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Abstract
The effects of the delayed Kerr nonlinearity on the annular Gaussian filaments nearby the
characteristic time of the molecular rotational respond are numerically investigated. The
simulated results show that the delayed Kerr nonlinearity leads to the advancement of the
filament onset distance when the pulse duration is fixed. Moreover, in the presence of the
delayed Kerr nonlinearity, the length of the filament is obviously extended, and the peak plasma
density appears the great oscillations that makes the filament become unstable and nonuniform.
These results are mainly induced by the redistribution of the fluence and the modulation of the
speed of the total energy loss in the presence of the delayed Kerr nonlinearity. Moreover, the
delayed Kerr nonlinearity enhances the self-focusing of the trailing edge and leads further to the
extension of the optical filament. This research is of great significance to deeply understand the
long-distance transmission characteristics of the annular Gaussian filaments.

Keywords: filamentation, the delayed Kerr nonlinearity, femtosecond annular Gaussian beam

(Some figures may appear in colour only in the online journal)

1. Introduction

Femtosecond laser filamentation, resulting from the dynamic
balance between the Kerr self-focusing due to a nonlinear
intensity-dependent refractive index and the defocusing on
laser induced plasma, has been the subject of active research
in strong-field science [1]. During the propagation of optical
filament, it not only presents many exciting properties [2–4],
but have also attracted much attention for their various
important applications. For instance, the recognition of distant
targets by laser-induced breakdown spectroscopy [5, 6],
lightning control [7–9] and remote sensing of atmospheric
pollutants [10–12], etc. Particularly, in recent years, one of
the considerably interesting aspects is the adoption of some

nonconventional beam shapes in optical filamentation, such
as hollow Gaussian beams [13, 14], ring-Airy beams [15],
Bessel beams [16, 17] as well as annular Gaussian beams
[18–20]. Due to their potential applications in the fields of
plasma, atomics, and modern optics [21–23], exploring the
fundamental characteristics processes of these non-Gaussian
filaments (annular Gaussian filament in this paper) is extre-
mely essential.

The propagation of intense femtosecond laser pulses in air
involves varieties of linear and nonlinear optical processes, such
as diffraction, nonlinear Kerr self-focusing, ionization and
plasma defocusing. These processes play a significant role in the
propagation dynamics of the laser pulse. For the nonlinear Kerr
self-focusing, except that the instantaneous Kerr nonlinearity on
account of the electronic response can influence laser beam
propagation, the delayed Kerr nonlinearity because of nuclear
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rotational response also plays a significant role in the propaga-
tion of high power femtosecond laser filaments in air. In early
years, several groups showed that the delayed response mainly
changed the nonlinear refractive index and further led to the
spectral change [24, 25]. Milchberg et al also firstly observed the
strong effect of quantum rotational wave packets in air during
the long-range filamentary propagation [26]. In addition, the
delayed Kerr nonlinearity not only strongly modifies the
dynamics of propagation by distorting the pulse shape [27, 28],
but also dramatically changes the beam diameter, the beam time-
splitting, the on-axis laser intensity and the electron density [29].
However, when the pulse duration is far from the characteristic
time (τκ=70 fs) of the molecular rotational respond in air, the
delayed Kerr nonlinearity could be neglected in the propagation
of optical filament in air [30–33]. At present, it remains unclear
that the delayed Kerr nonlinearity depends on the different initial
pulse lengths near the characteristic time.

In this paper, we have primarily analyzed the effects of
the delayed Kerr nonlinearity on the optical filament produced
by an annular Gaussian beam (the beam with zero center
intensity). In our previous work [32], we proposed a new
scheme that an annular Gaussian beam and a conventional
Gaussian beam passed through an optical system, which was
composed of an axicon and a plano-concave lens, and ana-
lyzed specifically the difference of the modulation effect of
the concave lens and the nonlinear dynamics mechanism
between the two types of laser beams. The results demon-
strated that the combination of an axicon with a concave lens
can increase the length of the ring-Gaussian filament
remarkably comparing with Gaussian filament under the same
initial condition. Furthermore, the extension effect of the
concave lens on filament was more sensitive to the ring-
Gaussian beam than the Gaussian beam. Therefore, this
complicated focusing geometry, which in fact had been pro-
posed by the group of Tzortaakis [34], was more favorable for
ring-Gaussian beam to produce a long distance filamentation,
and the ultrashort ring-Gaussian beam perhaps offered a new
and an efficient route towards the generation of extended
optical filament. However, the delayed response by reason of
the short pulse duration (t = 40 fs0 ) was ignored. Thus, it is
necessary to explore how the delayed Kerr nonlinearity
affects the propagation of the annular Gaussian filament near
the characteristic time of the molecular rotational response.

