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Footprints of electron correlation in strong-field double ionization of Kr
close to the sequential-ionization regime
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By combining kinematically complete measurements and a semiclassical Monte Carlo simulation we study
the correlated-electron dynamics in the strong-field double ionization of Kr. Interestingly, we find that, as we step
into the sequential-ionization regime, there are still signatures of correlation in the two-electron joint momentum
spectrum and, more intriguingly, the scaling law of the high-energy tail is completely different from early
predictions on the low-Z atom (He). These experimental observations are well reproduced by our generalized
semiclassical model adapting a Green-Sellin-Zachor potential. It is revealed that the competition between the
screening effect of inner-shell electrons and the Coulomb focusing of nuclei leads to a non-inverse-square central
force, which twists the returned electron trajectory at the vicinity of the parent core and thus significantly increases
the probability of hard recollisions between two electrons. Our results might have promising applications ranging
from accurately retrieving atomic structures to simulating celestial phenomena in the laboratory.
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I. INTRODUCTION

Strong-field double ionization (SFDI) of atoms is typically
divided into two categories: sequential and nonsequential
[1]. In sequential double ionization (SDI), the two electrons
are removed one by one, and thus a single-active-electron
(SAE) treatment is believed to be valid for both electrons.
Nonsequential double ionization (NSDI), in contrast, proceeds
by recollision of an initially released electron driven back
by the oscillating laser field, hitting head on the parent ion
and dislodging another bound electron [2]. Even though this
general scenario is well established, a comprehensive under-
standing of the microscopic dynamics is far from complete.
There, a significant target dependence of SFDI does exist and
the underlying mechanisms are much richer than expected.
Specifically, with the in-depth study of SFDI, new mechanisms
such as postrecollision backscattering [3–7], multiple recolli-
sion [8,9], recollision-induced excitation tunneling [10], and
sequential release from double excitation [11] were proposed,
and in some cases, the quantum interference of different
pathways was invoked to explain the data observed [12–15],
which certainly go far beyond the early proposed field-assisted
(e,2e) process. More recently, surprisingly, it was found in
experiments that the behavior of SFDI of high-Z atoms (the
earliest studied rare-gas atom, Xe) was remarkably different
from low-Z rare-gas atoms, i.e., He, Ne, and Ar, and inner-shell
electron screening effects for high-Z atoms are believed to
play important roles [16]. However, how the screening effect
in SFDI evolves from the low-Z to high-Z atoms has yet to be
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discussed, and a fully differential measurement on SFDI of Kr
is missing.

Moving to the SDI regime at higher laser intensities, there
exists another ongoing debate focusing on the question of
whether the electron correlation is or is not totally smeared
out. Historically, the SDI regime was anticipated to be phys-
ically clean, without much discernible controversy between
experimental observations and theoretical predictions on the
ion yield [17] or even the electron correlation [18]. This
situation, however, is challenged by recent experiments. In
Ref. [19], a strong angular correlation between two electrons
was detected in the intensity regime that was usually attributed
to the SDI regime, suggesting that the expected successive
ionization steps are indeed not independent. More recently,
Pfeifer and co-workers measured the released time of SDI
with an attoclock technique and found that the ionization
of the second electron occurred significantly earlier than
predicted [20]. There, controversy seems to still exist because
further refined theories either including [21] or excluding
[22] the electron-electron correlation can well reproduce the
experimental data. Thus, a consensus on whether an electron
correlation is essential in SDI is still lacking.

