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We present measure synchronization (MS) in a bosonic Josephson junction with spin-orbit coupling. The two
atomic hyperfine states are coupled by a Raman dressing scheme, and they are regarded as two orientations of
a pseudo-spin-1/2 system. A feature specific to a spin-orbit-coupled (SOC) bosonic Josephson junction is that
the transition from non-MS to MS dynamics can be modulated by Raman laser intensity, even in the absence
of interspin atomic interaction. A phase diagram of non-MS and MS dynamics as functions of Raman laser
intensity and Josephson tunneling amplitude is presented. Taking into account interspin atomic interactions, the
system exhibits MS breaking dynamics resulting from the competition between intraspin and interspin atomic
interactions. When interspin atomic interactions dominate in the competition, the system always exhibits MS
dynamics. For interspin interaction weaker than intraspin interaction, a window for non-MS dynamics is present.
Since SOC Bose-Einstein condensates provide a powerful platform for studies on physical problems in various
fields, the study of MS dynamics is valuable in researching the collective coherent dynamical behavior in a

spin-orbit-coupled bosonic Josephson junction.
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I. INTRODUCTION

In the 17th century, Huygens first observed synchronization
in two pendulum clocks [1]. This phenomenon of synchro-
nization is encountered in many different systems in nature
and science. Classically, synchronization is defined as the fre-
quency and phase locking of periodic oscillators due to weak
interaction [2]. Although synchronization was first mentioned
in periodic systems, synchronization in chaotic systems has
attracted more attention due to its rich dynamical properties
and potential applications in practical systems [3—10]. Since
synchronization between two trajectories is normally related to
the contraction of phase-space volume, it was explored mostly
in dissipative systems in most related work.

In coupled nondissipative Hamiltonian systems, a new kind
of synchronization, called measure synchronization (MS), was
found by Hampton and Zanette [11]. MS occurs when all orbits
of two coupled Hamiltonian systems cover the same region
in phase space with identical invariant measures [2,11]. The
transition from non-MS to MS in coupled Hamiltonian systems
is characterized by coupling strength. As most important
problems in both classical and quantum mechanics can be
approximated by a Hamiltonian system, MS in coupled
Hamiltonian systems is very important to understand the
behavior of such systems. MS in coupled Hamiltonian systems
has aroused considerable interest among researchers in areas
such as coupled ¢*-, Duffing-, and Frenkel-Kontorova-type
Hamiltonian systems [2,12—15], as well as a bosonic Josephson
junction [16-18].

More recently, due to the experimental realization of
spin-orbit coupling in spinor Bose gases [19-24] and Fermi
gases [25-27], the dynamics of spin-orbit-coupled (SOC)
bosonic Josephson junction has been investigated [28-32]. In
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addition to interspin atom interaction, two atomic hyperfine
states are coupled by Raman coupling strength in an SOC
bosonic Josephson junction. The experimental achievements
of SOC quantum gases have stimulated a growing interest in
the ultracold physics community in such areas as quantum
phase transition [33], topological excitations [34], Majorana
fermions [35], the spin Hall effect [36-39], and spintronic
devices [40]. An SOC bosonic Josephson junction provides in-
sight into the phenomena of the interplay between interatomic
interaction and spin-orbit coupling, and thus it serves as a
platform for quantum simulation and is worth more in-depth
investigation.

In this paper, we study MS dynamics in a tunable SOC
bosonic Josephson junction. The two atomic hyperfine states
are coupled by Raman coupling strength in the system, which
are regarded as the two orientations of a pseudo-spin-1/2
system. Without considering interspin atomic interaction, the
dynamics of two coupled Hamiltonian systems exhibits a
transition from non-MS to MS as the Raman coupling strength
increases. The critical Raman laser intensity for the transition
from non-MS to MS dynamics is dependent on the Josephson
tunneling amplitude. Considering the interspin atomic inter-
action, the system displays MS breaking dynamics resulting
from the competition between intraspin and interspin atomic
interactions. The system always exhibits MS dynamics when
the interspin atomic interaction is stronger than the intraspin
atomic interaction. For interspin atomic interaction weaker
than intraspin atomic interaction, a window for MS breaking
dynamics is presented. The phase diagrams for MS breaking
dynamics are obtained, which are helpful for controlling the
measure synchronization of two atomic hyperfine states in the
SOC bosonic Josephson junction.

