
Communications in Theoretical Physics

PAPER

Fulde-Ferrell-Like Molecular States in Spin-Orbit
Coupled Ultracold Fermi Gases*

To cite this article: Chong Ye and Li-Bin Fu 2017 Commun. Theor. Phys. 68 255

 

View the article online for updates and enhancements.

You may also like
The Fulde–Ferrell–Larkin–Ovchinnikov
state for ultracold fermions in lattice and
harmonic potentials: a review
Jami J Kinnunen, Jildou E Baarsma, Jani-
Petri Martikainen et al.

-

Exotic magnetic states in Pauli-limited
superconductors
M Kenzelmann

-

Extraordinary kinetic inductance of
superconductor/ferromagnet/normal metal
thin strip in an Fulde–Ferrell state
P M Marychev and D Yu Vodolazov

-

This content was downloaded from IP address 60.247.87.170 on 13/09/2022 at 08:26

https://doi.org/10.1088/0253-6102/68/2/255
https://iopscience.iop.org/article/10.1088/1361-6633/aaa4ad
https://iopscience.iop.org/article/10.1088/1361-6633/aaa4ad
https://iopscience.iop.org/article/10.1088/1361-6633/aaa4ad
https://iopscience.iop.org/article/10.1088/1361-6633/80/3/034501
https://iopscience.iop.org/article/10.1088/1361-6633/80/3/034501
https://iopscience.iop.org/article/10.1088/1361-648X/ac1153
https://iopscience.iop.org/article/10.1088/1361-648X/ac1153
https://iopscience.iop.org/article/10.1088/1361-648X/ac1153


Commun. Theor. Phys. 68 (2017) 255–258 Vol. 68, No. 2, August 1, 2017

Fulde-Ferrell-Like Molecular States in Spin-Orbit Coupled Ultracold Fermi Gases∗

Chong Ye (叶冲)1,2 and Li-Bin Fu (傅立斌)1,3,†

1National Laboratory of Science and Technology on Computational Physics, Institute of Applied Physics and Computa-
tional Mathematics, Beijing 100088, China

2Graduate School, China Academy of Engineering Physics, Beijing 100088, China

3HEDPS, CAPT, and CICIFSA MoE, Peking University, Beijing 100871, China

(Received March 6, 2017; revised manuscript received March 30, 2017)

Abstract We study the molecular state in three-component Fermi gases with a single impurity of 6Li immersing
in a no-interacting Fermi sea of 40K in the presence of an equal weight combination of Rashba-type and Dresselhaus-
type spin-orbit coupling. In the region where the Fermi sea has two disjointed Fermi surfaces, we find that there
are two Fulde–Ferrell-like molecular states with dominating contributions from the lower helicity branch. Decreasing
the scattering length or the spin-orbit coupled Fermi energy, we find the Fulde–Ferrell-like molecular state with small
center-of-mass momentum is always energy favored and the other one will suddenly disappear.
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1 Introduction
The problem of a single impurity in the presence of a

Fermi sea has arisen widespread interest on theoretical and
practical sides.[1−8] Indeed, it is related to other fields of
physics ranging from superconductivity, astrophysics, to
high-energy physics, where similar situations arise.[9] For
weak interspecies attraction, the ground state can be well
described by a state with an impurity atom dressed by a
single particle-hole excitation of the Fermi sea named as a
“polaron”,[1−2] while for strong attraction, a state based
on a molecular picture gives a lower energy.[3−4]

Recently, the light-induced effective gauge poten-
tial[10−15] has opened a new avenue for studying the single-
impurity problem in spin-orbit coupled Fermi gases.[7−8]

With the state of the art experimental techniques, one
can induce an equal weight combination of Rashba-type
and Dresselhaus-type spin-orbit coupling (SOC) in the no-
interacting Fermi gas of 40K.[13] When a single impurity
of 6Li interacts with the spin up component of such spin-
orbit coupled Fermi gas, there are two meta-stable states
with a nonzero center-of-mass (c.m.) momentum named
Fulde–Ferrell-like (FF-like) molecular states with domi-
nating contributions from the lower and upper helicity
branches respectively.[8] With the variation of the scat-
tering length or the SOC strength, the ground state may
experience a transition from one FF-like molecular state
to another.[8]