In this article, we report a fully differential measurement on
SFDI of krypton in near-infrared laser fields. By choosing the
Kr atom, we are able to bridge the gap between low-Z (e.g., He)
and high-Z (e.g., Xe) atoms and reveal the target dependence
of the screening effect. Furthermore, our differential measure-
ments cover a wide range of laser intensities crossing from the
NSDI plateau to the SDI domain, and thus offer the opportunity
to answer how electron correlation evolves from the NSDI
to SDI regime. In the NSDI regime, the measurements on
Kr show clear crossover behavior in comparison with early
results on Ar and Xe. By increasing the laser intensity well
into the SDI regime, which is traditionally expected to be well
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described by a single-active-electron (SAE) approximation,
however, we find that the electron correlation still gets involved
in a subtle way. A two-electron joint momentum spectrum
reveals clear signatures of electron correlation and, moreover,
the sum-energy spectrum shows long tails extending far
beyond the prediction of SDI models. Upon closer inspection,
we further find that the scaling law of the high-energy tail is
completely different from an early prediction on He by ab initio
simulations [23], pointing to multielectron effects beyond the
capability of the heliumlike model. However, currently solving
the fully dimensional time-dependent Schrödinger equation
for double ionization of an atom with more than two electrons
is computationally cumbersome. Moreover, the potential
development of a time-dependent density functional theory
(TDDFT) for this kind of experiment is not very likely to hap-
pen because current well-established TDDFT approaches do
not even describe double excitations (see, e.g., Refs. [24,25]).
Thus, it is highly desirable to develop and refine classical or
semiclassical models. As will be shown later, by suitably tak-
ing into account the shielding effect of the inner-shell electrons
[26], we are able to qualitatively reproduce the experimental
observations and further disentangle the underlying physical
mechanisms by tracing back the classical trajectories.

II. EXPERIMENTAL METHODS

We performed the measurements in cold-target recoil-ion-
momentum spectroscopy (COLTRIMS) with linearly polar-
ized femtosecond (fs) laser pulses (50 fs, 800 nm, 1 kHz)
which were focused by a concave mirror (f = 7.5 cm) onto
a supersonic gas jet (seeded by He) [27]. The produced
ions and electrons were guided towards two position-sensitive
detectors by applying weak homogenous electric (3.7 V/cm)
and magnetic (6.5 G) fields along the laser polarization
axis. The electron rate in all experiments was controlled
to below 0.2 per pulse to keep the false coincidence rate
sufficiently low. We obtained correlated-electron momentum
distributions by collecting the coincidence events of Kr2+ and
one electron to avoid a detection dead time of electron-electron
coincidence measurements, and the longitudinal momentum
of the other electron was calculated according to momentum
conservation [18]. For the electron sum-energy spectrum, both
the longitudinal momentum and lateral momentum need to be
included, with the latter having a poorer resolution, so we thus
resort to a triple-coincidence measurement (two electrons and
the doubly charged parent ion) to obtain a more reliable energy
distribution. The peak laser intensity is calibrated by measuring
the yield of Xe2+/Xe+ with respect to intensity [28,29] and
also the longitudinal momentum distribution of Ar2+ [30], and
the agreement for these two methods is quite good.

III. RESULTS AND DISCUSSION

The measured ratio curve of Kr2+/Kr+ as a function of
laser intensity is shown in Fig. 1(a), where a typical knee
structure is clearly visualized, indicating that we have covered
a wide range of laser intensities from NSDI to SDI. Four
typical laser intensities are then chosen for further analysis.
The associated longitudinal momentum distributions of Kr2+

are shown in Fig. 1(b). As the laser intensity increases, the

FIG. 1. (a) The measured ratio of double-over-single ionization
yield as a function of the laser intensity. (b) The longitudinal
momentum distributions of Kr2+ at four typical laser intensities, as
indicated by the arrows labeled in (a). The widths (FWHM) of the ion
momentum spectra are shown in (c) and the angular distributions of
correlated-electron momentum maps at the corresponding intensities
are illustrated in (A1)–(A4).