2. Model and propagation equations

In this work, we still use our previously proposed model
[32, 33]. A femtosecond annular Gaussian beam at central
wavelength λ0=800 nm with a larger diameter (denoted by
the radius r0) wavefront passes through an optical system,
which is composed of a shallow axicon and a fused silica
plano-concave lens. The axicon lens incurs a linear spatial
chirp, C≈k0(n−n0)α is related to the shallow angle of the
axicon, α, to the annular wave (∝e−iCr) in the transverse
plane, where n0 and n are the refractive index of the air and
the glass axicon, respectively, and r is the transverse radial
coordinate. The introduction of a diverging lens actually leads

to an effective base angle of lens, [( ) ]a a= + -r n n feff 0 ,
where f is the focal distance of the concave. The corresp-
onding effective phase chirp coefficient is Ceff, which makes
the annular wave in the transverse plane be proportional to

( )- C rexp i eff . Thus, the incident pulse can be written as:
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The propagation dynamics of a femtosecond pulse in air
can be simulated numerically through the linearly polarized
laser electric field ( )A r t z, , with cylindrical symmetry around
the propagation axis z, which bases on an extended nonlinear
Schrödinger equation coupled with the laser-plasma produc-
tion due to multiphoton ionization mechanism. In the moving
reference frame with the group velocity vg=c (c is the light
speed in vacuum) and the slowly varying envelope approx-
imation, the coupled equations can be written as [27, 28]
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where ^
2 describes the beam transverse diffraction, and

k0=2π /λ0 (λ0=800 nm) is the central wave number. The
second term on the right-hand side of equation (2) describes the
group velocity dispersion with the coefficient β2=0.2 fs2 cm−1.
The third term, NKerr, results from the intensity-dependent
refractive index and includes both instantaneous and retarded
contributions. The nonlinear index of refraction and the char-
acteristic time of the Raman response are n2=3.2×
10−19 cm2W−1 and τκ=70 fs in equation (3), respectively.
The remaining describes the plasma defocusing due to the
electron density ne, and the multiphoton absorption with the
coefficient of ( )b = ´ - -3.1 10 cm WK 98 13 7 and the number
of photons K=8. In addition, the critical plasma density is
nc=1.7×1021 cm−3, and the initial neutral atom density is
nat=5.4×1018 cm−3 in equation (4).

3. Results and discussion

In this section, we analyze numerically the impacts of the
delayed Kerr nonlinearity on the annular Gaussian filaments
nearby the characteristic time of the molecular rotational
respond. The role of the Raman response in the propagation
dynamics of annular Gaussian filaments is also discussed.
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3.1. Influence of the delayed Kerr nonlinearity on the optical
filaments

First, an annular Gaussian beam is focused by a set of lens,
which is composed of an axicon and plano-concave lens.
When the beam radius is zero (r0=0), which is in fact the
conventional Gaussian beam, the spatial distribution of the
plasma density is shown in figure 1. Figures 1(a)–(d) denote
that the contributions of the instantaneous Kerr nonlinearity
and the delayed Kerr nonlinearity are (1, 0), (1/2, 1/2), (1/4,
3/4), and (0, 1), respectively. It is clear to see that the plasma
string gets more uniform and stable with increasing the
delayed Kerr nonlinearity. Although we use the particular
focusing geometry optical system, this result is qualitatively
consistent with the [28]. However, when the beam radius is
not equal to zero ( ¹r 00 ), the incident pulse is an annular
Gaussian beam. Next, we mainly discuss the influences of the
delayed Kerr nonlinearity on the annular Gaussian filaments
for the given different initial pulse lengths. The parameters
are chosen as follows, Ein=5 mJ, w0=1 mm and r0=3
mm are the energy of the input pulse, the width and the radius
of annular Gaussian beam, respectively, which are consistent
with the [32]. In addition, we have discussed in detail the
effects of the different geometry focusing (i.e. C and f ) on the
characteristics of ring-Gaussian filaments in the [33]. Here,
the spatial chirp C=11 mm−1 (the corresponding the cone
angle of the axicon lens, α=C/k0(n−1)=0.178°, by
assuming n=1.45) and the focal distance of concave f=−8
m are tuned to remain constant.

