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1.  Introduction

Recently, the light-induced effective gauge potential has 
opened a new avenue for studying spin–orbit coupling, 
magnetic monopoles and so on in ultracold systems [1]. The 
spin Hall effect (SHE) [2] is one such interesting phenom
enon. It has been widely studied in condensed matter physics 
for its connection to topological insulators [3] and poten-
tial impact on information technology [4]. Experimentally,  
it has been observed in semiconductors [5] and semiconduc-
tor quantum wells [6]. The extremely clean environment 
and remarkable controllability of an ultracold atomic sys-
tem provide a unique opportunity to study spin Hall physics 
[7–9]. Most recently, the SHE in a quantum gas has been 
observed experimentally [10].

In previous works [7], two dressed states were regarded 
as synthetic spin states. Their dynamics exhibits a typical 
spin Hall effect. However, their rotation in the full Hilbert 
space spanned by bare states had been ignored. It is a typical 
stimulated Raman adiabatic passage (STIRAP) [11]. The two-
photon STIRAP is widely used in the preparation of ground-
state molecules [12–16]. Weakly bound Feshbach molecules 

are coherently transformed into the rovibrational ground state 
via a two-photon STIRAP. In the Feshbach resonance [17], 
the generated molecules and the unconverted residual atoms 
are usually mixed in space. One needs to apply an additional 
gradient magnetic field to realize the Stern–Gerlach separa-
tion of the two species [18]. In the SHE, particles will move 
spin-dependently and experience a STIRAP; it is natural to 
ask whether it is possible to apply the SHE in the preparation 
of ground-state molecules.

In this paper, we show that U(1) synthetic gauge poten-
tials emerge in an atom–molecule mixed gas. Considering 
atoms and molecules in dark states as synthetic spins, we 
manifest the SHE in an atom–molecule mixture via numer
ical simulation with a reduced Hamiltonian. The atoms 
and molecules are separated spatially. The synthetic spin-
down particles (molecules) experience a Raman passage. 
Feshbach molecules are transformed to ground-state mole-
cules efficiently. Therefore we propose a scheme to prepare 
ground-state molecules from an atom–molecule mixture 
after Feshbach resonance. We justify our scheme via numer
ical simulation with a full Hamiltonian in the experimental 
parameter region.
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2. Theoretical scheme

2.1. The total Hamitonian

In an atom–molecule mixed gas, we apply two laser beams L1 
and L2. They couple the intermediate excited molecular state 

⟩|e  to Feshbach molecular state ⟩| f  and molecular ground state 
⟩|g  respectively, as shown in figure 1(a). The Hamiltonian of a 

mixed gas of free ultracold atoms and molecules in an external 
potential Vext can be written in the second quantized form as 
follows:

ˆ [ ˆ ˆ ]† †∫= −Ψ ∇ Ψ+ Ψ Ψ
�

H r
m

Vd
2

,0
2

2
2

ext� (1)

where ˆ ( ) ( ˆ ( ) ˆ ( ) ˆ ( ) ˆ ( ))ψ ψ ψ ψΨ =r r r r r, , ,a f e g
T in which ψ̂a, ψ̂f , ψ̂e 

and ψ̂g are annihilation operators of an atom, Feshbach mol-
ecule, excited molecule and ground-state molecule. Under the 
rotating wave approximation, the laser–molecule interaction 
reads
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where ∆ represents the two-photon detuning. Ω = |Ω | ⋅e k r
1 1

i 1  
and Ω = |Ω | ⋅e k r

2 2
i 2  are the space-dependent Rabi frequen-

cies of L1 and L2 respectively. The total Hamiltonian is 
ˆ ˆ ˆ= +H H Hlm0 .

2.2.  Emergence of a U(1) gauge potential in the reduced 
Hamiltonian

In the resonant situation ( )∆ = 0 , the Hamiltonian (3) can be 
diagonalized by the matrix
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where = −k k k1 2 and β = |Ω | |Ω |tan /2 1 . The dressed states 
are

〉 〉χ| = |a ,1� (5)
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with energy eigenvalues = Ω − Ω� �E 0, 0, ,i ( ) and 

Ω = |Ω | +|Ω |1
2

2
2 . Correspondingly, we obtain the vector 

field operator ˆ ( ˆ ˆ ˆ ˆ ) ( ˆ ˆ ˆ ˆ )φ φ φ φ ψ ψ ψ ψΦ = = U, , , , , ,a f e g1 2 3 4
T T. The 

