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Extended laser filamentation in air generated by femtosecond annular Gaussian beams
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Extending the longitudinal range of plasma channels produced by femtosecond annular (ring) Gaussian beams
in atmosphere is numerically investigated. We find that the length of a stable plasma channel induced by the
annular Gaussian beam, comparing with a Gaussian beam under the same initial condition, has a significant
improvement, which can be well understood from two aspects. The dynamic complementation caused by the
optical system composing of an axicon and a diverging lens can extend the plasma channel greatly, and the special
initial transverse distribution of ring-Gaussian pulse leads to pulse splitting and redistribution of the pulse energy
before the formation of optical filament. The ultrashort ring-Gaussian beam perhaps offers a new and an efficient
route towards the generation of extended optical filament.
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I. INTRODUCTION

Since Braun et al. [1] and others [2] observed the self-
guided propagation of intense femtosecond laser pulses in
air, the generation of extended plasma channels has attracted
much attention for its potential applications in many areas,
such as lighting control [3,4], remote sensing of atmospheric
pollution [5–7], recognition of distant targets by laser-induced
breakdown spectroscopy [8,9], and THz generation [10], etc.
Laser filament propagation in air relies on a dynamic balance
between Kerr self-focusing, which causes laser intensity to
be clamped at a level of 1013 ∼ 1014 W/cm2, and plasma
defocusing due to laser-induced ionization with typical peak
electron densities limited to 1016–1017 cm−3. In this process,
a high intensity filament is persisted over many diffraction
lengths and leaves in its trail a column of low-density plasma
with a lifetime of several nanoseconds [11,12]. Ultimately, the
filament vanishes due to the finite energy possessed in the laser
pulse, which means an underlying limitation to many practical
applications. Therefore, the extension and optimization of
optical filament are still desired.

Generally, a single and stable filament can be obtained
by using a conventional lens at the cost of decreasing the
filament length [13,14], which may reach a few tens of
centimeters or even meters. The filament lengths can be
extended by simply increasing the input power. However,
the incident pulse exceeding the critical power by an order
of magnitude will quickly lead to the multifilamentation,
which is unstable both in space and time [15]. In previous
work, the methods of prolonging approximately twofold
elongations have been proposed by varying the shape of
input beam, such as using a single-step phase plate [16], or
nondiffraction Bessel beams [17–19] . Universally, the Bessel
beams are created by Gaussian beams focusing with axicons.
Several groups have shown that, the on-axis intensity of
axicon-generated beams [20,21] stays high over much longer
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distances compared to the one focusing with conventional
lenses. The nonlinear propagation of axicon-focused beams
in air has been theoretically studied in Ref. [22], and they
predicted that underdense plasma channels may be created
accompanying the beams. Other groups [23,24] have used an
axicon to realize laser-generated plasma in argon, which then
served as a waveguide for another laser beam. The axicon
focusing also become attractive for many nonlinear optical
applications, for example, optical coherence tomography [25],
optical tweezers [26], and precision laser machining [27],
etc. Very recently, Scheller and colleagues report an order of
magnitude extension of an optical filament in air by using
a secondary low-intensity annular “dressing” beam, which
is focused by a conical axicon and continuously refuels
the optical filament [28] as a distributed energy reservoir
during its propagation. As a promising new approach for
generating extended filaments, the utilization of an axicon is
very efficient [19–21].

In this paper, we report a new scheme to extend filamentary
propagation. We propagate an annular Gaussian beam to pass
through an optical system composed of a shallow axicon and
a fused silica plano-concave lens. The same set of optical
systems for the laser filament has been proposed by the group
of Tzortaakis [29], and a considerable increase in the length
of the plasma strings has been observed. Here, the main
difference is that the laser beam we inject into the nonlinear
medium is an axicon-focused annular Gaussian beam. In fact,
some nonconventional beam shapes, such as first-order Bessel
beams [30], higher order Laguerre-Gauss modes [31] (also
called hollow Gaussian beams [32]), Airy beams [33], and opti-
cal vortex beams [34], all fall into “annular beams” [35], which
refer to any beam with zero center intensity. In recent years,
using annular beams, namely hollow Gaussian beams [36] and
ring-Airy beams [37], to propagate in the nonlinear medium
has been a subject of considerable interest because of their
increasing applications in the fields of plasma, atomic, and
modern optics [38–41]. Apart from studying these practical
applications, here, exploring the fundamental processes for
generating ring-Gaussian filament is also very important.
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FIG. 1. (Color online) (a) The focusing scheme of an axicon only
(red dashed lines) and an axicon preceded by a diverging lens (blue
solid lines) for an annular Gaussian beam. Here, r denotes the radius
of the ringlike beam. (b) The corresponding axial focusing distance
as a function of the transverse radial coordinate.