The outline of the paper is as follows. In Sec. II, we
introduce the Hamiltonian of an SOC bosonic Josephson
junction. Following this, the main results are shown in Sec. 111,
which contains a Raman laser intensity induced transition from
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non-MS to MS dynamics and MS breaking dynamics. Finally,
we present a summary and conclusion in Sec. IV.

II. HAMILTONIAN AND DYNAMIC DESCRIPTION
OF AN SOC BOSONIC JOSEPHSON JUNCTION

Recently, spin-orbit coupling in ultracold ’Rb atoms was
realized experimentally at NIST [19]. In that experiment, the
Raman dressing scheme was based on coupling two atomic
hyperfine states of 582, |F = 1,mp =0) and |F = 1,mp =
—1), labeled as spin-up |1) and spin-down ||, ), respectively.
We consider such an SOC BEC in a double-well potential,
with the wells indicated by / and r, respectively. To investigate
the dynamics of the system, we adopt the two-mode approxi-
mation [41-56]. The field operator W, (x) =~ djs Vio + Gro Vro
can be written in terms of the annihilation operators d;, at
the j well (j = [,r) with spin o (6 = 1,]), where v, is the
ground-state wave function of the j well with spin o. Then,
the total Hamiltonian for such an SOC BEC in a symmetrical
double-well potential can be written as [28-32,57-59]

H=H+H +H,, (1)

where

At ~” At Urp At At A A
Hy = —J14@)ya, + 83870 + =5 ) (@485,0505),
j

A~

_ A At MILUNTAF At s o
Hy = —Jy,(@),8,, +8,8;) + —= > (@),),8;,4;),
j

Ay =—Q@fa), +ala, +He)+uq Y (@hat aa;).
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Here 2 is the Raman coupling strength, J,, is the Josephson
tunneling amplitude between left and right wells, u,, is
the intraspin atomic interaction, and u4, is the interspin
atomic interaction. The double-well probleml in the two-mode
approximation results in terms containing a),4,, 4, a,, [41].
The terms just shift the critical values for the transition
from non-MS to MS. Therefore, the terms are neglected for
simplicity since they cannot change the MS.

The equations of motion can be easily obtained from
the Heisenberg equation ij—t& o =la jq,ﬁ ]. In this system,
the total number N of particles is conserved. Under the
mean-field approximation, the operator a;, can be replaced
by its expectation value (@, ). For simplicity, we denote this
¢ number with a ;. We thus obtain the following equations of
motion:

2 2
laaja = _Jaaaj/a _Qaja/+gaa |aja| Ajo +gaa’|aja’| djo-
(2)

Here j # j and o # 0/, gy = NyUss is the nonlinear
parameter describing the intraspin atomic interactions, and
8+, = +/N4Nuy, is the nonlinear parameter describing the
interspin atomic interaction. In the present paper, we use
harmonic-oscillator dimensionless units (h=m = w = 1).
All lengths are now expressed in oscillator unit v/2/mw and
time in .

In the present paper, we discuss the weakly interacting
case, which meets the requirement of a two-mode approxi-
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mation [41,42]. In the weakly interacting case, the mean-field
analysis still works well. Since the parameters in the equations
of motion (2) are all experimentally tunable, for simplicity
we set both intraspin atomic interactions to be the same,
ie., g4 = g, = &, and we also choose an equal Josephson
tunneling amplitude Jy4 = J, | = J.