Hamiltonian can be rewritten as

ˆ ˆ ( ) ˆ†
⎜ ⎟
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⎞
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Figure 1.  Schematic representation for generation of effective gauge fields and the spin Hall effect. (a) Energy levels of atom–molecule 
conversion. Laser beams L1 and L2 characterized by the Rabi frequencies Ω1 and Ω2 couple three molecular energy levels ⟩| f , ⟩|e  and ⟩|g  
with detuning ∆. Feshbach resonance ν forms one Feshbach molecule from two atoms. (b) Configuration of the Raman laser beams and 
sketch of the spin Hall process. Laser beams L1 and L2 are two counterpropagating and overlapping Gaussian laser beams with shifted 
spatial profiles. Their waists are δ1 and δ2 and their center shift is 2a. In the spin Hall process particles move spin-dependently and Feshbach 
molecules transform smoothly into ground state molecules.
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where †= ∇′ �U UA i  and ( ) † †= + +′ �V UV U UMUr
mext 2

2

 

[( ) ]† †∇ +∇ ⋅ ∇U U U U2 . We straightforwardly calculate 

these matrices:
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and
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When ∆≠ 0, we have to add an additional term in equa-
tion (11), which is
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Furthermore, we assume the adiabatic condition [19]
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and

Ω ∆� .� (14)

They ensure that the off-diagonal elements of the matrices ′A, 
′V ext and ∆′ are much smaller than the energy differences Ω� . 

Particles in the subspace { ⟩ ⟩}χ χ| |,1 2  will not decay into the 
dressed states ⟩χ| 3  and ⟩χ| 4 . The reduced Hamiltonian is
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where the U(1) adiabatic gauge potential β= = −′ �A A kcos22
2 .

2.3.  Spin-dependent Hamiltonian

The Hamiltonian (15) can be written as two separated spin-
dependent Hamiltonians

ˆ ˆ ( ) ( ) ˆ ( )⎜ ⎟
⎛
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m
Vr P A rd

1
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with σ=↑ ↓, , ˆ ˆφ φ=↑ 1 and ˆ ˆφ φ=↓ 2. The spin-dependent gauge 
fields are

η β= −σ σ�A kcos2� (17)

and

η β β= ∇ ×σ σ�B ksin 2 ,� (18)

where η =↑ 0 and η =↓ 1. When the laser field is spatially mod-
ulated, we can get a nonzero magnetic field.

We consider two counterpropagating and overlapping 
Gaussian laser beams with shifted centers [10]. The corresp
onding Rabi frequencies Ωj take the form Ω = Ω expj 0  
[ ( ) ] ( )δ− − −x x k y/ exp ij i j

2 2  (with  j  =  1, 2, δ δ= =1 2  δ0 and 
= − =x x a1 2 ) as shown in figure  1(b). The synthetic spin-

dependent gauge potentials and magnetic fields are
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x d
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where δ=d a/80
2  and = −k k k1 2.

To observe the spin Hall effect, we need an effective 
electric field E. It drives particles in one direction, and a 
spin current should be observed in the vertical direction. 
The external potential =V xEext  plays the role of the effec-
tive field. Replacing the field operator ˆ ( )φσ r  by the complex 
number ( )φσ r , we can obtain the mean-field spin-dependent 
Schrödinger equation

( ) ( ) ( ) ( )φ φ φ
∂
∂

= − ∇− +σ σ σ σ�
�

t m
xEr A r ri

2
i .

2
2� (21)

3.  Spin Hall effect and spatial Raman passage

3.1.  Numerical results

We make the following scalings of variables: ˜ /=l l l0, 
˜ /=t t t0, ˜ /=E E E0, ˜ /=k k k0. Here l0  =  4 µm, = ��t ml /0 0