In the same system, we study the molecular state in
the region where the Fermi sea has two disjointed Fermi
surfaces. We find two FF-like molecular states with domi-
nating contributions from the lower helicity branch, which

is very different from the case in Ref. [8]. In experi-
ment, the scattering length can be tuned via a Feshbach
resonance.[16] Therefore, we explore the two molecular
states with the increasing of the inverse of the scattering
length and find the FF-like molecular state with large c.m.
momentum will suddenly disappear. We also find that
the FF-like molecular state with a small c.m. momentum
is always energy favored. The contribution of the upper
helicity branch to the two FF-like molecular states will
increase with the increasing of the inverse of the scatter-
ing length. By tuning the spin-orbit coupled Fermi energy
by changing the particle number of 40K, we find a simi-
lar phenomenon. The contribution of the upper helicity
branch to the FF-like molecular state with small (large)
c.m. momentum will decrease (increase) with the increas-
ing of Fermi energy. Therefore, one will expect when the
Fermi energy is big enough our case will smoothly transfer
to the case where the two FF-like molecular states are with
dominating contributions from the two helicity branches
respectively. The relative energy gap between the two
FF-like molecular states will diminish with the decreasing
of the scattering length or the spin-orbit coupled Fermi
energy.

2 Model
We explore the molecular state of three-component

Fermi gases with a single purity of 6Li and a no-interacting
spin-orbit coupled Fermi sea of 40K in three dimension.
Here we consider an equal weight combination of Rashba-
type and Dresselhaus-type SOC which had been gener-
ated experimentally[13] and an attractive s-wave contact
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interaction occuring among 6Li and the spin up compo-
nent of 40K. The Hamiltonian of such Fermi mixture is[8]

H = H0 +Hint with the single particle Hamiltonian

H0 =
∑
k

εbkb
†
kbk +

∑
k,σ

εaka
†
k,σak,σ

+
∑
k

(ha†k,↑ak,↓ + αkxa
†
k,↑ak,↑ + h.c.) , (1)

and the attractive s-wave contact interaction

Hint =
U

V

∑
k,k′,q

a†q/2+k,↑b
†
q/2−kbq/2−k′aq/2+k′,↑ . (2)

Here ak,σ (σ =↑, ↓) denotes the annihilation operator of
40K in a spin component and bk is the annihilation op-
erator of 6Li. The kinetic energies of them are εak =
~2k2/(2ma) and εbk = ~2k2/(2mb), where ma and mb are
masses of 40K and 6Li. The spin-orbit coupling strength
and the Zeeman field along the z direction are parameter-
ized by α and h respectively.

In three dimension, the bare interaction rate U is
renormalized as

1

U
=

1

Us
− 1

V

∑
k

1

(1 + η)εak
, (3)

where 1/Us = ma/2π~2as(1 + η) with as being the s-
wave scattering length, V is the quantization volume,
and η = ma/mb is the mass ratio. For the 40K-40K-6Li
mixture, the mass ratio is η = 40/6. Here we have ig-
nored the modification of the renormalization relation by
SOC.[17−21]

Without SOC, the ground state of a single impurity
Fermi gas in the strong interaction region can be described
by a molecular state with the binding of two fermion on
the top of the Fermi sea. In the appearance of SOC, the
single-particle dispersion of 40K divides into two separated
branches ϵak,± = εak±

√
h2 + α2k2x where “+” and “−” la-

bel the upper and the lower helicity branches respectively.
The eigen-state of each helicity branch is created

a†k,± = cos θ±k a
†
k,↑ + sin θ±k a

†
k,↓

with cos θ±k = ±β±
k , sin θ±k = β∓

k , and

β±
k = [

√
h2 + α2k2x ± α]1/2/

√
2[h2 + α2k2x]

1/4 .

The appearance of SOC also leads to two momentum-
dependent effective interactions between 6Li and 40K in
the two helicity branches for the momentum dependence
of θ±k . In the following, we will show these modulations of
system and the appearance of the Fermi sea give rise to
rich exotic phenomena.