In the following, we present our scheme and propagation
equation in Sec. II. Then in Sec. III, we mainly elaborate the
mechanism of the ring-Gaussian filament. Finally, a conclusion
is given in Sec. IV.

II. MODEL AND PROPAGATION EQUATIONS

First, we discuss the effect of a conical focusing geometry,
as shown schematically in Fig. 1(a). A 40-fs laser pulse at
central wavelength λ0 = 800 nm with a larger diameter (the
radius is r0) wave front is focused by a set of lens, which
is composed of a shallow axicon preceded by a fused silica
plano-concave lens. The axicon lens incurs a linear spatial
chirp to the annular wave in the transverse plane, which is
proportional to exp(−iCr). Here, C is a phase chirp coefficient
and defined by the geometry of the axicon, i.e., C ≈ 2π (n −
n0)α/λ0 (n0,n are the refractive index of the air and the glass
axicon, respectively; α is the base angle of the axicon), and
r is the transverse radial coordinate. The introduction of a
diverging lens, in fact, changes the base angle of the axicon,
which leads to an effective base angle of lens, αeff = α +
r/[(n − n0)f ] (f is the focal distance of the concave). For this
optical system, the position of focus displayed in Fig. 1(a) is
approximately given by [28,29]

fz(r) = r

C/k0 + r/f
. (1)

Here, we omit the thickness of axicon. To guarantee the
generation of the laser filament, the values of phase chirp
coefficient C and the focal distance of concave f must
satisfy fz(r) ≥ 0. In this paper, we choose C = 10 mm−1

and f = −8 m. Figure 1(b) shows the axial focus depth as
a function of the beam radius. If only the axicon is presented,
the axial focus position depends linearly on the beam radius
[see the red dashed line in Fig. 1(b)]. While a diverging lens
is inserted, the axial focus position fz is a nonlinear function
of beam radius r and the axial focus distance is obviously
extended. Moreover, the larger the beam radius is, the greater
the extension effect is, as shown in the blue solid line of
Fig. 1(b).

The incident pulse is a ring-Gaussian beam with a spatial
phase modeling their passage through the concave-axicon,

A(r,t,z = 0) = A0 exp

[
− (r − r0)2

w2
0

− t2

τ 2
0

]

× exp(−iCeffr), (2)

where A0,w0,τ0 are the initial electric field amplitude, e−2

beam waist, and the pulse duration, respectively. The effective
phase chirp coefficient Ceff corresponds to the effective base
angle αeff . The initial profile is shown in Fig. 1(a) (at z = 0).
After propagation over a distance of L, the shape of the
transverse mode has changed greatly. Obviously, not only
the central core region exhibits strongly nonlinear effects, but
also the surrounding annular region will undergo significant
self-focusing. It differs from most of the work about Bessel-
like beams [19,21,29,42,43], in which nonlinear effects appear
only in the intense core, and an external annular region will
propagate linearly toward the axis.

To investigate the propagation dynamics of a femtosecond
pulse in air, we model the linearly polarized laser electric field
with cylindrical symmetry around the propagation axis z in
the slowly varying envelope approximation. The evolution
of the scalar envelope A(r,t,z) of the electric field can
be described by an extended nonlinear Schrödinger (NLS)
equation coupled with the laser-plasma production due to
multiphoton ionization. The coupled equations in the reference
frame moving with the group velocity vg = c (c is the light
speed in vacuum) are written as [44,45]

∂A

∂z
= i

2k0
∇2

⊥A − i
β2

2

∂2A

∂t2
+ i

n2k0

2
|A|2A

− ik0
ne

2nc

A − β(K)

2
|A|2K−2A, (3)

∂ne

∂t
= σK |A|2K

(
1 − ne

nat

)
, (4)

where ∇2
⊥ is the Laplacian operator and describes trans-

verse diffraction; k0 = 2π/λ0 is the central wave number.
The second term on the right-hand side of Eq. (3) de-
scribes the group velocity dispersion with the coefficient
of β2 = 0.2 fs2/cm. The remaining terms account for the
self-focusing related to the instantaneous Kerr response with
the nonlinear index of refraction n2 = 3.2 × 10−19 cm2/W,
the plasma defocusing due to the electron with density ne,
and the multiphoton absorption (MPA) with the coefficient of
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σK = 2.88 × 10−99 cm2K/WK and β(K) = K�ω0σK = 3.1 ×
10−98 cm2K−3/WK−1, where the number of photons K =
8 [44]. In addition, nc ≈ 1.7 × 1021cm−3 and nat = 5.4 ×
1018 cm−3 denote the critical plasma density and the initial
neutral atom density, respectively. Here, we neglect the delayed
response due to the Raman effect.