III. TRANSITIONS TO MS AND MS
BREAKING DYNAMICS

If we do not consider Raman laser intensity, our mode
is simplified to a two-species bosonic Josephson junction. MS
dynamics in a two-species bosonic Josephson junction without
spin-orbit coupling has been studied based on semiclassical
theory [17] and quantum many-body systems [18]. It is found
that the transition from non-MS to MS dynamics is mainly
caused by the effective atomic interaction between different
species. Because Raman laser intensity plays a crucial role
in a spin-orbit-coupled bosonic Josephson junction, we first
study its effect on the transition from non-MS to MS dynamics.
Then, the effects of both terms, which couple the spin-up |1)
and spin-down || ) system, on MS dynamics are investigated.

A. Raman laser intensity induced transition from non-MS
to MS dynamics

MS and non-MS dynamics can be characterized by the
domain covered during the evolution of each atomic hyperfine
state on 3D space, which is defined by the pseudoangular
momentum operators of each atomic hyperfine state S,, =
L@l a,, +aleay), Soy= %@} a0, —alsa,), and §,, =
%(&L&IU — &L, 4, ). In the mean-field approximation, one has
the average value of the pseudoangular momentum (S, xyz) =
Soxyz With S5y, being ¢ numbers.

We first pay close attention to the transition from non-MS
to MS dynamics caused by Raman laser intensity. Figures 1(a)
and 1(b) show the evolution of three-dimensional (3D) space
constructed by the average value of the pseudoangular momen-
tum operators Sy, S5y, and S, .. In the figure, we take J = 0.3,
g = 0.6,and g4, = 0.0 as an example. Hereafter, we establish
that all bosons with equal spin-up and spin-down are prepared
initially, and also have S;.(0) = 0.1 and S.(0) = 0.05. For
weak Raman laser intensity, = 0.008, the domain covered
during the evolution of two atomic hyperfine states is separated
in 3D phase space [Fig. 1(a)], i.e., the system displays non-MS
dynamics. However, the system presents MS dynamics for
strong Raman laser intensity. As seen in Fig. 1(b), 2 = 0.01,
the two clouds share the same phase space [Fig. 1(b)].

Figures 1(c) and 1(d) show the evolution of S,, for each
atomic hyperfine state. In the figure, the system parameters in
Figs. 1(c) and 1(d) are in complete agreement with those in
Figs. 1(a) and 1(b), respectively. We note that the dynamics of
each atomic hyperfine state presents quasiperiodic oscillation.
In the non-MS cases [Fig. 1(c)], the amplitudes of the
oscillation are different for two atomic hyperfine states. In
the MS cases, however, the amplitudes of the oscillation
are the same for two atomic hyperfine states. The results
demonstrate that the transition from non-MS to MS dynamics
can be modulated by Raman laser intensity, even in the
absence of interspin atomic interaction. In experiment, one
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FIG. 1. (Color online) Measure synchronization with adjustable
Raman laser intensity. Measure synchronization characterized by the
domain covered during the evolution of each atomic hyperfine state on
the 3D space defined by S, ., Soy, and S, .. Red circle (solid red line)
and blue triangle (dotted blue line) correspond to two atomic hyperfine
states spin-up [1) and spin-down || ), respectively. (a) and (b) The
evolution of three-dimensional space. (c) and (d) The evolution of S, .
(a) and (c) 2 = 0.008 for non-MS dynamics, (b) and (d) 2 = 0.010
for MS dynamics. The other system parameters are J = 0.3, g = 0.6,
and 81l = 0.0.

can measure the transitions from non-MS to MS by observing
the amplitudes of the quasiperiodic oscillation for two atomic
hyperfine states.

The transition from non-MS to MS dynamics is related to
the energy exchange between the two atomic hyperfine states
spin-up |1) and spin-down || ) [16-18]. In non-MS dynamics,
the energy exchange between the two atomic hyperfine states
is finite. However, total energy is exchanged between the two
atomic hyperfine states in MS dynamics. In the mean-field
theory, we can obtain the energies for each atomic hyperfine
state as E, = (H,). In Fig. 2, we plot the energy functions
for each atomic hyperfine state with different Raman laser
intensities. For weak Raman laser intensity, the system exhibits
non-MS dynamics [Fig. 2(a)], and the evolutions of energies
E, and E| do not overlap at all. When the Raman laser
intensity becomes lager than a critical value, E; and E|
suddenly have the same range, and the system exhibits MS
dynamics [Fig. 2(b)].