momentum spectra develop from a Gaussian distribution to
a broad single hump structure and then again a Gaussian
distribution. Quantitatively, the full width at half maximum
(FWHM) of the momentum distribution first increases as the
laser intensity increases, and then rapidly decreases around
an intensity of 3.5×1014 W/cm2 [Fig. 1(c)]. This can be
explained as a result of the changes in the line shape from
a broad hump to a Gaussian, which signifies the appearance
of SDI. We note that our measurements complete the picture
of atomic-species dependence of the ion momentum, in the
sense that under similar Keldysh parameters one observes a
continuous development from a double-hump structure in He
and Ne through a plateau structure in Ar [31], to a broad
single-hump structure in Kr (this article), and finally arriving
at a Gaussian distribution in Xe [16]. In this sense, Kr is an
indispensable candidate for studying the transition behavior
from low-Z to high-Z atoms.

To reveal the straightforward picture behind the electron
dynamics of NSDI of Kr, we measure the correlated-electron
momentum spectra [shown in Figs. 2(i)–(l)] and then convert
them into polar plots with the polar angle defined as θ =
arg[p‖(e1) + ip‖(e2)], where θ ∈ [0,2π ). The angular distri-
butions are shown in Figs. 1(A1)–1(A4), which exhibit rich
structures and strongly depend on the laser intensity, evolving
from an inhomogeneous distribution with higher populations
in the second and fourth quadrants [Figs. 1(A1) and 2(i)] to
an elongated pattern with substantially more population in
the first and third quadrants [Figs. 1(A3) and 2(k)]. This is a
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FIG. 2. The measured [(i)–(l)] and calculated two-electron joint
momentum spectrum with the GSZ model [(a)–(d)] and the heli-
umlike model [(e)–(h)]. The laser intensities are indicated in the
last column and each row has the same intensity. In the theoretical
calculations, all doubly ionized trajectories are allowed to evolve
freely for 1000 more cycles after turning off the laser field to ensure
the convergence of the near-zero momenta.

typical signature of recollision and NSDI, universal for He,
Ne, and Ar, and thus is not surprising. However, as we step
forward to 3.5×1014 W/cm2, which is expected to be in the
SDI regime according to the measurements on ion yield and
ion momentum [recall Figs. 1(a) and 1(b)], there still exists
a weak dominance of side-by-side emission [Figs. 1(A4) and
2(l)]. This clearly reveals the electron correlation in the SDI
regime, which is smeared out in the measurements of ion yield
and ion momentum.

In order to clarify the mechanism behind the observed
laser-intensity-dependent electron correlation in SFDI of
Kr, we have performed numerical simulations with two
semiclassical models, i.e., the widely used heliumlike model
and an improved Green-Sellin-Zachor (GSZ) model. In both
models, one electron is released at the outer edge of the
field-suppressed Coulomb barrier along the field direction
through quantum tunneling with a rate given by the Ammosov-
Delone-Krainov (ADK) theory. The tunneled electron has
a Gaussian distribution on the transverse velocity and zero
longitudinal velocity. The bound electron is sampled from a
microcanonical distribution. The subsequent evolution of the
two electrons with the above initial conditions is governed
by Newton’s equations of motion. A recollision-induced
excitation-tunneling effect of both electrons has been included

by allowing the electrons to tunnel through the potential barrier
whenever they reach the outer turning point, with the tunneling
probability given by the Wentzel-Kramers-Brillouin (WKB)
approximation. For high-Z atoms, to take into account the
influence of the inner-shell electrons, the heliumlike model is
improved by adopting the GSZ potential for the interaction
between the core (Z protons plus Z − 2 nonactive electrons)
and two active electrons. More details of the model can be
found in Ref. [26] and references therein.