III. RESULTS AND DISCUSSION

The numerical scheme of solving the coupled Eqs. (3)
and (4) have been performed based on the Fourier and
Crank-Nicholson (FCN) method and the split-step spectral
methods [45–47]. To start with, the parameters of a ring-
Gaussian beam are chosen as follows. The energy of the input
pulse is Ein = 5 mJ, and the pulse duration τ0 = 40 fs. The
width and radius of ring beam are w0 = 1 mm and r0 = 3 mm,
respectively.

A. Generation of ring-Gaussian filament

Figure 2(a) shows the spatial distribution of the plasma
density (on a logarithmic scale) in the wake of the pulse. The
distribution of the energy fluence F (r,z) = ∫ ∞

−∞ |A(r,t,z)|2dt

is presented in Fig. 2(b), and Fig. 2(c) gives the corresponding
on-axis fluence as a function of propagating distance z for
the ring-Gaussian beam. It is clear that a stable filament is
produced with a length of about 3 m, and the peak electron
density reaches 1016 ∼ 1017 cm−3. In Fig. 2(b), a pair of
yellow lines denote the evolution of the beam radius measured
as the half-width at e−2 of the fluence distribution along
the propagation axis. The nearly constant narrow diameter
indicates a stationary filament propagation, which is a standard
filamentation feature. It should be noted that although the beam
diameter becomes small at a propagation distance between
z = 2.87 ∼ 4.5 m, the filament is not actually formed due to
the very low plasma density [see Fig. 2(a)]. This is different
from the formation of a conventional Gaussian filament.
Since the initial maximal intensity I0 of the ring-Gaussian
beam (at r = r0) is much smaller than that of the Gaussian
beam (at r = 0) at the same incident energy, beam diameter,
and pulse duration, the annular regions contract toward the
propagation axis under the action of Kerr self-focusing, which
keeps the intensity increasing slowly to 1013 W/cm2, and the
corresponding fluence also slowly increases. Meantime, the
transverse diffraction is responsible for the rapid disperse of
the focusing beams. That is the reason why the distributions
of the plasma density [see Fig. 2(a)] and energy fluence [see
Fig. 2(b)] have a break, and the on-axis fluence appears a dip
[see Fig. 2(c)].

B. The extension effect of a diverging lens

To explore the mechanism of the ring-Gaussian filament
and the roles that the lenses play during the laser propagation,
we choose several different sets of parameters for lenses.
Figures 3(a)–3(c) show the evolution of the maximal laser
intensity Imax, the peak electron density nemax, and the total
energy loss Etotal for the ring-Gaussian beam (r0 �= 0) and the
Gaussian beam (r0 = 0), respectively. The focal distance of
diverging lens f = ∞ means an axicon only, and f = −8 m
represents an axicon accompanying a diverging lens of focal
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FIG. 2. (Color online) (a) The spatial plasma density (in units
of cm−3) distribution on a logarithmic scale with the propagation
distance z for ring-Gaussian beam. The input energy is Ein = 5 mJ,
the spatial chirp C = 10 mm−1, and the focal distance of concave
f = −8 m. (b) The energy fluence (in units of J/cm2) distribution of
the laser beam as a function of z and variation of the beam radius at
e−2 of the fluence distribution is indicated by a pair of yellow lines.
(c) The fluence on the axis as a function of z.
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FIG. 3. (Color online) (a) The peak laser intensity. (b) The peak
electron density. (c) The energy loss as a function of the propagation
distance z for the Gaussian beam (r0 = 0, dashed line) and ring-
Gaussian beam (r0 = 3 mm, solid line) with no concave lens (f = ∞)
(black) and f = −8 m (red) under the condition of C = 10 mm−1.
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distance f , where the spatial chirp induced by the axicon
is C = 10 mm−1. For the incident laser pulse with an e−2

beam waist w0 = 1 mm and pulse duration τ0 = 40 fs, the
initial maximal intensity of the Gaussian beam is one order
of magnitude larger than that of the ring-Gaussian beam
at the same input energy Ein = 5 mJ. After propagating
only about 0.059 m, the maximal intensity has reached
the clamping intensity [11] I ≈ [2n2nc/(σKtpnat)]1/(K−1) ≈
5.66 × 1013 W/cm2, which is in good agreement with our
numerical simulation [the black and the red dashed lines in
Fig. 3(a)]. In this case, the laser energy is dissipated very
quickly, which means the short filament length (still longer
than focused by a conventional lens [21]). Moreover, the
extended effect of the diverging lens is not significant, as shown
in black and red dashed lines in Figs. 3(a)–3(c).