The transition from non-MS to MS dynamics can be clearly
seen by looking at the time average of the energies of each
atomic hyperfine state (E£4) and (E ). The average energy of
a single atomic hyperfine state is defined as

1 T
(Ey) = —f E,dt. 3)
T Jo
In Fig. 3(a), we show the average energies (E;) and (E )
as a function of Raman laser intensity 2. It is clear that
there is a transition at Q = Q* = 0.0086. For weak Raman
laser intensity, 2 < %, there is a finite difference between
(E4) and (E ), clearly indicating non-MS. When the Raman
laser intensity is larger than the critical value, Q > Q*, both
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FIG. 2. (Color online) Evolution of energies for the two atomic
hyperfine states spin-up |1) and spin-down || ). Transition from non-
MS to MS dynamics is achieved by energy exchange between the two
atomic hyperfine states. The total and finite energies are exchanged
between the two atomic hyperfine states for the system displays of
MS and non-MS dynamics, respectively. System parameters are the
same as in Fig. 1.

atomic hyperfine states have identical average energies, clearly
indicating MS.

The critical value for the transition from non-MS to
MS dynamics is also dependent on the Josephson tunneling
amplitude J. Figure 3(b) shows the phase diagram of non-MS
and MS dynamics as functions of Raman laser intensity €2
and Josephson tunneling amplitude J. For a given Josephson
tunneling amplitude J, there is always a critical Raman laser
intensity Q*. The system displays non-MS or MS dynamics
for Raman laser intensity weaker or stronger than the critical
value, respectively. We also find that the critical Raman laser
intensity Q* changes dramatically and slowly for weak and
strong Josephson tunneling amplitude, respectively.
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FIG. 3. (Color online) (a) Average energies of the two atomic
hyperfine states vs Raman laser intensity. The two atomic hyperfine
states have unequal and equal averaged energy for non-MS and
MS. (b) Phase diagram as functions of Raman laser intensity and
Josephson tunneling amplitude.
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FIG. 4. (Color online) System parameters are the same as in
Fig. 3 but with interspin atomic interaction g, . (a) Average energies
of the two spin states vs Raman laser intensity. (b) Phase diagram
as functions of Raman laser intensity and Josephson tunneling
amplitude.

B. MS breaking dynamics

In this subsection, we investigate MS dynamics by con-
sidering both the Raman laser intensity 2 and the interspin
atomic interaction g4, which couple the spin-up |1) and
spin-down ||) system. The system displays MS breaking
dynamics resulting from the competition between the intraspin
atomic interaction g, and the interspin atomic interaction gy .

InFig. 4(a) we plot the average energies ( E, ) of each atomic
hyperfine state as a function of Raman laser intensity 2. To
compare it with the case without interspin atomic interaction
g1, we take system parameters the same as in Fig. 3 but with
interspin atomic interaction g4, = 0.3. Comparing Fig. 3(a)
with Fig. 4(a), there are two critical Raman laser intensities 2*
and ** in Fig. 4(a). When the Raman laser intensity is weaker
than the critical value Q* or stronger than the critical value **,
the average energies of both atomic hyperfine states are equal,
ie., (E4) = (E}), and the system exhibits MS dynamics. The
system displays non-MS dynamics when adjusting the Raman
laser intensity between the two critical values, i.e., Q* < Q <
Q*,

By adjusting the Raman laser intensity, the system always
exhibits MS dynamics apart from a window for non-MS
dynamics. Figure 4(b) shows the phase diagram of MS
breaking dynamics as a function of Raman laser intensity €2
and Josephson tunneling amplitude J. For very strong Raman
laser intensity, no matter how strong the Josephson tunneling
amplitude is, the system always exhibits MS dynamics. For
relatively weak Raman laser intensity, the window of no-MS
dynamics exists in the phase diagram. The width of the
window changes dramatically and slowly for weak and strong
Josephson tunneling amplitude, respectively.