We emphasize that the initial time (tunneling instant) in
our simulation is randomly distributed over the whole pulse
duration and is weighted by the ADK rate wADK(t0) times a
depletion factor χ (t0) = e− ∫ t0

−∞ wADK(t ′)dt ′ . Here, the laser pulse
has a sin2 envelope with a total of 20 optical cycles. The volume
effect is also taken into account by assuming a laser beam
with a Gaussian radial distribution. The above two concerns
are indispensable when the laser intensity is increased close to
the saturation regime. The proceeding semiclassical model
has provided deep insight into the dynamics of correlated
electrons in SFDI, both for the low-Z and high-Z rare-gas
atoms, but with a different physical picture. For low-Z atoms,
it was shown that the heliumlike model was accurate enough to
reproduce most of the features observed in SFDI of He and Ar,
including the fingerlike structure [3,4] and the transition from
correlation to anticorrelation in the below-threshold regime
[8]. The Coulomb focusing [32] (or Coulomb singularity [33])
of the nuclear potential was identified to play a key role [7,34].
However, for high-Z atoms (e.g., Xe), the dynamical screening
effect of the inner-shell electrons become dominant and thus
the GSZ model works much better than the heliumlike model
[16,26]. As an atom lying in between Ar and Xe, one thus
expects that Kr will show an even more complicated electron
correlation dynamics due to the competition between Coulomb
focusing of the nuclei and the dynamical screening of the
inner-shell electrons. This is evidenced by the two-electron
joint momentum spectrum shown in Figs. 2(a)–2(h), calculated
by two models for comparison.

In general, the GSZ model calculations agree better with
the experiments at lower intensities [Figs. 2(a) and 2(b)] where
the momentum spectrum has a roughly round shape without
a significant V-shaped (or fingerlike) structure in the first and
third quadrants, while the heliumlike model calculations agree
better with the experiments at higher intensities [Figs. 2(g)
and 2(h)] where the momentum spectrum is substantially
elongated and undergoes a transition from correlation back
to anticorrelation (two bright spots appear again in the second
and fourth quadrants) as the laser intensity enters the SDI
regime. Thus, a single model (neither the heliumlike model
nor the GSZ model) cannot solely reproduce all the exper-
imental observations. This fact indicates the complex role
of inner-shell electrons in NSDI of Kr in comparison with
Ar and Xe. Specifically, the dynamical screening effect of
inner-shell electrons is found to be more important at lower
laser intensities, which can be understood as a result of
the tunneled electron in this case having a shorter quiver
length, and thus is typically trapped closer to the atomic
core, leading to the atomic structure playing a more important
role.

More strong evidence for the existence of electron cor-
relation in the SDI regime is revealed by the sum-energy

033416-3



LI, WANG, YUAN, YE, MA, HU, LUO, FU, AND DING PHYSICAL REVIEW A 96, 033416 (2017)

FIG. 3. (a)–(d) The two-electron sum-energy spectra measured
and calculated with the heliumlike model and the GSZ model,
respectively, along with fittings by a gamma-distribution function
at different laser intensities. In (e) and (f), the sum-energy spectra at
0.35 PW/cm2 are divided into two parts contributed by those tunneled
electrons released at the rising edge (dark gray) and the falling edge
(light gray) of the laser field.

spectra of two electrons, as shown in Figs. 3(a)–3(d) along
with fittings on the data by the gamma-distribution function
f (E) = cEαe−βE . This kind of study about the sum-energy
spectra has at least two advantages [35]: First, the sum
energy contains all of the information about the DI system,
including both the longitudinal (field-dominant) and the lateral
(field-free) momenta of both electrons, and, moreover, it is
plotted in a logarithmic scale, which might reveal further
details that are hidden in the correlated-electron momentum
spectrum. As can be seen in Fig. 3, the data show a good match
with the fittings over the entire energy range when the laser
intensity is in the NSDI plateau regime [Figs. 3(a) and 3(b)].
By increasing the laser intensity to the SDI region [diamonds
in Fig. 3(d)], however, one finds long tails that significantly
deviate from the fittings beyond 4Up, and, more interestingly,
the long tails bend upward rather than downward, in contrast
to the predictions on He [23]. This is rather surprising at
3.5×1014 W/cm2, for which, according to the estimation of
SDI theory, 4Up is the cutoff position and the spectrum is
expected to drop sharply.