For the ring-Gaussian beam, the parameters of the optical
system are the same as the Gaussian beam, but the cases are
noticeably better. First, the filament onset distance is delayed
very much, which is mainly due to the decrease of the peak
power of the ring-Gaussian beam for the same input energy as
the Gaussian beam. When the ringlike beam passes through
the concave lens, the filament onset distance is further delayed
because the concave lens defocuses the beam, which lowers the
beam power [see the black and the red solid lines in Fig. 3]. This
means that, in this case, the self-focusing is suppressed and
the energy loss is also slowing down, which results in a
noticeable extension of the ring-Gaussian filament range. From
these figures, we also find that the diverging lens is more
sensitive to the ring-Gaussian beam than the Gaussian beam,
which is consistent with Fig. 1(b); that is, the larger the beam
radius is, the more obvious the expansion of geometrical
focusing distance fz is. In addition, for the ring-Gaussian
pulse, its energy decrease of 
E/Ein = 13.4% over about
3 m, which is much slower than the energy drop of 
E/Ein =
12.1% over about 2 m for the Gaussian pulse [see the red solid
and dashed lines in Fig. 3(c)]. The slow energy loss allows
the ring-Gaussian filament to survive 1.5-fold improvement
over the Gaussian filament. Therefore, using the ring-Gaussian
beam to generate an extended plasma string is an efficient and
viable route.

C. Temporal dynamics of laser filamentation

In order to acquire a deeper insight into the nonlinear dy-
namics mechanism of the ring-Gaussian filament, we analyze
its temporal behavior by comparing with a Gaussian filament.
In Figs. 4(a) and 4(b), we present the evolution of the temporal
distribution of the on-axis intensity for the ring-Gaussian beam
and the Gaussian beam. As shown in Fig. 4(b), the temporal
dynamics of the Gaussian beam, which although passing
through the combination of the axicon with the diverging lens,
still followed the standard spatial replenishment dynamics
model. The peak intensity of the front of the pulse increases due
to self-focusing, which generates plasmas defocusing to the
back of the pulse, and thereby a leading edge is formed (t < 0).
After the self-focusing collapse, plasmas partly are turned off
and the refocusing of the trailing edge (t > 0) arouses, which
makes the energy refuel the center of the pulse. However,
comparing Fig. 4(a) with Fig. 4(b), we find that the main
differences between the two pulses are the behaviors before
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FIG. 4. (Color online) The temporal distribution of the on-axis
intensity(in units of W/cm2) as a function of the propagation distance
z for the ring-Gaussian beam (a) and the Gaussian beam (b), the
parameters C and f are the same as in Fig. 2.

the formation of the optical filaments. There is a symmetrical
shape that appeared for the ring-Gaussian beam, which implies
the pulse splitting occurred. Each splitting event leads to a
forklike pattern, where the two arms of fork correspond to the
leading and trailing split pulses.

For a more detailed analysis of the process before forming
the optical filaments, we present the temporal distribution
of the on-axis intensity at different propagation distances
z for the ring-Gaussian beam and the Gaussian beam in
Figs. 5(a) and 5(b), respectively. Clearly, the ring pulse is
initially normally distributed in time. After about z = 3.3 m
of propagation, the pulse begins to split, and two peaks
appear symmetrically. Then the time delay between the two
peaks becomes larger and larger, while their intensities are
decreasing. During laser pulse propagation, another splitting
event occurs. However, for the Gaussian pulse, it almost
retains its initial shape and only the intensity rises rapidly
until the formation of the optical filament. These two different
phenomena can be explained by the spatiotemporal intensity
distributions of the two laser pulses, as shown in Figs. 5(c)
and 5(d). The difference of initial transverse distribution of the
two laser pulses leads to different consequences.