To study the molecular state of such impurity Fermi
gas, we introduce the ansatz wave function[8]

|MQ⟩ =
∑
λ=±

∑
ϵa
k,λ

>Eh

ΦQ
λ (k)b†Q−ka

†
k,λ|FS⟩ , (4)

where ΦQ
λ (k) is the variational coefficient, Q is the c.m.

momentum of the molecular state, and |FS⟩ denotes the
spin-orbit coupled Fermi sea with a spin-orbit coupled

Fermi energy Eh. The two-body energy (molecular en-
ergy) EQ can be achieved by solving the Schrödinger equa-
tion H|MQ⟩ = EQ|MQ⟩ in the following process.

Firstly, rearranging the Schrödinger equation in the
form Hint|MQ⟩ = (EQ − H0)|MQ⟩ and multiplying
⟨k, λ;Q− k| on each side, we arrive

ΦQ
λ (k) = G

βλ
k

EQ − εbQ−k − ϵak,λ
, (5)

where

G =
U

V

∑
λ′=±

∑
ϵa
k′,λ′>Eh

(βλ′

k′ )∗Φ
Q
λ′(k

′)

and |k, λ;Q− k⟩ = b†Q−ka
†
k,λ|FS⟩. Then, multiplying

(βλ
k)

∗ on each side and summing over all the available
states, we arrive the self-consistent equation for EQ

1

U
=

1

V

∑
λ=±

∑
ϵa
k,λ

>Eh

|βλ
k |2

EQ − εbQ−k − ϵak,λ
. (6)

For calculation, we take the unit of energyE0 = 2α2ma/~2
and the unit of momentum k0 = 2αma/~2.

3 Disappearing of One Fulde–Ferrell-like
Molecular

In Ref. [8], the existence of the spin-orbit coupled
Fermi sea can lead to two FF-like molecular states with
dominating contributions from the lower and upper helic-
ity branches. In our calculation, we consider the param-
eter region where the Fermi sea has two disjointed Fermi
surfaces. This parameter region is depicted as h < maα

2

and Eh < −h. Protected by the rotation symmetry
around the x axis, c.m. momenta of ground states will
always lie in the x direction. Thus we study the cases
with c.m. momenta Q = Qxex.

Numerical solving Eq. (6) with the renormalization re-
lation Eq. (3), we give dispersions of EQ in terms of Qx

for different (k0as)
−1 in Fig. 1(a). Here the other parame-

ters used for calculation are h = 0.1E0 and Eh = −0.2E0.
We find that there are two local minima corresponding to
two FF-like molecular states when (k0as)

−1 is small (e.g.
Figs. 1(a1) and 1(a2)). When (k0as)

−1 is large, there are
one local minimum corresponding to one FF-like molecu-
lar states (e.g. Fig. 1(a3) and Fig. 1(a4)). In order to see
how one FF-like molecule disappears, we show the varia-
tion of c.m. momenta of the two FF-like molecular states
in terms of (k0as)

−1 in Fig. 1(b1). In Fig. 1(b1), we dis-
tinguish two regions I and II named the double-molecule
region and the single-molecule region corresponding to the
number of FF-like molecular states. We find that on the
boundary of the two regions the FF-like with large c.m.
momentum suddenly disappears.

In Ref. [8], tuning the interaction strength will give
rise to the competition between the two FF-like molec-
ular states. However, whether the two FF-like molecu-
lar states in our case will present the competition is not
clear. Therefore, we give function of the relative energy
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difference Γ = (Eb − Ea)/(|Ea + Eb|) of the two FF-like
molecular states in terms of interacting strength (k0as)

−1

in Fig. 1(b2). Here, Ea and Eb are energies of the two
FF-like molecular states |Qa⟩ and |Qb⟩ with c.m. mo-
menta Qa and Qb (Qb > Qa). It is clear that the FF-like
molecular state |Qa⟩ with small c.m. momentum is al-
ways energy favored and Γ decreases with the increasing

of (k0as)
−1. Varying the zeeman field in the region where

the Fermi sea has two disjointed Fermi surface, we find

similar phenomena when Eh = −0.2E0. We also find the

critical scattering length for the disappearing of the FF-

like molecular state almost unchanged with the varying of

the zeeman field.