Figure 2(a) gives the evolution of the peak plasma den-
sity with different initial pulse duration τ0 for the annular
Gaussian beam. The black and the blue lines, respectively,
denote that the nonlinear self-focusing only involves the

instantaneous contribution and includes the instantaneous and
retard contributions. The corresponding energy loss as a
function of the propagation distance z is shown in figure 2(b).
In figure 2(a), the delayed Kerr nonlinearity acts scarcely to
the characteristics of filamentation for the short pulse (see
τ0=40 fs in figure 2(a)). That is the reason why the delayed
Kerr nonlinearity in our previous work [32, 33] is neglected.
In the presence of the delayed Kerr nonlinearity, the filament
onset distance is advanced and the filament length is exten-
ded, simultaneously, the peak plasma density appears great
oscillations that makes the filament become unstable and
nonuniform at the initial pulse duration τ0=60 fs. Further-
more, at the other values of the initial pulse duration (such as
τ0=65, 70, 80 and 85 fs), the similar phenomenon are
observed. Figure 2(c) presents quantitatively the onset dis-
tance (solid diamond and circle lines) and the length (dashed
open diamond and circle lines) of the filament with different
initial pulse duration τ0 in the case of pure instantaneous
nonlinearity (black lines) and the presence of delayed Kerr
nonlinearity (blue lines) for the annular Gaussian beam. On
the one hand, it is also easy to see that the blue solid circle
line is always lower than the black solid diamond line at a
fixed pulse duration. This means that the onset distance is
advanced by the presence of delayed Kerr nonlinearity,
whereas, as the pulse duration increases, the onset distances
are delayed for both the pure instantaneous nonlinearity and
the presence of delayed Kerr nonlinearity due to the reduction
of input power (see the inset), which is similar to the result of
the Gaussian filament [35]. On the other hand, the filament
length, which is defined as from the onset distance to the
value of the peak plasma density less than 1014 cm−3 at the
last beam collapse, in the presence of delayed Kerr non-
linearity (blue dashed open circle line) is always larger than
that in the case of pure instantaneous nonlinearity (black
dashed open diamond line) at a fixed pulse duration, which
means that the length of the filament is extended by the
presence of delayed Kerr nonlinearity. When the initial pulse
durations (τ0=100 fs) is far from the characteristic time,
the effect of the delayed Kerr nonlinearity is weakened by the
reduction of the initial power on account of the increasing
pulse duration. Therefore, the characteristics of optical fila-
ment are strongly influenced by the delayed Kerr nonlinearity
near the characteristic time of the molecular rotational
response (τk=70 fs). These results are slightly different from
the conventional Gaussian filament in [28].

The delayed Kerr nonlinearity results in the extension of
the annular Gaussian filaments nearby the characteristic time
of the molecular rotational respond, which can also be seen
from the evolution of the total energy loss (see figure 2(b)). It
is obvious that, near the characteristic time τk, the total energy
loss speed of optical filament in the presence of the delayed
Kerr nonlinearity is slower than in the case of the pure
instantaneous Kerr nonlinearity. For example, at the initial
pulse duration τ0=65 fs, in the case of pure instantaneous
nonlinearity, the pulse energy decreases of Δ E/Ein≈9%
over about 3.1 m, while in the presence of the delayed Kerr
nonlinearity, the energy drops of Δ E/Ein≈8.2% over about
4.9 m. The slow energy loss leads to the extension of the

Figure 1. The spatial plasma density (in units of cm−3) distribution
on a logarithmic scale with the propagation distance z for Gaussian
beam. The contributions of the instantaneous Kerr nonlinearity and
the delayed Kerr nonlinearity are (a) (1, 0); (b) (1/2, 1/2); (c) (1/4,
3/4); (d) (0, 1) . The input pulse energy, the pulse duration and the
width are Ein=3 mJ, τ0=60 fs and w0=1 mm, respectively. The
spatial chirp is C=11 mm−1, and the focal distance of concave
is f=−8 m.
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filament (see blue solid line in figures 2(a) and (b)). A further
understanding of the role of the delayed Kerr effect needs to
be analyzed from the propagation dynamics of the optical
filament.

