)
and ¢_, (solid line) in each spin projection obtained by the exact
diagonalization as a function of the position x depending on the
scaled coupling strength g/g. = 0.9 (red lines), 1.1 (black lines), and
1.5 (green lines) for different ratio (a) A/w = 1 and (b) A/w = 100
for the isotropic Rabi model.

state of the field |n) are the usual harmonic oscillators

(xln) = (Vo /T2 e PH,(Jox), ()

where H,(\/wx) are Hermite polynomials of order n. Conse-
quently, the wave function in the position representation is

9) = el T) + dl]), (4)

where the oscillator states in the spin projection is ¢y, =
Zn Cnt <X|I’l) .

In the case of A =0, the oscillators displace in two di-
rections by projecting onto [1) and || ). It leads to a doubly
degenerate coherent state for the displaced oscillators. For
A/w =1, two oscillator states ¢, and ¢_, move towards
the opposite direction and always have a single peak with
a displacement as g/g. increases in Fig. 1(a). Extending the
argument to large ratio A/w = 100 in Fig. 1(b), the single-
peaked wave function stretches and then splits into two when
the coupling strength exceeds the critical value g/g. = 1.1,
exhibiting an occurrence of the super-radiant phase transition
in the infinite-ratio limit. It implies that the oscillator of
each spin-projected component becomes delocalized with two
displacements of opposite value in the super-radiant phase,
which cannot be fulfilled by a single-peak wave packet.
Moreover, it is observed that the oscillator states ¢, and
¢_. overlap strongly to form two correlated states. On further
increasing the coupling g/g. = 1.5, ¢+, moves away from
each other and the second peak begins to disappear. It means
that two oscillator states ¢, become separated with weak
overlap in the deep-strong coupling regime.

The x and p distributions of the oscillator states can be
analyzed by the Wigner function, which is introduced in
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FIG. 2. Wigner function W (x, p) as a function of the momentum
p and position x for different coupling strength g/g. = 0.7, 1, 1.1,
and 1.2 in the scaling limit of A/w = 100 for the isotropic Rabi
model.

terms of the position and momentum operators W (x, p) =
% [dx'y*(x — gx/)e_i""’w(x + %x’) [42,43]. From the Fock
state in Eq. (2), the reduced density matrix of the oscillator
states can be given by tracing out the atom degrees of freedom:
P = Truemle){@l = Zn,m cmCylm)(n| with ¢,c;, = cn+c;';,+ +

cn—c;,_. The Wigner function can be written explicitly as

l +00 Ntr
W(x, p) = -~ / e Zcmc: (x = x'|m)(n|x +xYdx'. (5)

00 m,n

The transition from the localized to delocalized state with
two displacements is clearly observed in Fig. 2. And the
squeezing deformations of the oscillator states is found in
the momentum space. The squeezing deformations increases
as the coupling strengthens and then decreases in the deep-
strong coupling regime. Meanwhile, there is an emergence
of coherence between two squeezed wave packets around
the critical coupling strength g.. It predicts the correlated
delocalized wave function with both of displacement and
squeezing deformations in the super-radiant phase.

The key observation is the delocalized state with two cor-
related and squeezed wave packets above the critical coupling
g. for A/w — oo in the QRM, which is consistent with that
in the Dicke model [44,45]. Due to the finite-ratio effect, the
wave function for A /@ = 100 is not divergent around the crit-
ical regime, indicating that the corresponding parity symmetry
does not break down. Considering the parity symmetry of
the wave function, we propose an expansion of the CSS to
describe both of the localized and delocalized states.

III. ONE COHERENT-SQUEEZED-STATE ANSATZ

In the normal phase with the coupling strength g < g,
the oscillator state ¢, in each spin projection is formed
with a single peak in Fig. 1(b). Due to the displacement
and squeezing deformations, the single-peaked wave-function
ansatz is described by one coherent-squeezed state (1CSS),

Vioss) = Col 1) ® |+ fless +C7|I> ® |—floss-  (6)

The oscillator state in each spin projection is described by the
CSS

i 24t
| & floss = P @ ~Defl@=at)|0), (7)

with the variational displacements B. and the squeezing
parameters £.. Since the ground state is associated with
the even parity, satisfying P|v/}s) = |¥gg)- It implies the
conditions C, = —C_ = 1/4/2, B, = —p_ = —B,and £, =
&_ = &. This more flexible ansatz facilitates us to obtain the
free variables § and &.