Fig. 1 (a) Molecular energy in terms of Q for different (k0as)
−1. (b1) The c.m. momenta of the two FF-like

molecular states in terms of (k0as)
−1. (b2) The relative energy difference of the two FF-like molecular states

in terms of (k0as)
−1. (c) The relative contribution of the two helicity branch to the FF-like molecular states in

terms of (k0as)
−1. The zeeman field is h = 0.1E0. The spin-orbit coupled Fermi energy is Eh = −0.2E0.

Now, we have shown in the parameter region where the
Fermi sea has two disjointed Fermi surfaces there are two
FF-like molecular states. With the variation of the inter-
acting strength, they represent very different phenomena
from the case in Ref. [8]. In the following, we will show an
important difference in our case. Exploring the wavefunc-
tion of the two FF-like molecular states, we find that they
are both with dominating contributions from the lower he-
licity branch, while in Ref. [8] the two FF-like molecular
states are with dominating contributions from the lower
and the upper branches respectively. In order to demon-
strate this, we introduce

Λ =

∑′
k |Φ

Q
+ (k)|2∑′

k |Φ
Q
−(k)|2

, (7)

where
∑′

k excludes the states below the Fermi surface. It
characterizes the relative contribution of the two helicity
branch to the FF-like molecular states. In Fig. 1(c), we
show the function of Λ in terms of (k0as)

−1 for the two
FF-like molecular states. It is clear that Λ < 1 for the
two FF-like molecular states, which demonstrates they are
both with dominating contributions from the lower helic-
ity branch. In our calculation, the upper helicity branch
is well separated from the Fermi surface. From Eq. (5),
one can find that the state with higher energy will have

smaller distribution probability. Therefore our two FF-
like molecular states are with dominating contributions
from the lower helicity branch. While in Ref. [8], the
Fermi surface contains both the lower and upper helic-
ity branches. Therefore, the FF-like molecular states in
Ref. [8] are with dominating contributions from the lower
and upper helicity branches respectively.

Now, we have shown one FF-like molecular state will
suddenly disappear with the increasing of the interact-
ing strength. In the following, we will show this phe-
nomenon happens when the spin-orbit coupled Fermi en-
ergy is tuned. Experimentally, the interacting strength
and the spin-orbit coupled Fermi energy can be manip-
ulated via sweeping the magnetic field near a Feshbach
resonance and changing the particle number of 40K re-
spectively.

In Fig. 2(a), with the decreasing of the spin-orbit
coupled Fermi energy Eh, the FF-like molecular state
with large c.m. momentum will suddenly disappear and
the other FF-like molecular state is always energy fa-
vored. Here the other parameters used for calculation are
h = 0.1E0 and (k0as)

−1 = 0.15. From Fig. 2(b), we find
the two FF-like molecular states are with dominating con-
tributions from the lower helicity branch, i.e., Λ < 1. With
the increasing of the spin-orbit coupled Fermi energy, Λ
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of the FF-like molecular state with small c.m. momentum
decreases, in contrast to Λ of the FF-like molecular state

with large c.m. momentum which increases.

Fig. 2 (a1) The c.m. momenta of the two FF-like molecular states in terms of the spin-orbit coupled Fermi
energy Eh. (a2) The relative energy difference of the two FF-like molecular states in terms of the spin-orbit
coupled Fermi energy Eh. (b) The relative contribution of the two helicity branch to the FF-like molecular states
in terms of the spin-orbit coupled Fermi energy Eh. The zeeman field is h = 0.1E0. The interacting strength is
(k0as)

−1 = 0.15.

4 Summary
In summary, we have studied the molecular states of a three component Fermi mixture under spin-orbit coupling in

the region where the two FF-like molecular states with dominating contributions from the lower helicity branch. We
have explored the suddenly disappearing of one FF-like molecular state.
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