3.2. The propagation dynamics of the annular Gaussian
filaments

Here, the characteristics of Raman response are investigated
from the spatial distribution and the temporal dynamics beha-
vior of annular Gaussian filaments. Figures 3(a) and (b) present
the distribution of the spatial plasma density on a logarithmic
scale and the fluence ( ( ) ∣ ( )∣ò=

-¥

¥
F r z A r t z t, , , d2 ) with the

propagation distance z in the case of pure instantaneous non-
linearity (top) and the presence of delayed Kerr nonlinearity
(bottom) at the initial pulse duration τ0=60 fs. The delayed
Kerr nonlinearity increases the length of the plasma string (see
figure 3(a)), which can be explained from the spatial distribu-
tion of the fluence. From figure 3(b), we can see that, before the
formation of the optical filament, the fluence with the delayed
Kerr nonlinearity is less than that of the pure instantaneous

nonlinearity. For example, at the propagation distance z=
3.075 m, the maximal fluence, Fmax=0.99×103 mJ cm−2 in
the presence of delayed Kerr nonlinearity and Fmax=1.57×
103 mJ cm−2 in the case of pure instantaneous nonlinearity.
This is because that the presence of delayed Kerr nonlinearity
declines the self-focusing effect and suppresses the increase of
the fluence when the beam intensity and the plasma density are
low. Therefore, the fluence with the delayed Kerr nonlinearity
is less than that of the pure instantaneous nonlinearity. Mean-
while, after the formation of the optical filament, the optical
filament intensity reaches the clamping intensity and the non-
linear self-focusing is related to NKerr, which is proportional to
the filament intensity (see equation (3)). As shown in
figure 3(b), at the propagation distance z=3.794 m, the
maximal fluence, Fmax=3.23×103 mJ cm−2 in the presence
of delayed Kerr nonlinearity is lager than Fmax=1.73×
103 mJ cm−2 in the case of pure instantaneous nonlinearity.
Hence, the delayed Kerr nonlinearity promotes greatly the
increase of the fluence, which exceeds the case of the pure
instantaneous nonlinearity. At the same time, the large fluence
rises rapidly the plasma density at the threshold of the filament,

Figure 2. (a) The peak plasma density; (b) the energy loss as a function of the propagation distance z with different initial pulse duration τ0 in
the case of pure instantaneous nonlinearity (black lines) and the presence of delayed Kerr nonlinearity (blue lines) for annular Gaussian beam.
(c) The onset distance (solid diamond and circle lines) and the length (dashed open diamond and circle lines) of filament with different initial
pulse duration τ0 in the case of pure instantaneous nonlinearity (black lines) and the presence of delayed Kerr nonlinearity (blue lines) for
annular Gaussian beam. In the inset, the input power is as a function of initial pulse duration τ0. The input energy is Ein=5 mJ, the spatial
chirp is C=11 mm−1, and the focal distance of concave is f=−8 m.
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which induces an abrupt loss of the energy (see in figure 2(b)).
As the propagation of the optical filament, the abrupt energy
loss reduces quickly the plasma density and makes it appear a
dip. At the moment, the beam power (about 60 GW) is still
higher than the critical power that results in the refocusing of
the pulse. It means that the peak plasma density occurs the
great oscillations that makes the filament become unstable and
nonuniform (see in figure 2(a)). Then, the energy loss also
becomes slowing down. The total loss of energy with the
delayed Kerr nonlinearity is less than the case of that pure
instantaneous nonlinearity near the characteristic time in
figure 2(b), where the blue lines are above the black lines after
the cross. Eventually, the optical filament is extended in the
presence of the delayed Kerr nonlinearity.

In order to adequately understand the influences of
delayed Kerr nonlinearity on the annular Gaussian filament,
we analyze the temporal behavior of annular Gaussian fila-
ments at the input pulse duration τ0=60 fs. Figure 4(a)
shows the temporal distribution of the on-axis intensity in the
case of pure instantaneous nonlinearity (top) and the presence
of delayed Kerr nonlinearity (bottom). It is easy to see that the
delayed Kerr nonlinearity affects strongly the distribution of
the intensity before and after the formation of the optical
filaments. The temporal distributions of the on-axis intensity
at different propagation distances z are shown in figure 4(b).
The black and the blue lines, respectively, denote that the
nonlinear self-focusing only involves the instantaneous
contribution and includes the instantaneous and retard con-
tributions. As described in [32], for the case of purely
instantaneous Kerr nonlinearity before the formation of the
optical filament (see the black lines in figure 4(b)), two peaks
appear symmetrically due to the pulse splitting. Then the two
peaks are delayed gradually in time when the intensity of the
two peaks decreases. During laser pulse propagation, another
splitting event occurs, while the presence of the delayed Kerr
nonlinearity makes the pulse no longer split symmetrically
and declines the intensity of the laser pulse. Moreover, the
intensity of the back of the pulse decreases much faster than