To compare to the previous coherent state, the ground state
with the even parity can be expressed by one coherent state
(ICS) as

1 1

+
= +x) ® |+ — —X) ® |— , 8
st) «/§| X) @ [+f)es \/El xX) ® |=fles (8)
where the coherent state is
[£f)es = €7@ 79)0). ©)

The coherent state includes only the displacement shift +8
by neglecting the squeezing deformations. It can be recovered
easily from the coherent-squeezed state | & f)qq5 in Eq. (7) by
setting & = 0.

Using the 1CSS ansatz |;,ss), One obtains the energy

A
E1%S = w(sinh? 2¢ + %) — 2o — (5 + 2y,3n2>e2ﬂ2’72,

(10)
with parameters o« = g(1 +1)/2, y = g(rt — 1)/2, and n =
cosh(2§) — sinh(2£). Similarly, the energy E,® for the 1CS
ansatz |;h,s) is given easily by setting £ = 0 in Eq. (10)

The oscillator displacement 8 and squeezing variable £ can
be determined by minimizing the energy E,*°. The varia-
tional energy E;°* is minimized according to dE;%* /9 = 0

and 9E;°/d& = 0, respectively. For instance, one obtains
the equations for the isotropic case T = 1

w(e® — e %) —4ABRe ¥ =, (11)

(0B — g) + ABe e 27" = 0. (12)

In the limit A /w — oo, the optimal displacement and squeez-
ing variables are given approximately

8.1 g

c

13)

It demonstrates that the displacement 8 tends to be O in the
infinite limit. The squeezing variable £ begins to become
increasingly dependent on the coupling strength. The dis-
placement and squeezing deformations are consistent with
those in Figs. 2(a) and 2(b).

Figures 3(a) and 3(b) show the ground-state energy E;°
obtained by 1CSS in the normal phase, which agrees well
with the numeric ones for the isotropic T = 1 and anisotropic
T = 1.5 cases. However, there are noticeable deviations of the
energy E;° for 1CS as the coupling strength approaches to
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FIG. 3. Ground-state energy E,/(A/w) and mean photon num-
ber (a'a) for one coherent-squeezed state (1CSS) (blue solid lines)
and two coherent-squeezed state (2CSS) (red solid lines) as a func-
tion of the rescaled coupling strength g/g. for the (a, c) isotropic
7 =1 and (b, d) anisotropic T = 1.5 cases in the scaling limit of
A/w = 100. The results obtained by exact diagonalization (ED)
(circles), one coherent state (1CS) (blue dashed lines), and two
coherent state (2CS) (red dashed lines) are listed for comparison. The
inset shows the results around the critical value from g/g. = 0.95 to
1.1.

the critical value g.. The failure of the 1CS is that the squeez-
ing effect is underestimated. Around the critical regime, the
contribution of the squeezing becomes significant and should
be considered.

To explore the validity of the wave function, we calculate
the mean photons by the 1CSS ansatz

(Yihssla al¥riss) = sinh?(2€) + B2 (14)

The 1CSS results agree well with the numerics ones in the
normal phase in Figs. 3(c) and 3(d). However, the 1CS with
only the displacement shows an obvious deviation around the
critical value. Note that the mean photon (a’a) is macro-
scopically excited above g., and higher-order excitations are
required. The 1CSS fails to describe the exact wave function
for the multiphoton process in the super-radiant phase.

IV. TWO COHERENT-SQUEEZED-STATE ANSATZ

As the coupling strength exceeds the critical value, the
spin-projected oscillators ¢ begins to overlap strongly in
Fig. 1(b), resulting in two correlated Gaussians of the wave
packets. The strong-correlated physics motivates the inclusion
of the second CSS for each oscillator state. As an improve-
ment, the ground state ansatz |..) is proposed by a linear
combination of two coherent-squeezed state (2CSS)

[¥iess) = I1) ® (C1] + fi)ess + Cal + fa)oss)
— 1) ® (C1] — fi)ess + Cal — fodess), (15)

where each coherent-squeezed state is given by | £ fi)ess =

5 2
eFPa'~a) 5@ =a") ) The symmetry of the even parity en-
forces the chosen relative sign between the spin components
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FIG. 4. (a) Displacement variables B, (red solid line) and B,
(black dashed line), (b) the coefficients C; (red solid line) and C,
(black dashed line), (c) and the squeezing & using the wave function
|5hss) Tor the isotropic Rabi model in the scaling limit of A/w =
100.

|$) and |I) of the state in Eq. (15). Normalization of |{/;gs)
gives the condition

1 =2C} 4+ 2G5 + 20G(+A1| + f2) + (= fil = £2)), (16)

where the overlap of two coherent-squeezed states is

(HALE L) = (Al F fo) = THFIL A7)
Variables C(), Bi2), and & are taken as free parameters
and can be determined by minimizing the energy E7°%® =
(Vahss|H |¥oss) in the Appendix. By neglecting the squeez-
ing effects with & = 0, it recovers the two-peaked wave func-
tion |/,) with two coherent states (2CS).