To qualitatively explain the effect of system parameters
on MS breaking dynamics, we show the phase diagram
for MS and non-MS dynamics in Fig. 5. We find that the
competition between the intraspin atomic interaction g,, and
the interspin atomic interaction g4 plays a crucial role in MS
breaking dynamics. For interspin atomic interaction stronger
than intraspin atomic interaction, i.e., g4, /8s > 1, the system
always exhibits MS dynamics. For interspin atomic interaction
weaker than intraspin atomic interaction, i.e., g4, /8+c < 1,the
windows for MS breaking dynamics are presented in the phase
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0.16

FIG. 5. (Color online) Phases for MS and non-MS (a) as func-
tions of Raman laser intensity and interspin atomic interaction, and (b)
as functions of Josephson tunneling amplitude and interspin atomic
interaction.

diagram. We also find that the width of the window decreases
with the increasing ratio of g4 /g0

IV. DISCUSSION AND CONCLUSION

Before concluding, we make some additional comments
related to the double-well problem in the two-mode approxi-
mation. In this paper, we briefly discuss the weakly interacting
case, which has been assumed to meet the requirement of
a two-mode approximation. An accessible method to adjust
the interaction parameters is to employ the tunable Feshbach
resonance technique. To increase the atomic number within
the two-mode regime, one can reduce the effective scattering
length by Feshbach resonance. MS is defined as orbits of two
coupled Hamiltonian systems cover the same region in the
phase space with identical invariant measures. The transition
from non-MS to MS in coupled Hamiltonian systems is
characterized by coupling strength between the subsystems.
The double-well problem in the two-mode approximation
results in terms containing &j(,&m&fa&lg [41]. In view of
the terms containing &IU&M&ITU&ZG, we have calculated that
transition from non-MS to MS. It was found clearly that the
measure synchronization is still in existence and the critical
values for transition from non-MS to MS have just been shifted.
Since the terms containing 4, a,, &;(, a,,, cannot change the MS
essentially, we have neglected the terms for simplicity in this
paper.

In summary, we investigated the transition from non-MS
to MS dynamics in an SOC bosonic Josephson junction.
The transition from non-MS to MS dynamics is related
to the energy exchange between the two atomic hyperfine
states spin-up |1) and spin-down || ). The transitions can be
characterized by the time average of the energies of each
atomic hyperfine state. The time averages of the energies
of two coupled subsystems have a finite difference and are
identical for non-MS and MS dynamics, respectively. Without
considering interspin atomic interaction, the transition from
non-MS to MS dynamics of two coupled atomic hyperfine
states is determined by Raman laser intensity. The dynamics
of two coupled Hamiltonian systems is shown to exhibit a
transition from non-MS to MS as the strength of Raman
coupling increases. The critical Raman laser intensity of the
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transition from non-MS to MS dynamics is dependent on the
Josephson tunneling amplitude. The phase diagram of non-MS
and MS dynamics as functions of Raman laser intensity and
Josephson tunneling amplitude is given, which shows that
the critical Raman laser intensity changes dramatically and
slowly for weak and strong Josephson tunneling amplitude,
respectively. When considering the interspin atomic interac-
tion, the system displays MS breaking dynamics resulting
from the competition between intraspin and interspin atomic
interactions. The coupled subsystems always present MS
dynamics when interspin atomic interactions dominate in the
competition. For interspin atomic interaction weaker than
intraspin atomic interactions, a windows for non-MS dynamics
is presented. The phase diagrams for MS breaking dynamics
are presented, which are helpful for controlling the measure
synchronization of two atomic hyperfine states in the SOC
bosonic Josephson junction. In experiment, one can measure
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the transition from non-MS to MS by observing the amplitudes
of the quasiperiodic oscillation for each atomic hyperfine state.
Since spin-orbit-coupled Bose-Einstein condensates provide a
powerful platform for studies on physical problems in various
fields, the results presented in this paper may be helpful to
investigate the collective coherent dynamical behavior in a
spin-orbit-coupled bosonic Josephson junction.
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