2  
30 ms, = �E ml/0

2
0
3( ) and /=k l10 0. The dimensionless form 

of the Schrödinger equation (16) is

( )ψ
ψ ψ

∂
∂
= − ∇− +σ

σ σ σ
t

xEAi
1

2
i 2� (22)

where we replace symbols õ with o, etc. To illu-
minate our scheme, We give the parameters 
δ δ δ= = = 81 2 0 , a  =  8, k  =  10 and set the initial states to 

be ( ) ( ) ( / )φ φ δ= = −| − |
π δ↑ ↓r r r rexp 2 r
1

2 0
2 2

r
 with δ = 2r  and 

r0  =  (−15, 0). Using the algorithm of the lattice gauge differ-
ence scheme [21] to solve equation (22) numerically, we show 
the density profiles in figure 2. This displays a prominent spin 
Hall effect—the generation of a spin current transverse to an 
applied electric field [7]. In our scheme, the electric field is in 
the x direction and a spin current is generated in the y direction. 
Specifically the synthetic magnetic field ↑B  is equal to zero. 
The spin-up (atomic) cloud moves forward in the x direction 
as the result of the electric field E. The spin-down particles 
(molecules) feel a nonzero magnetic field ↓B  in the z direction. 
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The spin-down (molecular) cloud moves in the  −y direction 
as the result of the Lorentz force × ↓v B . In figure 2 one can 
see spin-dependent shearing of the density profile [10]. The 
atomic clouds are unsheared, while the molecular clouds are 
sheared. This spin-dependent shearing of the density profile 
is caused by spin-dependent ‘electric’ forces /−∂ ∂σ tA  [22].

Using equation (6), we give the density profiles of Feshbach 
molecules and ground-state molecules in figure 2 as well. It is 
clear that Feshbach molecules are transferred to the ground 
state smoothly. This is a typical STIRAP [11]. The mixed 
angle β of the spin-down state is modulated in the x direction. 
We distinguish three intervals as shown in figure 4(b). From 
I to III, β changes smoothly from zero to /π 2. When the spin-
down cloud moves from region I to region III, ⟩φ| ↓  rotates from 
a direction parallel to ⟩| f  to a direction parallel to ⟩|g  in the 
plane perpendicular to ⟩|e . Therefore Feshbach molecules are 
transformed to ground-state molecules smoothly. In experi-
ments [12–16] the STIRAP is caused by the temporal modu-
lation of the laser field. In our case the STIRAP is caused by 
the spatial modulation of the laser field. Thus we call it spatial 
Raman passage.

3.2.  Physical interpretation

The two-photon STIRAP is essential for both the spin Hall 
effect and spatial Raman passage. It causes the transition from 
Feshbach molecules to ground-state molecules. A spin-down 
particle is initially located at time ti at xi in region I. At a later 
time tf, it arrives at the point xf in region III. Its internal state 
rotates adiabatically from ⟩| f  to ⟩|g . This is caused by absorp-
tion of a photon from laser L1, driving the ⟩ → ⟩| |f e  transition, 
and the stimulated emission of a photon from laser L2, driv-
ing the ⟩ → ⟩| |e g  transition. In this process, the spin-down par-
ticle gains momentum �k from the laser field. We study the 
cumulative effect of the Lorentz force, i.e. the change of the 
momentum along y,

[ ( / ) ( / )]

∫ ∫∆ = × = ×

= −

↓ ↓

�
�

�

t x

x d x d

p v B e B

k
k

d d

2
tanh 2 tanh 2 ,

y
t

t

x
x

x

x

1 2

i

f

i

f

�
(23)

where ( / ) ( / )= − �x d x dtanh 2 tanh 2 11 2 . Therefore the ori-
gin of the Lorentz force is closely related to the two-photon 
STIRAP. More precisely, the Lorentz force is associated with 
the vector potential that results from the perturbation of the 
internal molecular state due to the slow molecular motion 
[23].

4.  Preparation of ground-state molecules

We find that Feshbach molecules can be separated from atoms 
and transformed into the ground state in the spin Hall pro-
cess. Therefore we propose a theoretical scheme to get pure 
ground-state molecules from the mixed gas of atoms and 
Feshbach molecules after Feshbach resonance. We apply 
two laser beams L1 and L2 to couple an excited state with 
a Feshbach molecular state and a molecular ground state 
as shown in figure 1(a). The configuration of laser beams is 
sketched in figure 1(b) similar to [20]. The mixed gas cloud 
of atoms and Feshbach molecules is located in region I. Due 
to the effective electric field the numbers of atoms and mol-
ecules fall off in the x direction. After a while in region III, 
molecules are separated from the atomic cloud and transferred 
to the ground state.