Figure 3 shows the ground-state energy EZ°° and mean

photon (a'a) obtained by the 2CSS ansatz |¥5ess)- The super-
radiance of photons is observed by the mean photon, which
begins to increase dramatically above the critical value. Ex-
cellent agreement between the results of 2CSS and numerical
ones is exhibited in the whole coupling regimes. The 2CSS
ansatz makes great improvement on the 1CSS by adding the
second coherent-squeezed state, which corresponds to higher-
order excitations in the super-radiant phase. However, the 2CS
with only the variable displacement deviates from numerical
results around g.

Since the first two-level term of the Hamiltonian in Eq. (1)
does not commute with the interaction part, it leads to higher-
order excitations for the multiphoton process for the strong
coupling, such as a” and a'? [30,31]. The CS expansion with
only the displacement transformation fails to describe such
quadratic terms. The nontrivial squeeze effects in the CSS
approach are account for the effective nonlinear interactions.
Moreover, the advantage of the 2 CSS expansion lies in
contributions from the second coherent-squeezed state, which
originates from the higher-order excitations and the enhance-
ment of the overlap of oscillators around g.

Figure 4 shows the variables Bj(2), Ci(2), and squeezing
parameter £ for the 2CSS ansatz, which are calculated by
minimizing the ground-state energy EZ°®. In the normal

phase with g/g. < 1, the coefficient C; approaches to 1/+/2

and C, tends to 0, which recovers to 1CSS ansatz for the
single-peaked wave function. As coupling exceeds the critical
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FIG. 5. The variance of the momentum Ap in the ground state
as a function of the rescaled coupling strength g/g. obtained by
the 1CSS (blue solid lines) and 2CSS (red solid lines) for the
(a) isotropic 7 = 1 and (b) anisotropic T = 1.5 coupling cases. The
results obtained by ED (circles), 1CS (blue dashed lines), and 2CS
(red dashed lines) are listed for comparison.

value, C, increases dramatically and the additional second
coherent-squeezed state plays a crucial role in lowering the
ground-state energy. It corresponds to the occurrence of the
second peak of the two-peaked wave function for g/g. = 1.1
in Fig. 1(b). With further increase of g/g., the probability of
the second peak |C,|? decreases, which is consistent with the
vanishing of the second peaks for g/g. = 1.5 in Fig. 1(b).

Meanwhile, the displacements of two oscillators states 8
and |B,| are approximated to be O in the normal phase, and
increase dramatically as the coupling strength exceeds the
critical value. The squeezing parameter £ increases to the
maximum value at g., and then decreases in the deep-strong
coupling regime. The squeezing effects are qualitatively ob-
served from the squeezed wave packets in the momentum
space by the Winger function in Fig. 2.

To explore the squeezed momentum variance in the phase
transition, we calculate the variance of the momentum Ap =
(Y — (p)?2. A sharp drop of the momentum variance is
observed at g, in Fig. 5, which indicates that the momentum
quadrature for the exact wave function is squeezed. The vari-
ance Ap obtained by the 1CS equals a constant w/2 indepen-
dent on the coupling strength [28], and there is no squeezing
effects even for the 2CS. In contrast to the failure of the
CS expansion, the 2CSS successfully captures the squeezing
variance of the momentum, exhibiting the reduced quantum
fluctuations in the momentum variable in the phase transition.

V. FIRST-ORDER QUANTUM PHASE TRANSITION
IN THE ANISOTROPIC RABI MODEL

For the anisotropic Rabi model, in addition the second-
order phase transition, an additional first-order phase transi-
tion occurs at the critical value g = \/Aw/(1 — 72) [38].
When the RW coupling strength becomes stronger than that
of the CRW terms, e.g., v < 1, there exists an energy-level
crossing between the ground state and the first-excited state. A
natural question follows as to the ground-state wave function
in the first-order phase transition. Due to the energy-level
crossing, the even parity symmetry of the ground state breaks
down and the first-excited state with the odd parity becomes
the lowest-energy state.