that of the front of the pulse at a propagation distance between
z=2.95–3.4 m, and thereby, a leading edge of the pulse is
formed. As the propagation of laser pulse, the self-focusing
effect of the pulse front is weakened and the plasmas are
partly turned off. Then, the refocusing of the trailing edge is
aroused, which makes the energy refuel the center of the
pulse. So the central intensity rises rapidly between
z=3.4–3.6 m, which results in the advancement of the onset
distance in the presence of the delayed Kerr nonlinearity.
Furthermore, comparing blue line with black line in
figure 4(b)), it is easy to see that the delayed Kerr nonlinearity
causes the self-focusing for the trailing edge of the pulse to be
significantly enhanced after the formation of the optical fila-
ment (z>3.65 m), and the refocusing cycles in the case of
the presence of the delayed Kerr nonlinearity is more than in
the case of the pure instantaneous nonlinearity. Additionally,
the refocusing processes also lead to the beam in the trailing
part oscillation. At last, the annular Gaussian filament is
extended as shown in the bottom of figures 3(a) and 4(a).
Note that, although the delayed Kerr nonlinearity makes the
filament length be extended for both an annular Gaussian
beam and a Gaussian beam [28], the nonlinear dynamics
mechanism of the two laser pulses is completely different.
The initial transverse distribution of the annular Gaussian
beam led to the pulse splitting and the redistribution of the
pulse energy of the annular Gaussian beam, which was spe-
cifically analyzed in our previous work [32]. Consequently,
when adding the delayed Kerr nonlinearity, the different
dynamics mechanism results in the different propagation
characteristics (the onset distance and uniformity of filaments)
between the two laser pulses.

In addition, the spectral intensity at some propagation
distance corresponding to figure 4(b) are shown in figure 4(c),
and the red dot line denotes the initial spectrum. We can see
that the spectra are extended with increasing propagation dis-
tance. Particularly, the widths of spectra start to increase evi-
dently as soon as the filament forms (z>3.65 m). Moreover,
the delayed Kerr nonlinearity enhances the spectra towards the

Figure 3. The distribution of the spatial plasma density (a) (in units of cm−3) on a logarithmic scale and the fluence (b) (in units of mJ cm−2 )
with the propagation distance z in the case of pure instantaneous nonlinearity (top) and the presence of delayed Kerr nonlinearity (bottom) at
the initial pulse duration τ0=60 fs for annular Gaussian beam. The parameters E, C and f are same as in figure 2.
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blue side. This Raman blue shifting effect is similar with the
case of the Gaussian filament [27, 28]. During the propagation
of the filament, the spectra are distorted and oscillated, which
are caused by constructive/destructive interference between
different temporal peaks emerging in the pulse profile.
Simultaneously, the strong modulations of the spectra also lead
to a dramatic distortion of the pulse time profile.

4. Conclusions

We have theoretically investigated the influences of the
delayed Kerr nonlinearity on the propagation of femtosecond
annular Gaussian filaments in air. When the pulse duration is
fixed, the filament onset distance is advanced in the presence of
delayed Kerr nonlinearity compared with the case of pure
instantaneous Kerr nonlinearity. Simultaneously, whether or
not the presence of the delayed Kerr nonlinearity, the onset
distances are delayed with increasing the pulse duration. In the
presence of delayed Kerr nonlinearity, nearby the characteristic
time of the molecular rotational respond (τk=70 fs), the
length of the filament is extended obviously, and the peak
plasma density appears the great oscillations that makes the
filament become unstable and nonuniform. Moreover, the

delayed Kerr nonlinearity also influences strongly the propa-
gation dynamics of the annular Gaussian filaments. The fluence
is redistributed in the presence of the delayed Kerr effect,
which leads to the reduction of the total energy loss speed and
extends the length of the optical filament. In addition, through
the temporal dynamics of annular Gaussian filaments, we have
also discovered that the presence of the delayed Kerr effect
makes the pulse split asymmetrically before the formation of
optical filament, which causes the onset distance of filament to
be advanced. Furthermore, after the formation of the optical
filament, the contribution of the delayed Kerr nonlinearity
enhances the self-focusing of the trailing edge of the pulse and
causes the filament propagation to present the multiple refo-
cusing cycles. Thereby, the annular Gaussian filament is
extended. In short, the study of the effects of the delayed Kerr
nonlinearity for annular Gaussian filaments is a great sig-
nificance to understand deeply the long-distance transmission
characteristics of the annular Gaussian filaments.
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