The superiority of the generalized GSZ model to reveal
the scaling law of the high-energy tail in the sum-energy
spectrum is very evident, as shown in Figs. 3(a)–3(d), where
the sum-energy spectra are calculated by the heliumlike model
and the GSZ model, respectively, for a direct panel-to-panel
comparison with the experimental data. It can be seen that
only the GSZ model, by suitably taking into account the
inner-shell electron screening effect, can well reproduce

FIG. 4. Typical trajectories of (a) a bound electron and (b) a free
electron under the influence of an inverse-square (red dashed line) or
non-inverse-square (blue solid line) central force. (c) and (d) show
the trajectory density of the returned electrons in the vicinity of the
parent ion. In general, the GSZ potential has a stronger focusing effect
via twisting the trajectories around the core, as demonstrated by the
sampled orbits (white curves).

the upward-bending long tails of the sum-energy spectra
[circles in Fig. 3(d)], while the heliumlike model predicts a
sharply downward-bending high-energy tail [see, e.g., squares
in Fig. 3(a)], similar to early predictions on He [23] but
contradicting the present measurements on Kr. The upward-
bending long tail indicates the large cross section of high-
energy double ionization and thus a high probability of hard
recollisions.

To further reveal the physical mechanism of hard recol-
lisions, we separate the sum-energy spectra into two parts
contributed by tunneled electrons released at the rising edge
and the falling edge of the laser field, respectively [dark gray
and light gray curves in Figs. 3(e) and 3(f)]. Clearly, most
of the high-energy double ionizations are produced by those
tunneled electrons released during the rising edge of the laser
field. This is quite surprising because these electrons have
longer trajectories and larger divergent angles. Thus, without
strong Coulomb focusing [32] of the GSZ core, they are not
able to efficiently return to the parent ions. Furthermore, for a
fixed laser intensity, the spectrum calculated by the GSZ model
generally extends to a higher sum-energy in comparison with
that of the heliumlike model, which can be understood as a
result of the fact that the GSZ core has a stronger Coulomb
singularity [33], because the effective nuclear charge increases
from 2 to Z as the radial position goes from infinity to
zero.

The stronger focusing effect of the GSZ potential is clearly
revealed in Figs. 4(c) and 4(d), where we launch a statistics
on the trajectory density over 104 randomly sampled orbits
of the tunneled-and-driven-back electrons in the vicinity of
the parent core. The higher electron density surrounding the
GSZ core can be understood as a result of the twist of the
electron trajectories due to the non-inverse-square central
force. This significantly enhances the probability of hard
recollisions between the returned and the bound electrons,
finally disclosing the physical origin of the upward-bending
high-energy tail.
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IV. CONCLUSION

In conclusion, we have comprehensively studied the
correlated-electron dynamics of the strong-field double ion-
ization of Kr with kinematically complete measurements.
We first measured the ion yield and the ion momentum
as a function of the laser intensity and confirmed that we
have penetrated into the SDI regime, where, however, the
two-electron joint momentum spectrum still reveals a visible
correlated pattern and the two-electron sum-energy spectrum
also shows long tails far exceeding the estimation of SAE
models as well as ab initio calculations on He. By combining
semiclassical simulations with a generalized GSZ model, we
reveal the pivotal role of Coulomb focusing and Coulomb
singularity of nuclei competing with the screening effect of the
inner-shell electrons. These findings are of broad interest and
probably might have some cross-impact in the future. First,
the sensitive dependence of the sum-energy spectrum on the

atomic core potential offers a promising opportunity to accu-
rately retrieve the inner-shell atomic structure as pioneered, for
example, by Refs. [36,37]. Second, the physical mechanism
is closely related to the well-known apsidal precession of
planetary motion [38], thus offering the possibility to simulate
celestial phenomena in the laboratory.
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