The first-excited state with the odd parity can be ex-
pressed by the linear superposition of two coherent-squeezed

o ED—2CSS+---2CSS-

0.6 0.8 . 1 .
o/’ glg,

FIG. 6. (a) Energy levels E* for the ground state |v/;s) (red
solid line) and the first-excited state |1,.s) (red dashed line) as a
function of the scaled coupling strength g/g" for the anisotropic case
T = 0.5. Numerical results by the exact diagonalization are listed
(black circle) for comparison. (b) Mean photon number (a’a) in the
ground state as a function of g/g(".

states

[Vocss) = |an> ® (Ci| + fi)acss + Co| + f2)2css)
+17) ® (C1] = fi)acss + Cal — fo)acss).  (18)

The parity operator satisfies P|/5cgq) = —|¥ocss)- Different
from |¢Jus) in Eq. (15) with the even parity symmetry,
the first-excited state |Y,cq5) changes the sign of the wave
function for the spin part ||) due to the odd parity. For
the first-order phase transition, the ground state undergoes a
transition from |v/,ss) with the even parity to |/,.g5) With
the odd parity at the critical value g(.

The energies for the ground state and first-excited state can
be obtained as E* = (s |[HR® | 5) (see the Appendix),
respectively. The variational displacement, squeezing param-
eter, and coefficients can be determined by minimizing the
energy E;.

Figure 6(a) shows energy levels E* for the ground state
|¥Jss) and the first-excited state |/50g5), Which agree well
with the numerical ones. Energy-levels crossing is captured
correctly at the critical value g by the 2CSS expansion.
Meanwhile, the average photons (a'a) in the ground state
show a discontinuous transition in Fig. 6(b), which ascribes
to the parity broken in the first-order phase transition. With
the even and odd parities, the 2CSS expansion can accurately
describe the ground state and the first-excited state for arbi-
trary coupling strengths.

VI. CONCLUSION

We find that the wave function in the super-radiant phase
is delocalized with two-peaked wave packets, which is dis-
tinguished from the one-peaked wave packet in the normal
phase. The additional squeezing deformations of the exact
wave function in the momentum space are observed besides
the displacement shift by the Wigner function. With these
deformations, we develop the coherent-squeezed-state expan-
sion to describe the ground state for each phases correctly,
exhibiting excellent agreement of the ground-state energy
and the mean photons with numerical ones. Moreover, the
reduced quantum fluctuation in the momentum variable is
correctly captured by our improved method, exhibiting the
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improvement over the coherent-state expansion with only
displacement transformation. The success of our method lies
in the inclusion of the squeezing effects and the second
coherent-squeezed state, which accounts for the higher-order
excitations resulting in nonlinear effects in the phase transi-
tion. Our method provides an intuitive understanding of the
wave function for the quantum phase transition in many-body
systems of greater complexity.
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APPENDIX: ENERGY DEVIATION FOR THE TWO COHERENT-SQUEEZED STATE

For the two coherent-squeezed state |/5qs) with the even parity in Eq. (15) and |{/5g5) With the odd parity in Eq. (18), the
energy is expressed by E+ = £E¥om 4 Eph 4 piso-int 4 paniint \which consists of

A
EMM = <W2t:ss 3‘72 ¢;:ss>
= —A(CH+fil — fi) +2C1Co{+ il — f) + CH(+Ll — £)), (A1)

h
EP" = (Yisslwa’alrgs)

= 0[2C7 8] + 2C3 B3 + 2C1CoB1 o+ il + o) + (—fil — o))
+wsinh? §{2C12 +2C3 + 6‘12672;312'72 + szefzﬁzznz
+2C1Go[1 — n*(B1 — B2 1U+fil + ) + (—fil — AN}

+wsinh £[2C,Cn(B1 — B2 U+fil + L) + (= fil — £L)], (A2)
Esoint — (1»//;E:ss|()‘(aT + a)axhp;g:ss)
= —2a[C}B1 + C5 B2 + C1Ca(B1 + B)((+fil + o) + (—fil — £, (A3)
Eani_im = (Vf;:ssh/(a-‘- - a)io'ylw;z:ss>
= —4yn*[CIB1(+fil = fi) + CIC(B1 + B){(+fil — o) + CiBa(+ Lol — fo)]- (A4)
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