For the ring-Gaussian pulse, the initial intensity is Gaussian
distributed at the radius of r0 (here, r0 = 3 mm). Then, due to
Kerr self-focusing, the annular wave is gradually contracting
to the propagating axis, meanwhile, the central intensity on
the axis becomes strong gradually and reaches the maximum
when propagating some distances. Of particular interest, the
intensity of the external annular region has the same order
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of magnitude to on-axis intensity, as shown in z = 3.24 m
of Fig. 5(c). Therefore, the external ring is also sufficient to
induce nonlinear self-focusing. Furthermore, at the time (t =
0), the pulse is focused faster than the leading and trail edges.
While the total energy remains almost constant, hence, on
the propagation axis (r = 0), the intensity at the time t = 0
declines faster than that at the leading and trail edge pulses,
which results in the pulse splitting [see z = 3.76 m in Figs. 5(a)
and 5(c)]. When the energy is again accumulated from annular
regions to the central region, the two new split peaks appear
as shown in z = 4.48 m in Figs. 5(a) and 5(c).

In addition, when an incident Gaussian beam, A(r,t,z =
0) = A0 exp(−r2/w2

0 − t2/τ 2
0 − iCr), passes through an axi-

con, which in fact generates a Bessel beam, A(r,t,zax) ∝
J0(Cr), after linear propagation over a distance [22,42]. Here,
from the propagation distance z = 0.021 m in Fig. 5(d), it is
easy to see that the intense central region is surrounded by
weaker trails, which is just the characteristics of the Bessel
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FIG. 6. The temporal distribution of the on-axis intensity at the
different propagation distance z after the formation of the optical
filament for the ring-Gaussian beam (a) and the Gaussian beam (b).
The parameters are the same as used in Fig. 4.

beam. During propagation, the peak of the pulse maintains
the strong self-focusing, and nonlinear effects occur within
the intense core, thereby an external annular region will only
propagate linearly toward the axis, which is the reason for
retaining Gaussian shape in Fig. 5(b). Just the difference of
propagation characteristics between the two laser pulses before
the formation of optical filament leads to the different behavior
of laser filamentation.

Finally, Fig. 6 shows the temporal distribution of the
on-axis intensity for the two types of laser beams at some
different distances after the formation of the optical filament.
As mentioned above, the filamentation of the Gaussian beam
followed the standard spatial replenishment dynamics model.
Nevertheless, when the ring-Gaussian beam begins to generate
filament, we find that the intensity of the trailing edge of
the splitting pulse has a slow decline, and the corresponding
intensity of the central region increases, as shown in Fig. 6(a). It
implies that there is a gradual energy transport from the trailing
edge of the splitting pulse to the central core of the beam during
the pulse propagation. So the total energy loss for the ring-
Gaussian beam is slow [see Fig. 3(c)]. Furthermore, comparing
Fig. 6(a) with 6(b), we can also conclude that the refocusing
cycles that the ring-Gaussian filament undergoes is more
than the Gaussian filament whenever propagating the equal
distance. Therefore, the ring-Gaussian filament is extended
a lot, which suggests that the femtosecond annular Gaussian
incident beams appear to be better suited for the generation
of long plasma channels. We should believe that the length
of plasma string can be increased enormously by increasing
the input pulse width, power, and adjusting appropriately the
parameters of lenses (i.e., phase chirp coefficient C and focal
distance of concave f ).

IV. CONCLUSION

In conclusion, we have theoretically investigated the char-
acteristics of extended optical filaments generated by the
femtosecond annular Gaussian beams in air. The combination
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of an axicon with a concave lens can increase the length
of the ring-Gaussian filament remarkably comparing with
the Gaussian filament under the condition of the same input
energy, beam waist, and pulse duration. Furthermore, we find
that the modulation effect of the concave lens is more obvious
to the ring-Gaussian beam. From the temporal distribution
of the on-axis intensity for the ring-Gaussian beam, we
observed that the pulse splitting occurs before the formation
of the optical filament, which results in a gradual refueling
process of laser energy from the trailing edge of the splitting
pulse to the central core of the beam, and further leads to
multiple refocusing cycles during the filament propagation. It
is the main reason that the ring-Gaussian filament is greatly
elongated. All of these calculations suggest that the femtosec-
ond annular Gaussian beam can be better suited for the high
intensity signal transmission over a long propagation distance
and may be a new tool for a broad range of applications,

such as remote spectroscopy, THz generation [48], and even
in materials processing [35]. In the present experiments, there
are many alternative ways to generate annular beams based
on the spatial light modulator, aperture, axicons, or a tunable
acoustic gradient lens, etc. But using an axicon or a conical
lens element is perhaps the most convenient and economical
way [35,49].
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