The above proposal is only demonstrated in principle based 
on adiabatic evolution with the reduced Hamiltonian. In order 
to obtain more convincing results, we study in the full Hilbert 
space by numerically solving the mean-field Schrödinger 
equation of the Hamiltonian Ĥ. Replacing ˆ ( )ψα r  with the com-
plex number ( )ψα r  (α = a f e g, , , ), we can obtain the mean-
field Schrödinger equation

( ) ( ) ( ) ( )∂
∂
Ψ = −

∇
Ψ + Ψ + Ψ�

�

t m
V Mr r r ri

2

2 2

ext� (24)

where ( )ψ ψ ψ ψΨ = , , ,a f e g
T and =V xEext .

We take 132Cs as an example. In [15], molecules in a 
weakly bound Feshbach state are transferred to the ground 
state via a two-photon STIRAP. The wavelengths of the two 
laser beams are near 1126 nm and 1006 nm. Their peak Rabi 
frequencies are about π×2 3 MHz and π×2 6 MHz. We take 
the wavevectors of the two laser beams to be − −� �k k 101 2

6 
m−1. The peak Rabi frequencies are Ω = 300  MHz. Their 
waists are δ δ δ= = = 451 2 0  µm. Their center shift is 
2a  =  120 µm. Double STIRAP efficiency gets its maximum 
value in the resonant case. Therefore we choose ∆ = 0. The 
adiabatic conditions (13) and (14) are satisfied in our laser 
scheme. The effective electric field can be conveniently gen-
erated through gravity on the neutral particles or the trap dis-
placement technique [10]. Here we set the effective electric 
field to be �E 0.15 m s−2.

Without losing generality, we choose the initial state as 

( ) ( ( ) ( ) )ψ ψΨ =r r r, , 0, 0a f0
T where ( ) ( )ψ ψ= =

π δ
r r expa f

1

2 r
 

( )δ−| − |r r /2 r0
2 2  is a Gaussian wave packet. In [18] Cs atoms 

Figure 2.  The density profiles of spin-up particles, spin-down 
particles, Feshbach molecules and ground-state molecules 
evolve under the electric field E  =  −5 for evolution times 
t  =  0, 1, 2, 3 in the synthetic gauge field equation (16) 
where σ = 80 , a  =  8 and k  =  −10. The initial states are 
φ φ δ= = −| − |

π δ↑ ↓r r r rexp /2 r
1

2 0
2 2

r
( ) ( ) ( ), where δ = 2r  and 

( )= −→r 15, 00 .
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are trapped in an optical trap with a radial trap frequency ω of 
18 Hz. The radial radius of the non-interacting particle cloud, 

ω= �r m/ , is about  µ5 m. We choose the waist  δ µ= 8 mr . 
The initial wave packets are located at  µ= −r e60 m x0  where 
the spin-down state ⟩ ⟩φ φ| |↓ � f .

Solving equation  (24) numerically, we show the density 
profiles at evolution times t  =  0, 1.5t0 and 3t0 in figure 3. The 
molecular cloud is separated from the atomic cloud. In order 
to see the STIRAP transfer clearly, we give the temporal evol
ution of the total densities of each bare state in figure 4(a). 
Feshbach molecules are transformed into the ground state 
completely. During the evolution one can hardly see the emer-
gence of excited molecules, which means that the state vector 
is always in the degenerate manifold { ⟩ ⟩}φ φ| |↑ ↓, . Therefore 
we can understand the results with the spin Hall language in 
the same spirit as what has been described by equation (21). 
An atom and a molecule are two different spin particles, so 
they move spin-dependently as the result of the spin Hall 
effect. Molecules experience the spatial Raman passage in the 
spin Hall process so Feshbach molecules are transformed into 
the ground state smoothly.

Our reduced-space and full-space numerical results both 
show that in the spatially modulated Raman light field we 
can separate a molecular cloud from an atomic cloud and 
completely transfer Feshbach molecules to the ground state 
via a spin Hall process. Since the two-photon STIRAP plays 
the essential role in the spin Hall process, our scheme has the 
prospect of wide application in the preparation of ground-state 
molecules.

5.  Conclusion

In summary, we have proposed a theoretical scheme to real-
ize spin Hall separation in ultracold atom–molecule mixed 
gases. Through numerical solution of the spin-dependent 
Schrödinger equation  in reduced space and the Schrödinger 
equation  in full space, we demonstrate spatial separation 
of unconverted atoms and molecules, spin Hall shearing of 
density profiles, and spatial Raman passage in the spin Hall 
process. According to our results, our scheme may have an 
important application in the preparation of pure ground-state 
ultracold molecules.
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